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HekoTopbie 3Haku, 06O3HaUeHHs M COKPaLIEHMUs

N — MHOKecTBO HATYPaJIbHBIX YHCce)

Z — MHOKECTBO LIeJIbIX YKce]

@ — MHOXECTBO PALMOHAIbHBIX YHCE

R — MHOKeCTBO JeHCTBHTEIBHEIX YHCE

@ — nycToe MHOXKECTBO

€ — npHHALIEXHOCTs (a € M — 3jieMeHT g IPHUHAAJIEKUT MHOMKE -
cTBY M; a¢ M — vjileMeHT a He IPUHAATEKUT MHOMKecTBY M)

U — ofregunenue muoxkects { AUB — ofbeaunenue MHEOKecTB A 1 B)

(1 — mepeceuenne Muokects ( A[1B — mepeceuenne MHOecTB A 1 B)

C — MOAMHOKecTBO (BiJloueHue) (B C A — MHOMecTBO B aBisercs
HOJMHOM<eCTBOM A)

\ — pasgocts (A \ B — pasHOCTH MHOMXeCTB A 1 B)

= ~~pasuo (a=b — a pasuo b) k

# — He paBHO (a#b — a He paBHO b)

> ~— posble (@ >b — a Gousbite b)

< — MeHbIle (@ <b — a MeHbIIE b)

2 — QoJIbllle U paBHO (¢ > b — a He MeHbIue b)

< — MeHbllie MU paBHO (a <b - a He 6osbIiie b)

HOQI (a, b) — mauGoabiimit oGLumit JesuTeas yucea a u b’

HOR ?a, b; — HauMeHblilee o01ee KpaTHoe ynces a n b

] a| — abcoxoTHada BeSIMynHa (MOIYJIb) HUCIa @

[2] — nenas wacrs wmcna a; {a} — Apobuas wacTs uncna a
Na — apuédMeTHUeCKHiT KBa paTHbI KOPeHb U8 THeIa &

Ya — apupmerHueckuil KopeHb n-i cTENeHN W3 THUCIIA 4

1

log, b — norapudm uncia b o ocHOBAHHUIO &

lgb — mecsTmuEBIf Torapudm ducaa b

Inbd — HaTypaarHEIH JorapudM yucia b

1=3,1415926... — upciI0 T — OTHOLIEHHUE JIJIVHE] OKPYAKHOCTYH K JHAMETPY
e=2,7182818... — umcJIo ¢ — OCHOBaEMe HATypaJbHOISYIorapugMa

f (xo) — BHAYeHMe GYHKINY f B TOUKE X,

sinx — YHKIUA CUHYC X; COSX — (DYHKIMA KOCHHYC X

tgx — QYHKIUA TaHTeHe X; ctgx — PYHKROUT KOTaHTeHC X

arcsinx — QYHKINS apKCHHYC X; arccosx — QyHKIMAS aPKKOCHHYC X
arctg x — QOYHKINSA apKTaHIeHC X; arcetg — QyHKINA apKKOTaHTeHC X
[a; b} — 3aMKHYTHLE IPOMERKYTOK (OTPESOK) C HAYAIOM @ ¥ KOHIIOM b
(a; b) — OTKPHITHIYl TpOMEXYTOK (MHTEPBAJ) C HAYAJOM @ ¥ KOHUIOM b

[a; b) u (a; b].—— TONYy3aMKHYThIe UHCJI0BhIE IIPOMEKYTKH ¢ HaUaJIoM a
¥ KOHLIOM b



(=03 +o0) — unenoBas npsaMasm; [a; +eo), (—eo; b] — momysamMrEyTHe

qHCIIoBEIe NYUM; (@5 +o0); (=03 b) — OTKDBITHIE YHCTOBLIE Iy UM
a <x<b — pBolinoe HepaBeHcTBO (x Gonble a ¥ MedbIte b)

a< x<b — gBoitHOe HepaBeHCTBO (X He MeHbIe a ¥ MeHbIIe b)
a<x<b — gBoiidoe HepaBeHCTBO (x Gonbiie a U He GoJnlle b)

a< x <b — aBoitHOe HEPABEHCTBO (X He MEHLIIIE a U He Gosbie b)
a; b) — ymopazoueHHas Iapa yuce’t ‘
a; b; c) -— yHopAzoYeHHAS TPOHKa Yrces

Ox — ocb abcnuce; Oy — ocsk oppuHat; 02 — OCh anjauKaT

M (x) — rouxa M c KoOpAMHATOM X -
M(x; y) — Touka M ¢ KOODAMHATAME X U Y

lim f(x)=b — uncro b — npegen dynxnun f(x) mpm ycaosnu, uTo x
CTPeMHATCH K @ . :
Ax — TmpHpamieHue apryMeHTa; Ay, Af (x) — Opupalnesyue QyEKOUA
f'(x) — uponsBogmas dymxuun f(x)

f'(%,) — smauenwe npousroxHo# GyrKmEn f(x) B TOUKE X,
F(x) — nepsoobpasnas dynKmus 1 GyHKIHH f(x)

I f(x)dx — neonpenenenmsrit maTerpan dynxmun f(x)

8 - N

J. f(x)dx — onpenenensbIi nHTErpat GyHKELYH [(x) OT @ Ko b
a N

i — MHUIMAada eqUHNLA ('2 = —1)

- z=a+bi — KOMIIJIEKCHOE YUCJI0 (@ — genc'ran'renbnaﬂ YacTs Ypena z,

bi — MHUMAaA YacTh YUCHA 2)
Rez — JeHCTBUTENLHAS YaCTh KOMILIEKCHOTO THCHA 2
Imz — MHHMAas 9acTb KOMILIEKCHOTO YHCHa 2
Z — UHUCIIO, COMPAMXKEHHOE C UICIIOM 2
argz — apryMeHT KOMILIEKCHOTO YHCIa 2
2| — MOIYJIb KOMILJIEKCHOTO YHCIIa 2
n! — n-dbaxropnan (n!=1-2-...-n)
P, — 4ucyo mepecTaHOBOK U3 11 37eMEeHTOB :
A — 4HCIo pa3MeIeHUi U3 n 31eMeHTOB 1o m
C — umciio KOMOMHAIMI U3 1t 9JIeMEeHTOB 110 M

A, B, C —.cayuaitasle coGRITUS

P(A) -— BEPOSITHOCTH ciyuaiigoro coGuiTHs A
A+ B — cymma cobriTnil; A-B — mpousBefenue COBEITHH
A — cOBBITHE, TPOTHUBONOJIONHOE COBLITHIO A
{ — cucrema; [ — coBoxymHOCTB



§ 1. MHOXXeCTBa M onepaLmy HaA HUMH

— MHOXeCTBO U erO SAEMEHTbI

Ilon muoacecmseom NOHUMAIOT COBOKYIHOCTHL JIIOOLIX IIPEIMETOB,
| obBexToB, 00BeMHEHHBIX My CO0OM HEeKOTOPHIM OOWIMM JJIA HHUX
OpUSHAKOM. ' , ’

IIpenmeTsl (0GBEKTHL), M3 KOTOPEIX COCTOMT MHOKECTBO, HABLIRAIOTCH
ero anemenmamu.

Jlna o6osHaueHMA MHOMKECTB HUCIIONb3YIOT GOJIbIINe JATUHCKIE OYKBBI
14, B, C, ..., nas obo3HadeHns 3/1eMEeHTOB — MaJisie 4, b, C... .

Ecnn ssieMeHT @ ABJIsIeTCS 9JieMeHTOM MHOXKecTBa A, TO CHMBOJILHO 3a-
MUCHIBAIOT TAK: A€ A . :

Ecin 3s1eMeHT x He AIBIsSIeTCSH 5JIeMEHTOM MHOMKecTBa A, TO CIMBOJIBHO
3alUCLIBAIOT TaK: X € A .

“— 33A3HME MHOXECTB

MHO3KecTBO, EMeIolIee OIpeeIeHHOe KOMMUeCTBO SJIeMeHTOB, HASEIBAIOT
KOHEUHDBLM.

Ecliz MHOMECTBO MMeeT GeCKOHeYHOe KOJINYECTBO 3/IeMEeHTOB, ero Ha-
3BIBAIOT Geckonewnvim. MHOKECTBO, He UMeIoL[ee HY ONHOI'O BIeMeHTa,
HASEIBAIOT NYCMbIM U 0603HAUAIOT CUMBOJIOM & .

MHOsKeCTBO MOJKHO 3a4aTh IEPETHEM eT'0 IEMeHTOB; dJIeMeHThI MHOMKe-
CTBA 3aIHCEIBAIOT B GUTYPHEIX cKoGKax. Hanpumep, eciiu.A — MHOKECTBO
Renureneii unena 12, o A={1;2;3;4;6;12}.

MHO0K€eCTBO B/IEMEHTOB, HMelolllee HEKOTOPOE XapaKTePUCTIIecKoe CBOH-
CTBO, OIKCHIBAIOT TAK: MUIIYT GUTypPHbIe CKOBKY, B HIX — 0Go3HAYeH1e dite-
MeHTa MHOKECTBa, [10CJIe HeT'o — JBOeTOUNE, a IOTOM ~— XapaKTePHCTUYeCKoe
cotictBo. Hanpunmep, samnck A ={ x : x apnaercs sxurenem [lapmka | osxa-
YaeT, YTO MHOMECTBO A COCTONT M3 BeeX »KuTeleil [Tapuoka. »,

— MNoaMHOXecTBO —

Ecnu KeokIblil sJeMeHT MHOKecTBa A COTepIKUTCS
B MHOXMecTBe B, TO MHOXeCTBO A Ha3bIBAIOT
nOOMHONCECE0M MHOKECTBA B CMBOJILHO 3aITUCHIBAIOT
Tak: A< B (puc. 1). Sanmce A < B osHadaeT, 4TO Koria B
xed,r xeB.Eciuonuospemenno AcBu Bc A,

TO TCBOPAT, UTO MHO3KecTBA A 1 B pasub! (A = B). e 1




—. [epeceyeHme MHOXeCTB

Hepecewenuem muodxects A u B HasoiBatoT
MHOKECTBO HX OGIIHX 371eMeHToB (pHc. 2). /

Ilepeceyenne mHOXecTB A M B cMMBOJIBHO /
sanuchiBaior Tak: AB. :

Ecnin C=A{YB n x€C, 10 5T0 0O3HAUAET, YTO
xeAnxeB.

— Ob6beauHeHe MHOXeCTB
© Ob6vedunenuem MHOMXECTB A 1 B HasbIBAIOT

MHOMKECTBO 3JIeMEHTOB, KOTOPEIe BXOAAT B COCTaB
10 KpaiiHeil Mepe OEHOrC M3 9TUX IBYX MHOYKECTB
(puc. 3).

O6benuHenyie MHOMKecTB A u B CHMBOJBHO
sanucbiBaioT Tak: AUB. '

Ecmn C=AUB n x €C, T0 370 03HAYALT, UTO
xecA unm xeB.

— Pa3HOCTL MHOXeCTB

Pasnocmvio MHOMeCTB A u B Ha3plBaloT
MHOMKECTBO TAKHX 3JIEMEHTOB, KOTOPbIe BXONAT
B MHOKeCTBO A, HO He cofiepaKarcs B MHOKecTBe B
(puc. 4). : '

PasHoers MHOKecTB A u B CHMBOJBHO
sanuceiBaoT Tak: 4\ B.

Ecnu C=A\B u xe(C, To3T0 03HaUaeT, YTO
xcAnxeB. ‘

-~ 3aKOHbl onepaLmi HaA MHOXeCTBaMM

TlepeMecTHTEILHELIA 3AKOH: ANB=BNA; AUB=BUA.
3axon n,uéMHo"reHTHoc'm: ANA = A; AUA=A
3aKoH IIycTOr0 MHOKECTBA: ONA=D; PUA=A.
3aKO0H IOIVIONIeHAA: .AU(AﬂB)zA; \ Aﬂ(AUB); A.
CoueraresbHbLI 3aKOH: (ANB)NC=AN(B

(BNC);

(AUB)UC=4U(BUC).

Pacipe/ie AT b A 32K0H: AU(BNC)=(AUB)N(AUC);
) AN(BUC)=(ANB)U(ANC).




§ 2. LieAbie yncaa

— HaTtypaAbHble UicAa

Yucna 1; 25 3; ..., KOTOpble YIOTPeBIAIOTCS JJIA cUeTa, HABLIBAIOTCA
HaAMYpPALbHLLMU.
MHOMXeCTBO HATYPaJIbHbIX unce] 0003HAUAIOT cumsosiom N, To ecTh:

N={1;28;4;5,...,n,...}.

— LleAble Yucaa

HaTypaibHsle YHCIa, IPOTHBOTIONOKHEIE UM HWHCIA W WHCIO HONb
Ha3BIBAIOTCH YeNbLMU HUCTAMIL.

MrosxkecTBo HensIx uuces {...,~3; -2 -1;0;1;2;8;...} P RR—
BoJioM Z.

— CreneHb C HaTypaAbHbIM MOKa3aTeAeM

CmeneHnvio Yuciia a c HaTypPaJbHLIM HOKa3aTeeM 1, G0ILITNM eTUHNALIEI,
HABKIBAETCSA IPOMIBEEHME 72 MHOMCHATENeH, KAXIbIH i3 KOTOPHIX PABEH a:

a*=a-a-...a,neN,n>2.

Qa9
npas . ,

Hanpunep, (-2)° =(-2)-(-2)-(~2)=-8; 8" =3.3.3.3=81,1"=1, neN;
0"=0,neN. :

Hepesoti cmenenbio uycia a HABHIBASTCA CAMO YHCIO: @' =a.

B sanmcu a” =b umclo g HasEIBAIOT OCHOGAHUEM cMmenelu, N — No-
Kasamenem cmenenu, b — sHAMEHUEM CENEHL.

Bropylo cTeleHb YKCIa @ Ha3hIBAIOT Kéadpamom wucaa a, TPETLIO CTe-
TeHS THCIIa a Ha3BIBAloT KY6oM Yucaa a.

— CTeneHb C LieAbIM MoKasaTeAem
Hyneean cmenens qncna, OTJIH‘{HB.H OT BYJs, paBHa enmHnIle: a’ =1,

ax0. oy
0 0
Hanpumep, 7° =1, (-5) =1. ) \
HyneBas cTeleHs Hyd (00) He OIpefieIaeTCs. .
Cmenens ¢ yenvim OmpuyamensHoL M NOKAIAMeNeM ONPelelIeTes
1.

TaK: €CIU a:;tOnneN T0o g¢™" .

n

BLIpameHne 0", rme ne N He onpenenﬁe'rca
1 1 .1 1.
Hanpumep, 5 ===, 8=z,
pu p 51 5 ’ 32 9




— CBOMCTBA CTeneHel C LieAblM NOKa3aTeAeM
1. a™-a"=a™", meZ,necZ.
Hanpumep, 5 -5° =5 =5%=25.

- a - )
2.a"%:a"=a™", nan :a”",meZ neZ.
a” .

Hanpumep, 32:3° =37 32 =9.
3. (a”‘)n=a’"", meZ,neZ.
5\2 10
Hanpumep, ((—-2) ) =(—2) =1024.
4. (ab)" =ag"b", néZ.
Hanpunep, (2-3)° =2°-8°=8.27=216.

15, | -&- =~a—,neZ{
A b

(-2)' 16

3! 81

2 4
Hanpunep, (_-:9,—) =

6. (L) :(L) nez.
‘ b a
-5 . 5
Hanpunep, (%) :(%) =925=32.

7. a¥*>0,a#0,keN.
-2 1

Hanpumep, 5°=25>0, (-3)' =81>0, (-7) =50

8. Ecmn a>0,10 a®*?>0, keNecnn a<0,10 a7 <0, kEeN.

' Hanpumep, 2°=8>0, (-2)° =-8<0.

— CTaHABPTHBINA BMA YMCAR

Cmandapmuuvim 6udom wucna o Ha3bIBAETCsH ero 3allkch B Buge a-10",
roe 1<a<10,neZ.
 YucIio n HasLIBaIOT ROPAJKOM LUCAA.

Hanpumep, unciao o.=125000 B cTaHZapTHOM BH/E 3aIACHIBAETCS TAK:
0=1,25-10°, a uncmo a=0,000508 B C’I‘aHI(apTHOM BU/Jle 3alMCLIBAETCA
tax: o =5,08-10".




§ 3. AeHcTBUT@AbHbIC YUCAD

B PauuouaAbele YUCAS

Payuonansnotmu ducaemu Ha3bIBAIOTCA YUCIHA, xo'ropme MOXHO
m

IpeAcTaBUTL B BUAe — ,THe meZ, ne N. MHOXecTBO paiMoHAJIbHBIX
n

upcesa 0603HaYaeTCS CUMBOJIOM Q.

Jio6oe HaTypanbHOe YUCIO, Helbie Yhcia, 00bIKHOBeHHBIe Npobu, cMe-
IIaHHEBIE YUCJa, JeCATHYHbIE IpobH ABIAIOTCA pannonanbﬁmmn YRCIaMH.
5 -3 1 16 11 0
Hanpunmep, 5=—; -83=——; b—=——; 1,1=—~=—; O0=— — payuo-
pumep, D= 173 3 10 1 ®
HaJbHBIe YHCJIAa.

— CBOMCTBA paUMOHAABHBIX YNCEA

1. JIro6oe pamuoHal bHOE YHCJIO MOMKHO IIPEICTABUTh HJIM B BUME
KOHEUHOH eCATHYHOM Apobu, UK B Buke GecKoHeUHOH AecaTHUHON
TepuoauYecKoil Apobu.

2. Yrobsl npecTaBUTh PAlUOHATIbLHOE YUCIO B BUje ,uecaanHon apobu,
HaJ0 YHCAWTEIb PAa3e kT Ha 3HAMeHATeIIb.

3. J1106y10 6ecKOHEYHY IO HePHOANIECKYIO JeCATHIHYIO APO0h Wil KOHETHY IO

m .
- HeCATUUHYIO Apo0h MOMKHO IIPEICTABUTL B BHe — , e meZ, ne N.
n

4. Yucro nepuoguyecKas fecATHYHAA APoOb paBHa 0OLIKHOBEHHOI 1pobH,
YUCAMUTETeM KOTOPOI SABJIseTCA IIepHOZ, & BHaMeHaTeJeM — umppa 9,
3allACaHHAA CTOJILKO pa3, CKOJILKO NUdp B eproze.

; 3 1 428571 3
Hanpumep, 0,(3)=—=-—3; 0,(428571)= — = —,
pusnep, 0,(3)=-5-=23 0, )=89999 =7
5. Hro6sI IpeoGpasoBaTh CMEIIAHHYIO GeCKOHEUHYIO IePROLNUIECKYIO [e-
CATAYHYIO Apo0hb B OOLIKHOBEHHYIO [P0OOh, HA[0: U3 UMCJIIA, CTOSILIEro 10
BTOPOT'0 HepPHOJa, BEIYecTh UHEIC, CTOAIIee O IIepBOTo IePHOLa, 1 .34~
IHCaTh OTY PA3HOCTE B UHCANUTEND, a B SHAMeHaTe e HAIKCATL HUDPY
9 cToJBKO pas, CKOJILKO UMD B IepHole, U flocie JeBATOK JoNHUCaTh
CTOIBKO HYJIeH, CKONLKO NUQP MeXK Iy 3allATON 1 HepBhiM HePHOHOM.
117-11 106 :© 53
Hanpumep, 0 11(7) = .
900 '900 450
6. CymMma, pasHOCTb, IIDOM3BEeieH e, YacTHOe ABYX PANMOHATIBLHBIX YUCes
SIBJSIIOTCS PAIHOHANBLHEIM UMCIIOM.

10



—. ApUPMeTUUECKII KBAAPATHbIA KOPeHb

Apupmemuueckum x6adpamusli KOPHeM M3 HEOTPAIIATEILHOTO YHCIA &
HAasbIBAETCS TAKOE HeoTpUilaTeNbHoe YMCa0 b, KBapaT KOTOPOT'o paBeH d.

O6osHauaioTTak: va = b;drasanucsosuadaer: b’ =a, b > 0.CumMsoi v
Ha3bIBAETCS 3HAKOM KOpPHS, WJIN PajUKaia.

Hanpumep, 16 =4 ,raxkax 4°=16 1 4>0.
KBagparHbIii KOPeHDb 13 OTPUIATEIHHOTO YNACa He cymeCTByeT.

— CBOMCTBA APUPMETUUECKOTO KBaApaTHOI‘O KOPHS
OcHoBHBIE TONAECTBA

1"‘/"1_2—=[a|={ a, ectu a 20, .

—a, ecan a<0.

" Hanpunep, «/Eg=\/57=(5f=5
‘2.(\/a—)2:a;\/0_=0. ‘
Hanpumep, (\/5)2=9.

3. Jab =vJa Vb ,rme a>0, b>0.
Hanpunep, V2516 =25 -J16 =5-4=20.

4. ‘{—a~ :——\/—g—,me az0,b>0.
Hanpumep, J 25 —5——=1—i—.

Brecenue MHORHTeISA o 3HAK KBAIPATHOIrO KOPHA:

bla =+b%a ,ecnm b>0; bJa =—bia ,ecmm b<0.
Hanpumep, 3\/__ V322 =18 ; -243 =-/22.3 \/12

BrlHeceHNe MHOXKWTeIA H3-110] 3HAKA KBAJPATHOT'O KOPHS:
g \/l?;=b\/;,ecnu b20,a>0;
\/ﬁ:—b\/a_ ,ecmu b<0, a>0.
e =jpa .
Hanpumep, \/—5—0_:\/55-_2_=5\/2—; M:W:EAJ:?:Z\/I—}— .

11



lepauMOHaAbele YUCAS »
F prauuouanbuum wuciom Ha3bplBaeTcd UHUCIO, KOTOPOe Heab3d

m .
IpefCcTaBUTL BBuge —,rme meZ, nelN.
.

Hanpumep,9uco T , DABHOCOTHOINEHHIOAIMHBIOKDYKHQCTH B
K ee JuameTpy, 1T=~3,1415926... — uppanuoHanbHOE UHCIO; 1
AIVHa AuaroHaiu d KBaJpaTa coO CTOPOHOM, paBHOM 1, —

HppanyoHaIbHOE UHCIIO, \/—2_ =d (puc. b); HPPAMOHAILHBIMU 1

TaKsKe SBJIAIOTCA YHCHA V8 ; VD ; 6 ¥ MHerue npyrue. Puc. 5

— CBOMCTBa UPPaLIMOHAAbHbLIX YHMCEA

JIro6Goe HppalHoOHAJIEHOE YHCIIO MOXKHO 3aIIUCATE B BUJle 6eCKORe4HOU
Henepuoduieckoll decamuunod dpobu.

Hanpumep, N2 =1,4142..., e=2,7182818..
BeCKOH_e‘{HaH Henepnozmqecrcaﬂ JgecaTavHaA JIDOGB npeacrapjdgeT Co-
601 3alHCh HEKOTOPOTO UPPaIIHOHAJILHOI'O YHCIa.
CyMMa, pasHOCTb, IPOH3BeieHe, YacTHOE pannonanbﬂoro U HppaLuo-
HaJBHOI'O UyceJl — YNCJIO nppannuoHaibHOoe,
J3

— 7 1
Hanpunep, uncna 2++3 ; V3 -1; 5v2 —\/—2_— : -——3—— — Hppanuo-
HaJIbHBIE YHCJIA,
Cymma, pasHOCTh, IPOKU3BEEHNE, YACTHOE ABYX UPPAHOHAIbHBIX UHL-
ceJl, & TAKIKe Pe3yJIBTAT BO3EEHNS HPPANOHAJILHOrO YMCIa B CTeNeHb

MOTyT 6BITH KAK PANMOHAIBHEIMM, TAK ¥ HPPAIIMOHAIBHEIMI YHCIAMH.
. 2
Hanpumep, (2+J§)—(J§—2)=4; (1+\/-2—) =3+2J3—. ‘
CpaBHeHMe HPPAIlHOHAJBLHEEIX UHCe, BHINOJHEHNe apudMeTHYeCKIX

melicTBUM HaJ HIMH CBOGJHTCA K CpaBHeHI/IIO ¥ BRITIOJIHEH IO TeicTBUE Ha
NX pallioHaJbHBIMHA IIpI/I6JII/IJKeHI/IHMI/I.

A@TACTBUTEABHbIE YMCA

PanyonanbHBle U UpPPAIMOHAJIbHEIE YHCIA GODPASYIPT MHONCECME0
deticmeumensubLx YlLcel, KOTOpoe 0603HAUAIOT CUMBOJIOM R.

Mesxzy MHOKecTBaM¥LN, Z, QU R cy1IiecTByeTCOOTHOMIEHTE:
NcZcQcR, T e Xa¥KI0e U3 BTUX MHOYKECTB JABJIATCS
MOMMHOMKECTBOM CJIEAYIOLIEro MHOMecTBa (puc. 6).

JIro6oe fecTBUTENHHOE YHCI0 MOKHO 3allUCATD B BHE

becxoneunol decamuunoi dpobu. ’ R
JloGasa GeckoHeuHas HecATHYHAA Npobb SABJisSeTCH
3alINCHI0 HEKOTOPOTO AeHCTBITEeIEHOTO YHCIA. ) Puc. 6
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— YucAoBas NpPaMas 1 ACHCTBUTEAbHbIC YMCAS S

Yucnopoit npaMoil HagpIBaeTCs IPAMAs, Ha KOTOPOH ykasaHo Hauaslo
orcuera (Touka O), IONOKHUTEIBHOE HAIIPpABJIeHNe (oﬁoaﬂaqae'rca CTpeKOiL)
¥ eIVHUYHELIH oTpe3ok (OK).

Toura O pas3buBaeT NPAMYIO Ha JBa JyyYa: [IOJIOMKHUTEJILHYIO nonynpsx-
MYIOHM OTPHUATeNALHYI0 noaynpamyio. KammoMy geficTBUTeILHOMY YHC-
JIY @ COOTBETCTBYET eMHCTBeHHAS TOYKA A IHCII0BOM IpAMOM, U KasKkIol
TOUKe A YHCJIOBOH IPSIMOH COOTBETCTBYET e{MHCTBeHHOE YUCJIO ¢, KOTOpoe

‘Ha8bIBaeTCA KOOPIUHATOH TouRH A 1 0003HAUAeTCS A(a) .

Hanpumep, xoopaunaramu touexk A, B, C (puc. 7) gpadoorcsa umucia

_—1—1—; —1—.; \/é_,a'ro sarnucblBaeTcsa Tak: A —1i s B —1— ; C(\/E)
2 2 2 2
A 0O B E C R
2 -1l o L 18 2
2 ' 2 .
Puc.7

-_— CpaBHCHHC ACHUCTBHUTEABHbIX YUCEA

W3 gByx neicTBUTENBHBIX YHCEJ GONbITNUM (MEHBIINM) ABJIAETCA TO
YHCJIO, KOTOpOE IPH M300paskeHud 5THX YMCe/ TOUKAMU Ha UNCIIOBOH
NIPAMOM PACIIOJIOAKEHO IO IIpaByIo (IeBY10) cTOpoHY (puc. 8).

RY
®Y

N a
a b b a x b
b>a b<a a=

Puc.8

CymMMa, pasHOCTD, IpoU3BeieHne, YacTHoe (Ha HYJIb Je/IUTh HeXb3sd)
IefICTBUTENBHBIX YUCEeJI SBJAIOTCA MeHCTBUTENIBLHEIM UHCIOM.

b

— CBOWCTBa aPMPMETAUECKUX ACHCTBUM HaA ACHCTBUTEABHbIMM YMCAGMM
Ilyers a, b, ¢ — AeMicTBUTEILHBIE IONOXKUTEIbHEIE UMCIIA, TOTIA

at+tb=b+a; ab=ba;
(a+b)+c=a+(b+c); (ab)c=a(bc);
a+0=a-0=a; al=la=ay
a+(-a)=0; ) a-0=0a=0;
~(-a)=a; a-t=1;
a
O-a=-a;

H 0:a=0; H — He onpeneneno

b
a(b+c)=ab+ac. (a.+b):c=f—+—.
(44 c
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— APHUOMETUYECKKIM KOPEHb N-i CTeneHu
Apugmemuieckum Kxoprem n-ii cmeneru (n eN,n>1) wus
HeOTPHIATeJILHOrO YHcia ¢ HadhlBaeTCHA Takoe HeoTprllaTeabHOe YKo b,
KOTODOe TP BO3BEJeHIH ero B CTeIIeHb 11 faeT YHCJI0 a. nco n HassiBaeTea
nokasamenem KoOPHA, YNCTO @ — NOJKOPEHHBIM 6bLPANCCHUEM.

Obosuauerue: #/a_ = b ;orasanucrosnauseT: b" =a,a >0,b>0.Hanpumep,
Y8 =2, rax ka2 =8 u 2>0; 481 =3, raxkax 3* =81, 3>0.

KopueM Hewemu ol cmenernu 13 OTPUIATEIBHOTO YHACIIA ¢ HasbIBaeTCH
TaKoe OTPUIIaTeIbHOE YHCIIO b, KOTOPOe IIPH BO3BeJeHUH €T'0 B 9TY HeUeTHY IO
CTelleHsh PABHO YHCAY a. :

Bamucs *a =b osmauaer: b*"' =a, b<0, ke N.
Hanpumep, ¥-27 =-3, 10CKOIbKY (—3)3 =-27; §-82 =-2,

5

ubo (-2) =-32.

— CBOWMCTBa KOpHEeH
OcuaoBHbIE TOKIECTBA

1. ({‘/;_)n;a»,neN,n>2.
2, Ya™ ="%a™ ,a>0,neN,meZ,keN,n>2.

3. 2@‘:1‘”:{‘1’ ecan a =0,

—-a, ecnu a<0.
Kpowme toro, 2'“\‘/;2;7: a_', keN.
4. 8a ="a ,neN,keN,a>0,n>2, k>2.
Hanpunep, JN10 =410 ; 416 ={Ji6 =4 =2.
5. (Ya ) =a* , keN, nelN,n>2, a>0.
Hanpunep, \25° = (V25 )3=53:125. : .

6. tfab =¥a Ao , a>0,06>0.
Hanpumep, 4¥16-81 =416 481 =2.3=6.

7. {/—a‘z ’\‘/a— ,az20,b6>0.
b b
Hanpume 5_.3_2_ -‘ 532 :_2_
PUMP: 45 T Yoas B
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'— CreneHb C paUMOHaAbHbIM NOKa3aTeAem

Brinecenne MHOKHUTENIS H3-TOJ 3HAKA ROpHﬂ

Zh/bzka =]bl'2\"/:l_ {b\/;z— ecau b=0,

b4la , econ b<0,a>0, keN.

2h+1/bzk+1 bZI”\I/— EeN.
Hanpumep, 32-3 =432 .43 =243 .

Bnecel-me MHODKI/ITeJIa HO/X 3HAK KOPHA:
2\/ =%b*a ,ecoam b2
=P | ecum b<0, keN. b*a =*Yp?y  keN.

Hanpumep, 283 =¥32 43 =%96 ; -3¢2 =-4/3*.2 =162 .

|rme a>0.

. m
Cmenenvio nLOLONCUMERBHOZO0 YUCIA O.C panyoHaJIBHBIM IIOKa3aTeJIeM ——
n

m
(m eZ,neN,n> 2) Ha3bIBaeTCAKOPeHbN-HeTeneanMs a™ ,1.e.a ® =¥a” ,

1 3 5
Hanpunep, 1447 =J144 =12, 16 + =416 =4 123 =%,

1 .
Bripaxkenne (—~27 ) 3 He UMeeT CMbICJAa.

.~ CBOMCTBA CTeneHM C PaLMOHAAbHbIM NOKA3aTEACM

‘] C palllOHAJIBHBEIMY [IOKAa3aTeJIAMU:

CBOI/IC'I‘BE\. cTeleHefi ¢ IeJLIMU IIORaBaTeJIHMI/I BepHEBI 1 }IJIH cTenedel

at-at =g ahiat=g"""; (afx )'Z =q;
aY a
.
(ab) =a"b"; — =
: b b
. 1.1 s 1 1 11 1
Hanpumep, a® -a? =a® 2 =a%;a*:a?=a* %2=q *;
b
3 15
2Y 23 2 L (1 1Y 115 115 8 5
a? =a® ‘=gt =qa?;|a%b? =q5 16 .p3 16 = g16pI6 .
LY 1, iy
at al a?
1 = 1 =
b? pe” b
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— MOAYAb AGHCTBHUTEABHOIO YUCAQ

' a,ecmu a>0, -
|a|=4-a, ectn a <0,
0, eciu a=0.

(2]
TeomeTpuueckas uHTEpPNpeTALNA MOAYIST ‘i{ Oi >
Puc. 9

Ecnm Touxa A uUMeeT Ha YWCJIOBOH IpAMO -
KOOpAMHATY a, To pacerosuue (puc. 9) ot A no O pasno ‘a l ,T.e. AO= [ a[ .

— CBOMCTBa MOAYAS -
la|>0; |-a|=|al|; a<|al; |a

ot
|ab|=[al|]; —g*=-%|,'—,~b¢0; a*|={al’; laf* =a*, ke N;

|a+bl<|al+[p];  |a+b[>[a|-b]; [a-b[>[la]-[v]|; |a-b]<|al+[o];

| la, +a, +.ta, [<la,|+|a,|+...+]a,].

— LleAas u ApoGHas YacTH YMcAa
Henoii wacmvwro wucaa a (uiin anThe a) HasbiBaeTcd HauboIbIllee eyoe

TUCITIO, HE npeammammee yucia a; 0603HaAYAeTCS TaK: [a] o
Hanpumep, [2,1]=2; [\/é_] =1; [0,3]= 0; [—1,3] =-2; [——\/—3—] =-2,
Zlpo6roti wacmvio wucaa @ HasEIBaeTCs THUCIIO, KOTOPOe PABHO @ — [a] H

ofosHauaerca rak: {a}, T e. {a}=a-[a]. - , ,
Hanpunep, {2,1}=2,1-2=0,1; {0,3}=0,3~0=0,3; {-1,3}=-1,3-

[ -(~2)=0,7. v ‘ : ,

JT:060e umeo a Mox<HO IpeAcTaBuTs B Buge a=[a]+{a}.

Hanpumep, 1,3=1+0,3; -1,83=-2+0,7. :

)

‘' Aorapuomsi -

JdozapugpmomuonoxurensHorounciab (b > 0) noocHopanmioa (a >0, a # 1)

HasbiBaeTCsd MOKa3aTeJb CTelleHH, B KOTOPYIo HAJO BO3BECTH OCHOBaHHE &,
94TOGEI HOXYYHUTh Uucio by obosHavaercs Tak: log, b . ’

. Hanpunmep, log,16=4; log ;3=2; log5.¥215— =-2.

Gopmyny @' =b,rme a>0, a#1, b>0 HasEIBAIOT OCHOGHBLM L0ZA-
upmuieckum moxicdecmeom.
P
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1.

3.

2.

OCHOBHbIE CBOMCTBa ACFaPUPMOB

log,1=0 (a>0, a=1). Hanpumep, log,1=0.

log,a=1 (a>0, a»1). Hanpumep, log 5 J3 =1.
loga(xy)= log,x+log,y (a>0,a%1,x>0,y>0).
Hanpumep, log, 15 =1log,(3-5)=1log, 3+10g3 5=log,3+1;"
log,,3+log,,4=log;,12=1.

.log [——— =log,x~log,y (a>0, a¢1 x>0, y>0).
Yy

Hanpumep, log2 -log23 log,8= log23 -3.

. log,x” = plog, x (a>0, azl, x>0).

L
Hanpunmep, log, Y3 = log,33 = —;‘—log3 3= —;— = —;— .

log, b
log.a

<

log, b= (a>0, a#1,b>0,c>0, c#1).

3= log,3 log,2

Hanpunmep, lvog2 Tog, 2 ' Tog. 8
5 3

: 1
=log,2=—.
g5 3
CregerBus:
1) log, b= !
lo

b

2) log,b=log ,b” (a>0, a%l, b>0).

(a>0, a%l,b>0,b¢1).

3) loga,b=-1—10gab (a>0, ax1, b>0).
. p

4) logw,a":;p— (a>0, a=1).
q

. @opMyJia nepexoa OT OJHOrO OCHOBaHUA JIOTAPH(PMA K APYTOMY:

g

Aecat1uHblie Aorapudmbl

Hecamunnsimu nozapudmamu Ha3sIBAIOTCA JOTAPHDMBI, ocoBaHue

KOTopBIX pasHO 10; o6osHaualoTcsa cuMBoJoM Ig: log,,b=1gb.

Hanpumep, 1g1=0; 1g100=2; 1g0,1=~1.
Tabauua gecHTHUHBIX JOrapiudMOB HEKOTOPBIX YceJ

a 2 3 4 | 5 6 7 8

Iga= 1 0,30 | 0,48 | 0,60 | 0,70 1078 | 0,85 | 0,90 (

0,95
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— HaTypaabHbie Aoraprdmb!

Hamypansrnoimu 10zapudmamu Ha3EIBAIOTCA JIOrapU(PMbl, OCHOBAHUE
KOTOPBLIX paBHO e (e = 2,7182818) ; ofosHadaloTcsl CHMBOJIOM In:
log,b=Inb. '

- Tabanila HaTypPaJLHEIX JOrapa(MOB HEKOTOPHIX YHCeI

a

2 3

4

5

6

7

8

9

10

100

Ina=| 0,

69 | 1,10

1,39

1,61

1,79

1,95

2,08

2,20

2,30

4,61

;lgez

1g10 =
C

1
ge

~2,3026; 1gx ~2,3026-1gx.

— DOpPMYAbI IEPEXOAa OT ACCATUYHOTO Aorapuqama
K HaTypaAbHOMY M HaO60pOT

1 5 ~0,4343; lgx~0,43431nx;
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§ 4. OAHOYACHBI U MHOFOYAGHI

OAHOUACHDI ‘

O0novunenom HasbiBaeTCs NPOUIBeJieHMe UYHCeJ, IEePEeMEHHEIX H
UX HaTypaJIbHEIX CTelleHell, a Tax)Ke caMu uucja, DepeMeHHble U HX
HaTypaJIbHLIE CTeIeH . '

Hanpunep, 5xy; 6a*°;4;a; a"; ~a® — ORHOUNEHEL.

0¢7no'men cman&apmnozo suda — OIHOUYIIEH, cofepKamuii TONBKO
ORUH HUCTIOBOM MHOMKITENb, KOTOPII CTONT Ha HepBOM MecTe, U CTeleHH
C PASHBLIMY OYKBeIHLIMH OCHOBAHUAMM,

Hanpumep, 5a’bc ; 18xy2° ; —5; ~x; —a’b — ofHOUIEHD] CTAHZAPTHOIO BUIA.

Koadpuuuenmom od0nourend HashlBaeTCsA UHCIOBOH MHOMUTEND
ORHOYJIEHA CTAHJAPTHOTO BUIA.

Hanpumep, xosbdunuenramu ofguoutenos 3a’b ; ~8xy; —xy; abe
SABJISIIOTCA COOTBeTCTBeHHO unciua 3; —8; —~1; 1. Kosddunumenrrr 1 1 ~1
B OJHOUJIEHAX HEe IIPUHATO HUCATE.

Yrobb! sanucaTh OSHOWIEH B CTAHIAPTHOM Bnne, HAJO NePeMHOXUTH
BCE er0 YHCJIOBbIe MHOMKHUTENU K IOy deHHOe YMCJIO IIOCTABUTE Ha lIepBoe
MeCTO, a MOTOM IIPOUSBEeJeHM A OAUHAKOBEIX OYKBeHHBIX MHOKUTENENR 3a-
nucaTh B BuZe creneneil. Hanpumep, 2xy-Taxy (~8)a’bx = ~42a°bx’y*

Cmenenvio 00noOU e HABEIBACTCA CyMMa HOKasaresiell cTeleHell Beex
6YKBEHHBIX MHOKMTeNel, KOTOphIe BXOAAT B OJHOUJIeH.

Hanpumep, cTerieHb ofHOUIEHA 2x2yz paBHa 4.

‘Ecnu ogaodieHOM ABIAESTCA YHCIO, OTANYHOE OT HYJISA, TO €ro CTeleHb
camTaeTcs paBHol Hyaw. Yucso 0 cTeneHy He HMeeT. . .

Yro6hl yMHOMHUTE OJHOUIEH HA OAFOUNIEH, HAJO IIePeMHOKHTE UX KO-
o dULMEeHTH U TePeMHOMXKUTH CTENEeHH C onm{axonmmn OCHOBAHUSIMHU.
Hanpumep, 12a*xy- ( 3xy z) -86a*x"y’z.

Yro6b1 BO3BeCTH OZHOUJIEH B CTelleHb, HalO BO3BECTH ero Koshdu-
[[HEHT B 9Ty CTEIEHb ¥ YMHOMKUTH [10Ka3aTe/ b CTEIeHY Kakolt GYKBEI
Ha norcasix'renb CcTeleHy, B KOTODPYIO BO3B0,IIHT oxuounen. Hanpunmep,
(—2x yz ) =16x"y*z". :

Y106hI HOZeNUTh OJ{HOUJIEH Ha OMHOUJIEH, HaJo TIOHeNInTh KoaddhUuliienT
AeJIUMOTO Ha Ko3hGUINeHT ReJUTelNd, K HallAeHHOMY YacTHOMY IIpH-
[THCATh MHOKUTENAMY KaKIYIo TepeMeHHYI0 AeIMMOT0 ¢ TTOKA3aTeIeM,
PaBHBIM DA3HOCTH norcasaTeJIei/i HTOH HepeMeHHO’ B JeJIIMOM H JeJIHTeNe.

) 9 7-3, 6-5_5-1

Hanpumep, 9x"y%2° (3x Rk =8x'yz*.
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MHOTOUYACHBLI U ACGHCTBUS HaA HUMM

Muozounenom HaspIBaeTcA ajnrebpadvecKad CyMMa HECKOJIbBKUX
OZIHOUJICHOB. Hanpumep, 5x" -2x+3; Ta’h® ~5ab+xy — MHOTOUWJIEHEL.

OnHOYJIeHBI, M3 KOTOPHIX COCTOUT MHOTOUJIEH, HAashiBAIOTCH . €T'0
unenamu. OpHOUNEH — 4YacTHBIA ciayuait MuHorowieHa. Muorouses,
COZEePIRAIITUH Ba HJIH TPH CaTraeMbIX, Ha3HIBaeTCH Beytmenom (6urOMOM)
U mpexunieHom COOTBeTCTBeHHO.

Hanpumep, a a®-b* 3a 2 — AByYJeHBI; a®+ ab+ b, x*-3x+2 —
TPeXUJIeHbI.

ITodob6nbte wienbl MHOZOWLEHA — ITO OHNHAKOBLIE O[HOYJIeHbI WL, €CJIH KX
3aMucarh B CTRHAAPTHOM BHZe, OTIHYAIOUINeCH TONLKO KO dOUIUEeHTAMH.

Hanpunep, B morounere 5x°y +6xy® ~Tx’y —8xy® mepprrit u TpeTuii,
BTOpOH M YeTBEpTHIH UIeHb! TONOOGHDI. .

IIpusedenue nodobreLx WLeHO8 — BTO YIPOIIEHME MHOTOUJCHA,
IIPH KOTOPOM ajrebpamuecKas CyMMa HOZOGHLIX UJEHOB 3aMeHSIeTCH
ofHUM ujieHoM. YToObl MpUBECTH NOKOGHBIE WieHbI, Hafo CAOMHUTEL UX
Koo OUIHEHTH] K TPUITHCATE UX 0BIIYI0 BYKBEHHYIO UacTh,

Hanpumep, 2ab+3b* —2a* +a° ~5ab+b* = 4b* —3ab -a*

Cmandapmuslii 610 MHO20ULEHE — STO SATIICH MHOTOYJIEHA, B KOTOPOH
BCe WIeHBI MHOTOWIeHA — OJHOUJIEHBI CTAHAAPTHOTO BUIA K CPe{M HUX HeT
Hono6GHBIX. '

Hanpumep, x* —2x*+3, ab+bc+abc — MHOrOUYJIEHb] CTAHILAPTHOTO
BHAE, & 5x° +3x—6+2x® — MHOrowIeH HeCTAHZAPTHOTO BHAA.

Cmenensio MHOZOYLeH A CTAHIADTHO'O BU/a HaskiBaeTcsa Haubobias

‘U3 cTeleHel OXHOWIEHOB, COCTABJSIONMX MHOTOUYJEH. CTedeHbIO
IIPOU3BOJILHOTO MHOTOUJICHA HABBIBAETCST CTeIeHb TOMKASCTBEHHO PABHOTO
eMy MHOI'OYJIEHa CTAHAAPTHOI'O BUAA. ‘ ‘

Hanpumep, crelieHs MHOTOWIeHa 2x° y +3xy” paBHa CTEIIeHH ONHOWIEHA
2x°y, T, e. paBHa 6.

Yrobsl crioscums 06d MHOZOWLEHbL, JOCTATOUHO COEIMHUTL WX
3HAKOM «-+» H IPHUBECTH ITOLOOHEIe wieHsl. IIpy cloKeHUr MHOIOUIEHOB
HOJIBBYIOTCS IIPaBUJIOM PACKPBITUA cKOGOK: ecii nepeJ~KoOKaMy CTOUT
3HAK «+», TO CKOGKH MOKHO OIIYCTHTb M COXPAHHMTb 3HAK KAaXZOTo
OXHOUJIeHA. ,

Hanpumep, (8x*-2x+5)+(6x" +5x-8)=8x"—2x+5+6x"+5x~8=
=0x +8x+2. L o

- UrobLl HAHTH pasHocms J6yYx MHO2OULEH0E, HAKO IOCTABAThL BHAK
«—» mHepel B3ATHIM B CKOOKY BTOpLIM MHOTouseHoM. Ilpu BeIUMTaHNU
MHOT'OWJICHOB TOXe [I0J1b3YI0TCA COOTBETCTRY IOIUM IPABUJIOM PACKPBITUS
CKOBOK: ecJiy Iepes; CKOGKaMU CTOUT 3HAK «—», TO CKOOGKY MOXMCHO OTYCTUTh,
USMEHUE - 8HAK KaxKJOro OfHOUIeHa, HaXOAMBIIErocs B cKobxax, Ha
TIIPOTHBOIIONOYKHEBIN.
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- Hanpunmep, (3x2——2x+5)—(6x2+5x—3)=:-_}£f—g£+§—§£—5___yg+§=
=-8x*-Tx+8. ‘ ’

Banncars anreGpamIecKyio CyMMY MHOIOUJICHOB B B¢ MHOIGUIEHA
CTAHIAPTHOI'O BUIA — PACKPHITh CKOGKY M IPUBECTH TOZGOHLIe YIeHb].
‘Hanpumep, (2.‘)52 -3x+ 2) - (3.152 -2x 1) - (—x2 +2x+ 1) (—2.752 +x- 1) =
=2x —-3x+2- 3x° +2x+1+x ~2x-1- 2x” +x-1= —2x%-2x+1.
‘ YrobeIs YMHONUMD » 0OHOUNEN KA MHO204LeR, HAJI0 Ka K ABIH YJieH MHOTO-
YIeHa YMHOMKHMTD Ha 9TOT OJHOUNEH U no.nyquHme O{HOUIIEHBI CJIOMKHTE,
Hanpumep, 2a(a -a+2a* )— 2a° —2a% +4a® = 6a° - 2a* .

- YUTOoOBI YMROICUMD MHO0UNLEH HA MHOZOUREN, HANO KAXKIBIN UIeH
OAHOro MHOTOYJIEHA YMHOXHTh HA KaXKABIA UJIeH BTOPOr0 MHOrOYIeHa
¥ TIOJTY UEHHEIE OJHOUWICHE CI0MKHTD.

Hanpumep, (3x-2)(2x~3)=38x"2x~3-3x-2- 2x+2.3=
=6x% -9x—~4x+6=6x"-13x+6.
Jrobui pasderums MHOZORLEH Ha 00HOYLeN, HAZo KAk IbIH YIeH MHOTO-
YjleHa pasesrTh Ha 9TOT OHOUIEeH U nonyquHme PesyIbTaThI CIOKHUTh.
Hanpumep, (5x° -Tx* +8x° - 2x ) (2x)= 5x (2x)—7x4 (2x)+
+8x° :(2x)-2x" : (2x) =2,5x° -8,5x° +1,5x% ~
Pasnoscenuem mHozowLEeHA HO MHONCUMeR U HABLIBAETCH IIPeICTABIIE-
HHe 3TOr'0 MHOTOUJIeHA B BIfie TPON3BEIeHH MHOrOU/IeHOB.
[Ipu pasnoeHHy MHOTOYJICHA HA MHOMKHTEIH HCIIO/b3YIOT:
1) BriHeceHUe 06IIIero MEOKHUTEIA 33 CKOBKH.
Hanpumep, 5x” +10x =5x(x+2);
2) crroco6 PPy IMUPOBKAL.
Hanpumep, 5x~5y—x"+xy=(5x —5y)—(xZ —xy) = B(x-y)-x(x-y)=
= (x-y)(5-x); | ‘
3) GopMyJNEl COKPAIEHHOTO YMHOMEeHHUS,,

DOPMYAbI COKPALLCHHOTO YMHOXEHMS
1. KBagpar cyMMBI (padHOCTH) ABYX Bmpamennﬁ‘ (a +b)2 =a’+2ab+b%.
. Hanpunep, (a+3) =a’+6a+9; (x-2) =x* ~dx+4.
2. Ky6 cyMMyt (DASHOCTH) JBYX BEIpAMKEHUI: (a t b) =a®+3a’v+ 3ab2 +b°.
. Hanpumep, (a+1)’ =a*+3a*+3a+1, (a-2)’ =a*-6a°+12a-8.
3. IponsBeieHHe PA3HOCTH [BYX BLIPAMCEHMI U HX CYMMEL:
’(a—b)(a+b)=a2eb2. .
Hanpunep, (a-5)(a+5)=a*-25; (2a~ 3b)(2a+3b) 4a® - 0p*,
4. TipousBe erye CyMMBI (PAIHOCTH) ABYX BBIpa)lceHI/II/I Ha HeIoJTHbIH KBa-
ApaT uX pasHocTH (CyMMEI): (a b)( Fab+ b2) =a®+b°.
‘Hanpumep, (2a -—3)(4a2 +6a+ 9): 8a®-27, (2+y)(4—2y+y2) =8+y°.
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MpumeHeH1e GOPMYA COKPALLEHHOTO YMHOMKEHMS!
" AASl PA3AOKEHUS MHOTOUACHA Ha MHOXWTEAM

OpMYJIEl COKDPAINEHHOTO YMHOMEHI IIHPOKO HCHONB3YIOTCH JJIA
DadJIo’KeHU MHOTOWIEHA KA MHEOSKHTEIIH. .
1. a®+2ab+b° =(axb).
Hanpumep, 25+30x+9x% =52 +2.5-3x+(3x)" =(5+3x)", 4-da+a’=
=2-2.2.a+a*=(2-a)".
2. PasHocTh KBapaToB ABYX Bulpakenuit: a® —b* =(a—b)(a+b).
Hanpunep, 4a* -9b° =(2a-3b)(2a+3b),
25b° —4a® = (5b- 2a* )(5b +24*)
3. Cymma (paBHOCTb) Ky6oB By BhIpaskenuil: @’ +b° =(atb)(a’ Fab+ bz) .
Hanpunmep, 8—x° =(2— x)<4 +2x+x ) 27a% +1=(3x+ 1)(9xz_ —3x+1) .
4. a®+3a’b+3ab’ +b° = (a+b) -
Hanpumep, 8+12a+6a”+a®=(2+ a)3 , 8a’—12a* +6a~1=(2a -1)3 .

MHOTrOUAZH C OAHON RepeMeHHON

Mnozownenom n-ii cmenenu ¢ 00HOU nepemeHHOU HABBIBAETCH
MHOI'OUJIEH BHAA: '

ax" +a"_1.?c""1 +...+a2x2 +‘alx-iﬁa0 yTHE @, Qs ey Gy, G, Gy — Jeii--
CTBUTeNbHBIE UnCHa, a, # 0, x — nepemenHad, neN.

Keadpamnoim mpexuieHom Ha3RIBASTCS MEOTOYIEH Bufia ax’ +bx+c,
Ife X — IepeMeHHas; a, b M ¢ — HeKOTOopbIe AefCTBHTeIbHEIE YHCIA, IIPU-
geM a# 0.

JBa MHOTOUJIEHA, npeacrpamenﬁme B CTAHAAPTHOM BHJIe, Mosdecmeen-
HO PA6HbL, eCIU UX CTeIeHH U Koodh(UIINeRTHl IPH OJUHAKOBLIX cTelle-
X x paBHBL. Hanpumep, MEOrowIen x° +2x° +1. ToMJecTBeHHO paBed
MHoTOwJIeHy ax®+bx’+éx+d,ecom a=1,b=2,¢=0,d=1.

Koprem keadpamnozo mpex«iena Ha3biBaeTCA 3HAUSHHE nepemeHHon,
TIpU KOTOPOM 3HaUeHMe BTOr0 TpeaneHa PaBHO HYJIO.

Hanpumep, xopaem TpextienHa 3x* - 2x~5 smBIfeTed uncso —1, TaK
Kak apu. x =-1 HMeeM.3( 1) —2( 1) 5=0. :

Yuciio (¢ HAa3LIBAETCH KODHeM MHOzOuNena a,x" +a, . x" " +.. +ax’+
+a,x+a, ,r'/:(e A,y 0, ;. Oy, G , Gy —TeHCTBUTEIBHEIC qncna, a,#0,ecnn
ao”+a,_o" + + azoc +a,0.+a,=0 . Hanpunep, uncio 2 — KOpeHb
MHorounena x‘ —x® —x’ —x—-2,rak kak 2 -2°-2"-2-2=0.

Ecumw gmciio 0 — KOpeHs MHOTOWIeHa g, x" +a,_;x"" +...+ a,x* +a,x +a,,
Toax"+a, , X"+ +ax’ +axta, = (x —oc)(bnnlx"'l +b, x" +. bt +
+b,x+b, )
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Hanpumep, x=2 — KOpeHb MHOrouJieHa x*+x~3x-6, Torma
2+ 2 ~8x-6=(x-2)(x*+3x+8).

Muorousen a,x" +a, ,x"" +...+ a,x° +a,x +a,,Tae a, # 0 MOKeT NMeTh
He GoJsiee n KOpHEH. :

Eciu wmuoroumen a,x"+a, x" " +..+ax’+ax+a,, rae a,#0,
HMeeT KODHHU O, , Oy, ..., O, , TO 9TOT MHOT'OUJIEH MOKHO PA3JIOKUThL Ha
MHOXUTENIN:

ax"+a,_x" +. . +axt+ax+a, =a,(r-o ) (x-0,) ... (x-0,).
KBagparubiil Tpexdnen ax®+bx+c mmeer He Goliee JBYX KOpHelt:

1) ecmu D =b*—4ac <0, 70 KBagpaTHLIH TPexXulieH KOpHel He UMeeT.
Hanpumep, wBagpaTaplit Tpexuien x°-8x+5 kopHeit He HMeer,
MOCKOJBLKY D =(—3)2 -4-51=-11<0;

- 2) ecmu D=b® -4ac=0, 1o KBaApaTHEIA TpeXU/eH HMeeT BA DABHEIX

b
KOPHA X, =X, = ——,
R . .
Hanpumep, kpagpaTHbIi TpexuieH x°—-6x+9 uMeer ABa paBHBIX
KOpHA X, = X, =——2—=3; -

3)ecmu D =b* —4ac >0, To KBaZPATHEI TPeXUeH HMeeT 1BA PA3IIMUHEIX
-b*+/D
2a
Hanpumep, kBafpaTHEIN TpeXuaeH x%*-5x+6 UMeeT ABA PABTHYHBIX

| 54y52-4.61 _ 5+J1 51

KOPHA X, = 21 > 5 x, =3, x2v=2.

Yueno D=b*-4ac naseiBaeTca JUCKPUMURARMOM KEaIPAMNOZO
mpexinena.
Teopema Buera. Eciin x, W X, — KOpPHU KBaIpDaTHOTO TPeXuJeHa

) b c
ax? +bx+c, TO BBIIOIHAIOTCS PABEHCTBA Xyt Xy T, XXy =
a a

KODHA X, , =

Eenu x, ® X, — KODPHHM TpeXWseHa X’ + px+¢, TO CHPaBELIHBLL
GOpMYNBI X, + X, =D, XX, =q .

Ecmup, q, x,, x, Takue, YTo X, +X, =~p, XX, =¢,TO X; & X, — KOPHU
TpexusieHa X’ + px+gq.

Paaloxenye KBaPATHOTO TPeXUIeHA HA MHOKHTEIM
Ecam x, m x, — KOPHHM KBaJpaTHOIC TpexujeHa ax?+bx+c, TO
BBIOMHACTCH PABEHCTBO ax’ +bx+c= a(x — %, )(x -~ xz) .

Hanpumep, 2x” +5x~3=2(x—-0,5)(x+8); x* —x-12=(x+3)(x -4).
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§ 5. AArebpanueckmne BbipaKeHus
- AArebpanyeckme BbipaxeHus

Anzebpauneckum guiparceHuenm HasblBaeTCs BhIPaiKeHNe, B KOTOPOM
qycia ¥ OYKBbI O6beINHEHB YeThIPbMA apNPMeTUUCKUMH AeCTBHAMY,
aTakKe NefICTBHAMY BOBBEJEHNH B HATYPAIBHYIO CTEIIeHD ¥ U3BJIeUeHIA
apudMeTHUeCKOro KOpHH. . -

, C 3a®
Hanpumep, a+~b;a+b %’/; ; ——=== — aJIreGparyecKyie BEIPAKeHN.
: ) Na+b

Bripaskerne, KOTopoe He COJIEPKHT OllepalliK H3BICUEH IS ROpHﬁ U3 Ie-

pemeHHon, HaBBIBACTCH PAYUOHANLLHBLM. Hanpumep, a+b; a® ~2ab-b?%;
J3 a a*-b
a+b’ a®+b’

Pamuosa/bHoe BEIPasKeHHe, KOTOpoe He COAePIKUT AeHCTBIA e TeHNA Ha

.IlepeMeRHYI0 (6yKBY) WK Ha BRIpasKeHHeE, cojepiKaliiee [lepeMeHHY 0, Ha3bi-

— paluoHaJIbHbIE BpraQKeHI/IH.

' ; 2 1, 1 5
BaeTcH yenwvim. Hanpumep, a” +b ; ?a + \/3_ b® — 1esble BEIPAXKEHNA.

Anrebpanueckoe BEIDasKeHME HA3hIBAETCA UPPAULOHALBHBLM, eCIIH
B HeM BBITIOJTHAIOTCH AeHCTBUA HU3BJICUEHUS apHpMeTHIECKOr0 KOPHA U3
6yKB (IepeMeHHBIX) HIIHT BI:Ipa?KGHPIﬁ, cogepmanmx OyKBBI (ltepeMeHHbIE).

Hanpumep, Jx —\Jy; J3x+5 \/— — UPPAIINOHAJLHEIE BBIPa-
JKEeHU. VY
PanwonanbHOe BEIparkeHVe Ha3LIBACTCS IPOGHbIM, €CHHU oHO CONEPIKUT
ZelCTBMe [le/leHYs Ha IepeMeHHYI0 HIIN Ha BhIpaskeHue, coflepakallee epe-
a a*+b* 3 :
Mernyio. Hanpumep, — ; —5—-; ——~2 — gpoGHBIe BEIPAKEHMA.
b a-b x )
. a :
Apo6v — 5T0 BEIpasKeHUe > rle @ U b — YUCJIOBbIe BEIDAYKEHNS WIN
BhIpasKeHNs ¢ lepeMeHHBIME. Ecint a n b — asreGpanueckne BRIpaskeHus,

. ‘ a .
TO BupameHne“7 HasbIBaeTCA arzebpauneckol dpobbio.

OcHoBHOe cBoiicTBO Apo6H

IIpu YMHOMEHUM UHCIUTENIT K 3HaMeHaTeldA Apo6GHu Ha OXHO W TO. 3Ke

a ac
BhIpasKeHue MoJIyYaeM Jpodb, TOXIECTBEHHO PABHYIO JaHOM: e =—

bc
rme b#0, c#0.

, a-b  (e=b)a-b) (a-d)
Hanpunep: == {avo)a-s) ~ @-v?
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OcHOBHOE CBOHCTBO APOGH MCIIOIbL3YeTCA IPH COKPalleHuH Apobeii.

. 2 '
x +5xy2 - x(x+5y) .;__x.‘, x#-5y;
2xy+10y 2y(x+5y) 2y

x-4y®  (x-2y)(x+2y) x-2y

= = , T, #=-2y.
8x+6y 3(x+2y) g e v

- Ipu nsMeHeHUN sSHAKA YUCAWTENA (WY 3HAKA 3HAMeHaTe IsT) ApobH 1 3Ha-
Ka mepef ApobbIo OIyYaeM BhEIpaskeHue, TOX/AeCTBeHHO PaBHOE JaHHOMY:
-a ~a a a '

-b b - -b b

Hanpumep,

Cioscenne ¥ BRIMATAHNE Fpobeii
Yro6BI CHOKUTE (BHIYECTH) IPOOH ¢ OfMHBKOBRIMY 3HaMEHATELAMY, HAKO
CJIOYKUTH (BLIUECTD) MX YUCTUTENH, & 3HaMeHaTe b OCTaBUTh TOT MKe:
a b ath
+

c ¢ c

YTOGHI COKATS (BEIYECTD) APOGH ¢ PA3IHYHEIMY 3HAMEHATeIAMHU, HA0

IPHBECTH UX K 00lIeMy 3HAMeHATeJIO, A IOTOM BOCIIOJIL30BAThCA IIPaBU-
JIOM COKEeHNA (BLIUMTaHUA) Apobeii ¢ 0lHHAKOBLIMY 3HAMEHATEJIAMHA.

2 x . x* x x?—x?-2x

H R x - = - = =
anpuneD, T -2 (x-2)(x+2) x-2 (x-2)(x+2)
. —2x 2x

T4 4-o

, c#0.

-~ YMuoxeHnue u gegegue IpoGeit
Yro6bI yMHOKUTE APOGH Ha APOGH, HANO IIEPEMHOMKUTD UX YHUCIIUTENH
¥ 3alcaTh B YWHCJIUTENIb, A IOTOM [IePEeMHOMKHUTE UX 3HAMEHATeH U 8a-
I¥caTh B 3HaAMeHaTelnb:
a ¢ ac
— = bz0,d=0.
b d bd _ .
. ) 2 .
: x*-4 x (x*-4)x  (x-2)(x+2)x x-2
Hanpumep, " =—= = 3 = ,
: . ¥ 2x+4  x*(2x+4)  2%-2(x+2) 2

x#0, x# —2‘.
Urofer pasfeuTs OFHY Apobb Ha APYI'YIo, HAAO NepBYyIO Apobhb YMHO-
MKUTH Ha Apo6k, 06paTHYIO BTopoil:
a ¢ a d ad

._:__.=———--—-:————,bv7f0, io, d#0.
b d b ¢ be ¢

25



Hanpunme x*~9  x+3  x*-9 ' x’-4 (xz—‘Q)(xz——/.l) _
punmep, x+2 " x*-4  x+2  x+3  (x+2)(x+8)

(x—8)(x+8)(x~2)(x+2) |

(x+2)(x+3) =(x-3)(x-2)=2~5x+6, x#12, x%-3.

MppauMoHaAbHble BbIpaXeHHs U ACHCTBUS Hap HUMM

. Cnosxenue v BEIYUTAHUE UPPATIHOHATLHEIX BEIPASKEHUH BHIIIOJHACTCH

TaK JKe, KAK CJIOKeHue U BbIYMTAHME PallUOHATBHBIX BhIpaskKeHHH
(omHowWIeHoB U MHOT'OYJIEHOB).

Hanpunep, 348 ~518 +1250 =3-292 —5.3Y2 +12-5¢2 =
=642 ~15V2 +60v2 =51y2 ; 5Ja ~3Ja +7a =9Ja .

. Yro6h1 BHINOJIHUTE YMHOMCeHHe (ieJleH1e) UPPalliOHAIBHBIX BEIPAKeHUH

¢ PasJMYHBIME IOKAa3aTeAMH KOpHsA, HaJo! IPUBECTH UX K obmeMy
HoKaszaTesIo, MePEeMHOMKUTD ([IOAeNUTH) NOAKODEHHLIe BBHIpaYKEHM
U 3amucaTh NpousBefeHWe (4acTHOE) O/ 3HAK KOPHA ¢ 0OIUM

TIOKa3aTeIeM.
3
Hanpumep, ’ 4’»— =1 J ,f o’ b —12’——

. Yrobr1 BBITIOJIHUTH BosBeJerne }copHen B CTEeHb, HAA0 BO3BECTH

B 3Ty CTeIIeHb NOLKOpeHHOoe BhIpaskeHHe, OCTABUB TOT JKe IoKasaTeslb
KODHA.

‘Hanpumep,( ) —J a+\/_— \/a +2 a+2

. Yro6pl B3BJIeUL KOPEHb U3 KOPHS, Hal0 IePeMHOMKUTH [IOKA3aTeN Il Kop-

Hel, a MOAKOpeHHOe BhIparkeHue OCTaBUTh Oe3 H3MeHeHu.

Hanpumep, YJa+1 =%a+1 .

. OcpoboxuThes or HPPANHOHaNBbHOCTH B BHaMeHaTeJIe HpOGH o3navyaeT

06paTHTH Apobb, 3HAMEHATeNb KOTOPOH COXEPIKAT KODHM, B HOBYIO
Apobb, TOMAECTBEHHO PABHYIO JAHHOM, 3HaMeHaTeNlb KOTOPOH KopHei
He COePIKHUT. ‘ . ‘

Ecaun snamenaTens Jpobu — KOpeHb HJH IPOUsBeeHe KOPHA Ha pa-

UUOHAJILHBIR MHOMKUTENR, TO clielyeT YMCJIUTEeNh U 3HaMeHaTelb }IpOﬁI/I

pile)

MHOXKUTL Ha TaKyIOo CTeleHb KOPHA TOTO e IoKa3aTeJsisd, Y POOBI NoJay-

UHUTH CTEIIeHD C [IoKas3aTeJieM, PaBHBIM IIOKa3aTe 0 KOPH4.

26

Hanpumep a’ = 3(12%/’_ 3a2§/—
' J— Yo Y@ @

=3a¥a’



Ecin sgamenaTens 1podu — cyMMa (pasHoCTb) KBAAPATHBIX KOpHeH,
TO Apo6b MOMKHO IIPUBECTH K PAIMOHaJHLHOMY SHAMEHATe 0, YMHOMKUB
YHCAUTENDb ¥ 3HAMeHATeIb HA PasSHOCTh (CYMMY) TeX Ke pajuKaJIoB.

Hanpune, a_ - a(1+\/;—)ﬁ - a(1+\_/a—)
"1 e i la)tda)  toa

ecim a>0, az1l. _

Ecnu suamenarenb npobu — cyMMa (pasHoCTh) KyOHUeCK X KOopHEH, To,
47065l H36aBUTHCA OT UPPAIUOHATBHOCTY B 3HaAMeHaTe /e, CledyeT JOMHO-
SKHTH YHCIMTE]b M 3HAMEHATeJ b JPoOH Ha HeIloJNHEIH KBagpaT PasHOCTH
(CyMMBI) TeX e paJuKaJjoB.

Hanpumep,

1 : '3/;12_+3ab+%[bz_ :Qfa-2_+%/£_b—+3b2
' Ya -3o (é/?;—%*/—b—)(i"/;z_+3ab +§‘/;;2_) a=b '
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§ 6. CpaBHeHHe aArebpanyecKmux BbipaKeHMM
ToxaeCTBeHHO paBHbie BblpaxeHus. TOXAeCTBO

Ba BhIpaskeHHS C IepeMeHHBIMHM HAa3HIBAIOTCS MONOeCmEeHHO
PAGHBLMU HA HEKOTOPOM MHOMKECTBE, €CIIM MX COOTBETCTBYIOIITHe SHAYCHNA
CORIAZAIOT OPH BCEX 3HAYGHHAX IepPeMeHHLIX, TIPUHAIeIKAINX DTOMY
MHOKEeCTBY.

Hanpumep, Buipaxenus 3(x+2) u 3x+6 TomJecTBEHHO paBHBI Ha

MHOM(ECTBe BCeX HeHCTBUTeIBHEIX YHCeJ; (a+l‘))2 o a*+2ab+ b — TOK-
ZlecTBeHHO paBHbIE BEIPAsKEHMA Ha MHOMECTBE BCeX ITap AeHCTBUTeNbHBIX
Ypces..

Toxcdecmeennoim npeo6paaoeanuem aupaofceuuu HasbIBAETCS 3aMeHA
BBIpaJKeHIs Ha TOMIeCTRBEHHO paBHOE MY,

PaBeHCTBO, B KOTOPOM IIpaBas U JeBasd UacTh — Toxcp;ec'rBeHHo paBHBIE
BBIPA’KeHMsT Ha HEKOTOPOM MHOMKeCTBe, HasbIBaeTCA moxcdecmeom Ha
5TOM MHOM(ECTEE. :

Hanpunmep, (a ——b)2 =a?-2ab+b?, (a - b)(a+b) =a®—p? — TOJK]IéCTBa.

ToxaeCcTBeHHOZ HEePaBeHCTBO BbIPaXeHMi

Ilycrs 3aZaHb! adrebpandecKkye BhIDasKeHHA A U B Ha HeKOTODOM
MHOMKECTBe, U sl MOoOBIX COOTBETCTBYIOMHX 3HAUYEHHUU SHaAUEHUA
BhIpaskenus A Gospiie (MeHBLIIE), YeM COOTBETCTBYIOIjee 3HauUeHHe
BHIpa)KeHMs B; Tor[a POBOPAT, UTO Ha 9TOM MHOXKECTBE CIIPaBeJJIMBO
modkcdecmsennoe Hepasencmeo A>B (A<B).

Hanpunep, 5a MHO}KeCTBe I[eﬁCTBPITeJIb}iLIX qrcesi COpaBelInBO TOXK:
HecTBeHHOe HepaBeHcTBO a® +1>a?, .

YHorsa BOSHUKAET HeOoOXOIHMOCTS JOKAa3aTh, YTO naHHoe HepPaBeHCTBO
¢ IMepeMeHHBLIME BEDHO IIPH BCeX YKa3aHHBIX 3HaUeHWAX IepeMeHHBIX.
ITO MOXKHO CHeJaTh Ha OCHOBAHUU ONpelesleHMI MOHATHIL «Goibiie»
U «MeHbINe»: A >DB, ecnu pasHocTs A~B — YHCJIO NOJCKUTENIHHOE;
A < B, eciu pasgHocTs A~ B — uucio orpunaTenbHOe .

ITpumep 1. Jlorcaxcnfre yro a®+65>16a [ug KaKIoro ,I[eI/ICTBI/ITeJILHOI‘O‘
3HadYeHud a.

Hoxasamenvcmeo

2 e N - .
a*+65-16a=a’~16a+64+1= (a —8) +1 . IIpu vax oM JelicTBUTEIb-
2
HOM 3HAYEHUH  3HAUeHVe BhIpakeHus (¢ —8) HeoTpHIaTeIbHOE, & BHIDA-
2 .
sxetus (a—8) +1 nomomurénabHOe. SHAYUT, BCErfa a®+65>16a.
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g a+b
Ipumep 2. JokaxuTe, UTO P HOJTOKUTENLHBIX 4 K b 3 =Jab .

Howasamenrvcmeo

. = 2
a+b Jab a+b-2Jab  a-2Jab +b (\/a_—\/-b_)
—~+ab = = = .
2 ’ 2 2 2
2
(Va -5) |
Broipaskenue 3 Ip¥ J00BIX TOJIOKUTENBHBIX @ ¥ b HeoTpH-

+b

a
aTe/JbHOe. 3Ha4duT, eca a >0 1 b>0,T0
MecTo, Korzia a==>b. ’

>+Jab .PaBeHCTBO UMeeT

HekoTopble aAreBpanyeckue HepaBeHCTBa

Ilyets a,, a,, ..., 4, — TOJIOKUTEIbHbIE UUCHA,
ata,+..ta,
A, =——=———"- — cpefHee apudpMeTHYECKOE,
.
G, =4%a,a,...a, — cpelHee reoMeTpHyUecKoe,
: n
H, = 1 1 7 cpefHee rapMOHHUECKOe,
—t
a, a, . a,

a’+al+..a’ -
8, =4|——2—"B. _ cpemnee KBaApATHUHOE,
n

torge S, > A >G >H

n n*
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§ 7. CBOMCTBa yHKUMHA

D ‘ : E ToHsiTue dyHKUMM

f BaBHCHEMOCTD [IEpeMeHHOH i OT HepeMenHol
_ X HasbiBaeTCHA QyYRKYUel, eclu KaskIOMY
_ sHaveHuio x (pmc. 10) ' coorsercreyer
_ eANHCTBEHHOE 3HaUeHUe |, DTy 3aBHCHMOCTE

o603HaAYAIOT WIH ofHOM OYRBOM f, uau | (x) ,
MM paBeHCTBOM y = f(x).

HepeMeHHaa X HABLIBAETCH He3A6UCUMOL nepeMenHOl WY ap2Y MeHmoMm
GyHKIMH, a HepeMeHHAS i — 3A6UCUMOL RepeMeRHot WK QyHKYuel.

Ecnu sagano kKoHKpeTHOE 3HAUSHUe He3aBICUMOL IIepeMeNHON X = X,
TO y§ =f (xo) Ha3bIBaeTCs SHANERUeM PYHKYUL | B TOUKe X, .

O6nacmvio onpedenenus GyHkiuu | (x) HaspIBaeTCsA MHOXECTBO
JelCTBHTENBbHBIX 3HAUYCHUH He3aBUCHMOM ITepeMeHHOH X, IPU KOTOPBIX
aTa PYHKIMA onpeseena (umeer cMbich). O6osHauaercs rak: D(f) (or
aHI. define — onpenensTs).

O6nacmyoio snavenutd GyHENUAY Y = f(x) HasbIBaeTCA MHOMECTBO BCeX
JeHcTBUTeNbHBIX 3HAUYCHMH, KOTOPHIe IPUHUMAET 3aBUCUMAad epeMeHHast
Y IPH BCeX 3HAUEHMAX apryMeHTa 13 00JacTh onmpejesnennd. O6osHagaeTes
TaK: E(f) (oT aHIJI. exist — CyIeCTBOBAHHE).

Ecun o6nactu ompenenenna D(f) u smauennit E(f) ¢pynxmum —
YHCIOBbIe MHOMKECTBa, TO TaKie QYHKIUH HASBIBAIOTCS YUCAOGBLMU.

Puc. 10

KoopauHaTHag NAOCKOCTb M rpadmnk GyHKLMU

Ipe B3ayMHO NepHeHAVKYAAPHLIE OPAMbIE X U Y, IepeCeKalonecs
B Touke O, ¢ YKA3AHHBIMUA HAa HUX HOJOMKUTENbHLIMYA HANPABICHUAMU
(TonoKUTENBHOE HallpaBJeHNe YKas3blBaeTCA CTPENKOR) U eMHAYHBIMA

OTpE3KaAMH obpasyloT cucmemy Lo
xoopdunam. IlmockocTh, B KOTOPOiX Y '
BLIOpaHa CHCTeMa KOOPAUHAT, HA3bIBAETCH N P I .A
roopdunamuoi naockocmuio. lpamyw 3+ :
X HasBIBAIOT 0CHIO abcyuce; IPIMYIO i — .. By . ol
ocvio opduHam, TOUKY O — Hawanom '
-xoopdunam. ’ o 17 o

Kasxxpo#t - rtouxe OJOCKOCTH _‘i _é _2= —Ji 0 1 2 é 7{:
COOTBETCTBYIOT ABa yncia (KOopJUHATEI), . ~1+

Puc. 11
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‘KOTOpble 3allMCHIBAIOTCH IIOCJe TOYKKM B CKOOKax (Ha IepBOM MecTe
KOOpAMHATA 110 OCH X, Ha BTOPOM — KOOpAMHATA 10 ocu y). KoopauHaTa
TO OCH X HABEIBAETCH A6CYUCCOT, & KOODAMHATA [0 OCH Y — opdunamoi.
Ha pucysaxe 11 Touxa A umeet xoop,ul«ma'rm 3 11 4, uTO BamUCHLIBAETCH TAK:
A(3;4).

s no6oit mapsl yuces (x; y) cyllecTByeT JUINb OfHA TOYKA, AJST

FKOTOPOM a6CIUCCOI ABIACTCS TUCIO X, 4 OPAUHATOU — UYKCJIO Y.

v - Hanpumep, napa uuceln (—4; 2) onpejesieT TOYKY B_(—gi; 2) Ha

rpucynke 11. : :

MHoxkecTBO BCeX 11ap JeHCTBUTENbHBIX UHCEN HABLIBAETCS YUCA060U

RAOCKOCMBIO. ‘

I'pagurom Q;ynmguu y= f( HA3LIBAETCA MHOXKECTBO BCEX TOUEK

STLNOCKOCTY C KOOPAHHATAME (x, f )) ,Tie TiepBas KOOpAMHATa «IIpoberaers
BCIO 06J1aCTh ONIpee/TeHus QYHKUUK y = (x) , & Bropasi KoopguHara — 3TO
COOTBETCTBYIOIIlee 3HAUCHNE PYHKIIUY B TOUKE X.

Criocobbl 3aAaHMA GYHKLMKM

Haubosee wyacto GyHKIAM 3aai0TCH T&Gnnneﬁ; rpa®UKOM HJIH
qopmymnoi.

. Tabruunwlii cnocob — (pyﬁxuym sajtaeTcs TabiuIe.

»

R

X Xy X, X3 e . x,

y yl y2 y3 vee o eas yn

B nepsoit cTpoke BhITMCAaHBI 3HAYCHUA He3aBUCHUMON NMepeMeHHOMN 3
MHOJKecTBa D( f) , & BrOpaf crpoka obpazosaia 1o Ipasuiy y=f (x) .

I'paguveckuii cnoco6 — dyHKNUA 3ajaeTcd MHOMKECTBOM TOUEK:
KOOPIAUHATHOM IJIOCKOCTY, KOOPAUHATHL X ¥ Y KOTOPHIX PABHEBI
COOTBETCTBEHHO aPryMeHTAM U 3HAYCHUAM GYHKIMY 3THX apr'y MeHTOB.

Ananumuyeckuti cnocob — GyHRIYA 3aJaeTcs q)opmynoﬁ 110 KOTOPO#
MOXKHO BHIUHCIIUTE SHaUeHUe 3a BUCUMON IePEMEeHHOH Y, ecain HOJCTABUTD
KOHKDeTHOe UMCJI0Boe BHAUeHNe apTyMeHTa X. :

O6racmbuio onpedenenus Pyuxuuu y=f ( ) ,- 3agaHHolt dopmyiroi,
HashbIBAETCHA MHOMKECTBO 3JHadYeHW, KOTophle MOXKeT IPHHHMATL X,
T. . (PopMyJia ¥MeeT CMBICI (Bce neficTBUS, ynasafmue hopMyIIOH, MOKHO
BBITIOJTHHUTE).

Hanpumep, ecnu f(x):-JT » 10, D(f)=(—o0; YU(1; + o) ; ecau
' x
cy=x*+x", 10 D(y)=R.
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MpaBHAa HaxOXACHHMS OOAICTU ONpPeAeACHMS

" GYHKLMHA, 3aAaHHbIX aHAAUTUUECKM

. Bcou QyHKILUA UMeeT BUL Y =

. Ecnn @yHKIMA MMeeT BUJ MHOrOWIeHa Y =a X" + analx"“ +..tax+ag,

T0 D(y):(...oo; +o0) HIN D(y):R . Hanpumep, ecim y=x"+x°-1,
TO D(y):R_
;((z)) ,rze f(x) m g(x) — MHOTOW/TeHE,

- : ix 2
TO CJIe/lyeT CIUTaTh g(x) #0.Hanpumep,eciu y = —; ,o x“ —x#0,

7. €. D(y)= (=03 0)U(0; U(1; +eo). x-x

. Ecan ¢yHKHUA HMeeT BUJ y=2."/f(x) , ReN, To cneayer cuu-

TaTh f(x)>0 . Hanpumep, ecam y=49Yx-9 , 10 x*-9>0,
1. e. D(y)=(=o0; —8JU[3; +2).

. Ecnu dyHKuMA MMeeT BULI J = ——(}—)— ,To cilefiyer cunrars f(x)# 0. Ha--
==

npumep, eciuu y = ,To sinx#0,umm x=mnk, keN.

. Ecnu dynkuusa umeet Buf y = log, (f(x)) ,a>0, a#1,Tocnenyer cuu-

rars f(x)>0. Hanpumep, ecau y= 1g(x2 ~2x+ 1) ,T0 X% -2x+1>0, nii
(x —‘1)2 >0, e. D(y)=(~o0; 1JU(L; +oo).

. Econ dyHKINA umMeer BAL y:logf(x)b, b>0, To cnenyé’r CUNATATH

{f(x)> 0,

f( );tl Hanpumep, ecnu y=log, 5, To {x+1>0, b {x>ﬁ1’
x)=1.

x+1#1 x#0,

T e. D(y)=(~1; 0)U(0; +eo).
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. Ecnu @QyEROua uMeeT  BUJK y:tg(f(x)), TO cleayer CcuM-

TaTh f(x):t—g—ﬂtn, neZ. Hanpumep, ecnn y=tg[—7—2r—+nx).,

T T
TO —2—+1txaé——+nn,'n€Z,'r,e. x#n,ne?.

.Ecim QyHKDHS uMeeT BUL y:ctg(f(x)), TO CJEAyeT CYMTATH

f(x)#nn, neZ.Hanpumep,ecnn y = ctg(2x~4),10 2x~4#nn, neZ,

nn ‘ ,
T, €. x¢T+2, neZ.



9. Ecom DyHEIHA AMeeT BHA y=arcs'1n(f(x)), TO cneﬁyeT CUNTATD
‘ ’f(x)l<1. Hanpumep, ecmm y=arcsin(5x-1), 7o |5x-1|<1;

~1<52-1<1,m . 0<: % »
10. Ecan dyHKDUA HMeeT BUJ y= arccos(f(x)), TO clefyeT CHYUTATh
|f 1<1 Hanpumep, ecnun y= arccos(3x+1) TO |3x+.1 lél H

—1<3x+1<_1,'r. e. ~—§,-<x<0.

11. Korga byHKIus uMeeT BUA Y =x" , To:
: a) ecyId O —- HATYpaJbHOEe YUCJIOo, TO D(y) =R;
6) eci 0 — IieJI0e OTpUIIATEIBHOE UJIM HYJIb,
10 D(y)=(~00; 0)U(0; +0);
B) €CJIM O, — IOJOMKHTENBHOE HEIles10e YUCIIO, TO D( ) [O +oo)

(05 +oc).

Yy
r) ecIM (0 — OTpHIlaTeJbHOe HelleJoe YHCIIO, TO D( )

YeTHble M HeYeTHble (yHKLIMM

®yukuus y=f(x) HassBaerca wemnoi, ecau Ana moboro x € D(y)
BHIIIOJTHAETCA paBeHCTBO f(~x)=f(x), mpnarom —x € D(y). ‘

Hanpumep,byrxnns f(x)=~x* + x* qernas, mockonsky f (- x) = ~(—x)4 +
' +(—x)2 =-x'+x"=f(x) anascex xeR.

T'padur ueTHOM OGYHKNUM CUMMeTpPUYEH OTHOCHTenbHO ocu Oy -
(puc. 12, a).

Oyurnua y=1 (x) Ha3bIBAETCA HeNemHol, ecJIn JJs Jboro x € D(y)
BBIMIOJIHAETCA PABEHCTBO | (—x) =~-f(x), npu sTomM —x € D( y).

Hanpunmep, ynxuus y = x° - x° — HedeTHas, HOCKOABKY f(—x)= (—x)ﬁ‘— .
: —(—:Jc)3 = x4 x® = —(x5 —x3)= -f(x) AnaBeex xcR.

I'paduk HeweTHOM GYHKIMNE CAMMETDHMYSH OTHOCHTEILHO HAYAJA KO-
‘oppuHar (puc. 12, 6).

Y4 , y

Y N S M | »
b No, 1t ‘ ' Nl i
i g . ; — i
e e -x~Y-x O T
~0,it e o ! '
- _M ------
y{x)=—x*+x* y(x)=x"-x? Ol g
a } o ‘ ’
Puc. 12

2. Anrebpa 1 reoMeTpus ) : 13



' CymecTBYRT GYHKIUU, KOTOPEE HE ABAAIOTCA HU UeTHBIMH, HH
HeYeTHLIMH. ‘
Hanpumep, byaxuuz y=x , y=%x , keN; y=a*, a>0, a#1;
y=log,x, a>0, a=1; y={x}; y = arccosx ; y = arcetgx He ABIAIOTCA
HU YeTHLIMY, HY HEUeTHLIMHU. ‘
EnmucreeHnas QyHKIN, 3a[aBHad Ha MEOkecTse R, KoTopas apiserces
YeTHOH M HedeTHOH, — aTo byHKuus y=0 (puc. 12, 8). -

~ CBOMCTBA UETHbIX 1 HEUETHbIX BYHKLMI
1. Ecim f(x) u g(x) — ueTHbIe hyHKUMN, 33 (AHHBIE Ha OZHOM H-TOM JKe.

muomectse X, To pyrxuuu f(x)+g(x); f(x)-g(x); f(x)-g’(x) ; ()

g(x) ]

2. Beaw (x) u g(x) — HeyeTHbIe QYHKINY, 38/JaHHbIe HA OJJHOM B TOM
e mHOKecTBe X, TO QYHKUMH f(x)+g(x), f(x)—g(x) HABIIAIOTCS
HeueTHHIME QYHKUMAME Ha MHOKecrse X, a ¢pynxrmu f(x) g(x),

f(x)

— g(x) # 0 ApngioTcs deTHRIMY Ha MHOMKecTBe X.
glx) "

g(x) # 0 ABIAIOTCS TaKKe YeTHLIMKA Ha MHOMXecTBe X.

Bozpacrtaowme Y1
U y6biBalOLLME BYHKLIUM Y2
dyERINA y=1(x) HaBLIBAETCH Wi
8o3pacmarujeti Ha HEKOTOPOM MHOMKECTBE =5 >
X, eciu GonplumeMy 3HAUEHUIO apryMeHTa U3 a
9TOTO MHOMKECTBA COOTBETCTBYeT fonbilee Y
sHavenyle QYHKLMH, T. €. GyHKuUA y = f(x) \y
Bo3pacTajoniag, ecnau AadA Juobmx x, € X, !
x;,€X, x,>x, BBINOJHAETCH f,(x2)>f(x1) Y,
nnu y, >y, (puc.. 13, a). - 0 %
BEcam 1npu  yxasaHHBIX  YCAOBHAX
BBINOJIHAETCH HePaBeHCTRO [ (x2)> f (xl) 78858 »
Y, 2 Y, , To QYHKUUA HasbIBaeTca Reyboiearouset. Puc. 13

Ddyaruug y= f(x) HasbplBaeTCA ybbviéarouiell HA HEKOTOPOM
mHOKecTBe X, ecaiy 60NBUIEMY 3HAUEHKIO apI'yMeHTa 13 5TOI'0 MHOKECTBA
COOTBETCTBYET MeHbIllee 3HadYeHNe QyHKINYU, T. €. QYHRIUA y= f(x)
yOniBaromiad, eciau Aias mobuix x, €X, x,€X, x,>x, BblIOJHAETCA
f(x2)< f(xl) uny y, <y, (puc. 13, 6).

Ecu 1pd yKa3aHEBIX yCIOBIAX BHIOJHAETCS HepaBeHeTBo f(x, ) > f(x,)
HIN Y, 2 Y, , TO QyHKNNA Ha3bIBAETCA Hegospacmarougeil.
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CroiicTBa BO3PACTAIOLIHX, YORIBAIONINX (yHKITHIK

1. BEcau dysrnus y:f(x) BO3pacTamas u y, <y, (f(xl)<f(x2 )) )
TO X, <X,

2. Ecin pyRnus y= f(x) yOblBapoIad U Y, <Y, (f(xl)< f(xz )) ,
TO X, >X,. ‘
®yuxnua y=f(x), Bospacraomasn (yGbiBatomas) Ha MEOxecTBe X,
HaSBIBAETCH MOHOMOHHON Ha MHOKecTBe X.

Mepuoanyeckue GyHKLUMK

PYyHKUIHUA y= f(x) HashIBaeTCa
nepuoduuecroi ¢ nepuogoMm T #0, ecin ana
Jr060ro X 13 061aCTH OlIpeie/IeH U BHIIOIEAETCS
paBEHCTBO: f(x +T)=f(x-T)= f(x) (puc. 14).

CroijicTra nepuoxuuecKux QyHKIi .
1. Ecau T — mepuop GyHRIUM Y= f(x) , To upeyo +nT (n EN) TaKMe
ABJISIETCS epuogoM 1ol dyurnun. Hanpumep, nepuofiamu GyHKIHH
Y =COoSX SIBAAIOTCA UHCHa +2n; £4m; +6m; £8n; ...
2. Ecnu dpyukuua y=1 (x) nepuoguyeckad ¢ nepuogom T, To yHKRUA

T
y=Af (kx+ b) TaKKe IMepuojuyeckas U ee mepyof, paBeH W ,y R#0.
Hanpumep, nepuoom pyaxuun y={3x+5} asagerca 5 TIepHOJIOM
p -
GyHKRUA Y= tg—3— — YHCJO 37 .
Iepuodom GYBROUM NOPHUHATO HAa3bIBATh HauMeHbmIMI U3
TOJIOKUATEIBHBIX ITIePHOJIOB.

CAOXHblE PYHKUMH

Ecnm y aBiasercs QyHKIUeR oT u: y= f(u), rje U B CBOIO ouepelb
aBisercss QyHKIMell oT aprymeHTa x, T. €. U= g(x), TO y HasblBaeTCH
cnoxcnoll PyHKIMel oT xi y= f(g(x)) . Hanpumep, dysrnus y =«/a)_s— x

CJIOXKHAS, HOCKONLKY ¥ =i , U=COSX. »
DyaKIMIO [ HASLIBAIOT 6HelULHell, 3 QYHKUIVIO § — 8HYmpeHHel.
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ObpatHbie GYHKLIMU .

DYyHKLUA HASLIBAETCS 06pamuMoll, eCHY KaXcjoe CBOEe 3HAaYeHHe
IPUHAMAET B e{HCTBEHHOM TOUKe OGIACTH OIpefeIeH . :

Ecau gysxnua y=7(x) obpataMa, T0 AAs mo6oro y, ypaBHeHHe
f (x) = Y, HMeeT OTHOCHTEJIBLHO X eAUHCTBeHHOE PellleH;e.

Hanpunmep, bysxnua y= x° apnagerca obpaTuMoil Ha MHOXKecTBe R;
dyHKIMA y=x° He SBIgeTCA 0GpaTHMOil Ha MHOxecTBe R.

Dyuxuud g HaspiBaercs obpamuoid K GYHKUEH f, ecnTu GYHKUUA g
B KayKAOH Touke x obiacTy sHaYeHHi oOpaTHoil GyHKNUN [ NpUHUMaeT
TaKoe sHauenue y, ato f(y)=x. ” '

Korga doyaknua f (x) =y obpaTuMa, TO €CJI¥ BEIPASUTH X 13 GOPMYJIbI
y=f (x) H [IOMEHSTE X U Y MecTaMy, HOJIYyIuM o6paTHYI0 DYHRIIHIO.

Hanpunep, pyarnua y=2x -3 obpatuma,

1 3 ¥ .

3
y=——2—x+.—2- — obpatHas GYHKIAA K /

byaxknuu y=2x-3. / 15 >
- Tpaduru dysknmn f(x) u obparHoi K Hei % =g(x)
GYHKIHU g(X) CHMMeTDPUTHBI OTHOCHTEIHHO -
npsamoii y =x (puc. 15). Puc. 15
Hanpumep, na npomesxytke [0; +eo) dymknus f(x)=x’ obparHa

dyrrnmu g(x)= Jx (puc. 16). h
Ecan dyaruua g asiagercs obpaTHOMR 79

K pyHKRIuH f, To GyHKIHA ¢ obparuma Cy=x*
U ob6paTHOH K Hell sBiAdeTca QYHKIHA f.
Dyuxuuu f U g Ha3LIBAIOTCA 63AUMHO :
o6pamustmu. OO6gacTh oUpeAeNeEMs . Llp-ce-ewoo. A y=+x
byHRnun f ABJAeTcs o6JacThIO SHAUEeHM- s

DOYHKIUA g, 8 061aCTE 3HAUCHUIE ¢yuxnuu f
siBJIsIeTCsE O6JIACTDIO ONIpeie/IeHU A Py HKIT U

g. Hanpunmep, byaxnum:y =a*nlog, x,a>0 "¢ - 1 X
,a¢1;y=sinx,xe{——g—; %]ﬁy:arcsinx; ) ~ Puc. 16

- _ T
Y =cosx, xe[O; n] m y=arccosx; y=tgx, xe(_?;'E-J m aretgs ;

y=ctgx, x€ (0; n) u y=arcctgx B3aMMHO 0OpaTHEI.
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§ 8. CBOMCTBA HEKOTOPbIX y=kzx ]
PYHKUMM M MX TPADMKM rtgo
?
[pamas npoNOPUUOHAABHOCTb ' o~ x
DOyHKUUA Y= kx, rhe k — HgeficTBUTeNBHOE ;
YHCIIO, k=0, HasBIBAETCA  npPAMOU -
NPONOPYUOHAABHOCIDGIO. : ‘
. OcHoBHEIe cBOliCTBa . ‘ ' 5o..a)
1. O6aacrs onpefesenus — R. Cya
2. O6nacth suadenuii — R. : : y=kx
3. ®dyHRKknNA HeyeTHAA. - N k<0
4. Benu x=0,70 y=0. N o k=tgo
: A >
5.Ecan k>0, To QyHKUMA BoOSpacTaer Ha o) x
muoxkecrse R (puc. 17, a).
6. Ecoim k<0, To' bYyHKUHSA - y6x>13ae'r Ha
mHokecTBe R (puc. 17, 6).
7. F'paduir UpsSMO¥M IIPOIOPIHOHANBHOCTH —
npfAMasd, KoTopas IIPOXOAUT Yepes Hauaio KOOPAHAT. 6)
. Puc. 17
AvHeHrHas GyHKLuUs
dyuxausa y=kx+b,tne ke R, be R, Hassiaetcs Aunelinol gynxyueil.
OcHoBHEIe cBOlcTRa
1. O6macte oupejesenus — R.
2. O6nacte sHavenuii — R, ecau k20 {b} ,ecamu k=0,
8. Bean k0, b#0, To GyHKUUSA HU YeTHAas, HU HeveTHasd; eclu
© k=0 — Qpyurumsa uetHas; ecan b=0, k20 — meveTHan; ecniu k=0,
b=0 — 1 yeTHad, ¥ HeueTHasd.
.Ecam x=0,10 y=>b;ecan x————,cbyﬁxupm y=0.
. BEcau k>0, To pyEKRIUA Bospac'rae'r Ha MuoxkecTse R (puc. 18, a); ecan’
k<0, o pyrrkuna yOulBaeT Ha MHOXKecTBe B (puc. 18, 6), ecau k=0,
TO cpymcmm mocTosAHHa, y=b (puc. 18, 8).
6. 'paduk auneiHoll QyHKUMK — OpAMasd, oﬁpasyrom;an ¢ ochIo aBenuce

yroJl @ , TAaHIeHC KOTOPOr'o paBeH k
y

Puc. 18- 37



O6patHas NPONOPLUOHAABHOCTL

. k :
dyuxnua y=-—,rae keR, k# 0, HasrIBaeTca o6pamnoi nponop-

YUOHANLBLHOCMbIO.

W N

W N
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. O6nacTh onpefienenns — (—eo; 0)U(0; +oo).

. k )
. DYHKOUA Y = — HeueTHasd.

.Ecau k>0, To ma wuHTepBaie (—oo; 0)

k
. Ppaduk QyHKIHM y =—— OCH KOODEHMHAT HE
x ;

.Eesmm k>0, 10 mpm x>0 QyHKUHS

. Ecan x <0, To dyuxnuda ybeiBaer; eciu x>0,

YA k
OcHoBHBIE CBOMCTBA -

. O6JiacTs 3HAYEHU T — (—oo; O)U(O; +oo) . —

dyaxuusa  yb6eiBaeTr, Ha  HHTepBaJe
(O; +oo) — TakXXe yOnIBaeT (puc. 19, a).
Ecim k<0, To Ha mHTépBadax (—eo;0), (R .
(0; +oo) (QYHKIIA BOSPACTAECT (puc. 19, 6). - k<0

IIepeceKaer. O x

npuofpeTaeT IOJOKATEIbHEIE BHAYSHN, & TPy
x <0 — orpunarensusie. Bcny <0, To upn
x>0 GyHKIMA OPUHUMAET OTpHUIlaTe/bHbIe
3HayeHusd, a Iph x < 0 — IIOOKUTeIbHEIE.

Puc. 19

. I'paduk o6paTHOIl NponopIIOHAILHOCTH — TUnIepboia.

OyHKums y=|x|

OcHOBHbBIE CBOHCTBA

. O6snacTs onpexnenenus — R.

. O6stacTb sHayeHui — [0; +oo).
. OyHRIUAA YeTHAS.

. Ecan x=0, TO y=0. Ecau ” y

x
x# 0,70 y>0.T'padpux dyarIER PaciosIoMeH k<0
B BepxXHell KOOPIUHATHOH ITOJIYILIIOEKOCTH.

TO QYHKIUS BO3pacTaeT.

. I'pabux GyHRuuUM — o0O0BeIUHEHHE ABYX
aydeil: OucceKTpuc mHepBOM u  BTOpOH Puc. 20
KOOpAWHATHBIX YeTBepTeii (puc. 20). -



1. O6nacTe onpesenenus — R.

ax+b
cx+d

APOBHO-AMHEHHas GYHKUNS y =
OcHOBHBIE CBOCTBA '

. O6xacTh onpefeleHuA — (—oo; —i)U(——(—i—; +°°) .
c c »

. a a
. O6acTh BHAYEHH X ~ (—w; -)U(—-; +°°) .
c c
: ’ b b
. Toukn nepeceueHus ¢ ocamu koopauuar: | ——; 0| u | 0; =
a
» : d
. OyaKIMA yOBIBAET HA KAXKAOM U3 IIPOMEXYTKOB (—oo; —~) ;
¢

(———(—i—; +oo] ,ecan ad <be (puc, 21, a).
c

: ' d
. DYEKOHWSA BO3pacTaeT Ha HKaAXKAOM M3 IIPOMEXKYTKOB E"'°°; -1

c
. Ppadux pyHKIUN — 2unepbona.

(——4—; + oo) ,ecnu ad > be (puc. 21, 6).

KBaapatMuHas dyHKUMs  Puc. 21
“PyHEDUI Y= ax®+bx+c,rme az0, HasblBaeTCH kKeadpamuyhoil.
OcHoBHEIE CROHCTBA

. | b-dac
. O6nacTs sgadeHnit — ecau a>0, 10 TR
a

;+oo} ;ecim a<Q,
(' b244ac:]
©TO | —eoy ——————{,

4a

.Ecam b#0, To GYHKIMA HU YeTHadA, HU HEUETHAasA; eCay b=0, To0
GYHRIES y=ax’ +c¢ yeTHAA.
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4.

Puc. 22
Ecmn a>0, 76 ®yExknus yOLIBaeT Ha IPOMEXYTHKe (—-oo‘ ——22—]
. a
) b : b
K BO3pACTaeT Ha IPOMEKYTKE |~—; 400, X,=——— — TOUKa
. 2a 2a
MUHEMYyMA (puc. 22; a).
b
Ecian a<0, To QyHKIHA BO3PaAcTAeT HA HPOMEXKYTKE | —oo; v
a
; b
M y6bIBaeT Ha NPOMEXKYTKE |——;+oe!, X,=--—— — TOUKA
2a 2a

MakcuMyMa (puc. 22, 6).

. T'padux QyHKIHY TepecekaeT ocu KoopAuHaT B Toukax (0; ¢), (x5 0),

—b++b% —-4ac

(xz; 0) 2 THE X, =

2a : .
. P'paduk OGyHKIUM — napabora, BeTKH KOTOPOH HallpaBJeHbI
BBEpX, ecau a>0, ¥ BHUB, ecau a<0; KoOpJUHATH BEPIIUHBLI —
b b* —4dac b
-} = ————— | ; OCb CUMMETPUH rpa(pmca —_— =
2a 4a %2a

CrerneHHaa ¢byHKUMA

.@yHRIUA BUAA Y = X" HASbIBAETCH CMENeHHol.

1.
2.

3.

- 4.
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CpoitcTpa by y=x",rne neN .
O6JracTh onpepenedus — R.

OBaacTs sHaveHNH — ecn n=2k, ke N TO [0' +‘oo) secam n=2k-1,
neN,toR.

Benux n=2k, keN, To (bymclmﬂ UeTHas; ecau n = 2k-1, ke N TO
dyHKIUA HedeTHAH.

T'padur GyHKINY IPOXOAUT Hepes HAYaJIo KOOPAMHAT.



juny

Tpadbuk GYHKIMYM CcHMMeTPHYEH OTHOCHTENBLHO ocu Oy, eciu
n =2k (puc. 23, a—a), 'k € N ; OTHOCUTEJILHO Hayaja KOODAUHAT, €ClAU
n=2k~1, ke N (puc. 23,2—e). -

.Ecmn n=2k, ke N, 7o bysrkuna yGprgaeT Ha IIPOMEKYTKE (—oo 0]

H BO3pacTaeT Ha NDOMEXYTHKe [0 ) Ecim n=2k-1, keN, To
$YHKUMA Bo3pacTaeT Ha MHOXKecTBe R.

2 S y1
- . - - ) . Jy=x*
%’—xg k l’ = N1/ keN
[5} x e ol x- ) x
yT ‘ L2 3 v ‘ yA
o . _ : y;xzkn
y=x x . { keN
/10 x 710 x 7 10 x
2z a e

Puc. 23
CsoiicTra GyHEUME y=x"",r0e ne N,

. O6nacTs onpefenerns — (—oo; 0)U(0; +o0). .
. Obnacts snavenuit — (0; +), ecin n=2k, ke N; (—o; 0)U(0; +0),

ecin n=2k-1, keN.

. Ecmun = 2k, k € N, To byHKN A YeTHa S, TpadQUK CUMMETPHYEH OTHOCUTENLHO

ocu Oy (puc. 24, a—e); ecmun = 2k—1, k € N, TopyHKIUA HedeTHas i rpaduk
CHMMeTpHYeH OTHOCHTEJILHO HauaJsla KoopauHar (puc. 24, 2—e). 5

»

. Toyek mepeceueHUs ¢ 0CAMY KOOPAUHAT rpaduk GYHKIINN He UMeeT.
. Ecnn n=2k, ke N, To GyHKIMS BOSPAcCTaeT Ha IPOMexKyTKe (~oo; 0)
7 y6sIBaeT Ha mpoMexcyTxe (0; +oo);ecun n=2k~1, ke N, To byrrnus

y6BIBaET Ha KAXIOM U3 IPOMEKYTKOB (—oo; 0), (05 + oo)

yA . A v
‘ =2
(] X (e} ; ;
a 6 8

yl yT : Yy 2
, =x1 Co —x3 \ y=a
Y = M ke N

Ny - o

=F= =
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Caoitersa pyariuy y=x*, rie 0. — HelleJIoe JUCJIO.

. O6acTs onpegenesnd — [0; +oo), ecnu >0 (O; +eo), ecm <0 .

. O6yacTh 3HAYEHUH — [0; +cxr), ecan o.>0; (0; +oo) ,ecan a<0.

. OyHKIIKSA HY YeTHAd, HY HeueTHad, .

. Ecom 0> 0, To rpaduk QYHKIUY IPOXOLUT Yepes HAYAIO KOOPANHAT
(puc. 25, a—a); ecam (<0, To rpadMK PYHKIIUU He NepeceKaeT oceit
KoopauHar (puc. 25, 2—e).

5. Ecam o> 0, To pyaxuma sospacTaer Ha Bcel o6iacTu onrpesiesieBUsI;

ecait o <0, To pyuxuusa youisaeT Ha Bce#t 061aCTH ONpeieleHU .

T o b0 =

v I y=xe (0<a<1) Y &,
y= " . 0eZ)
ol x 0 x 0 x
a 6 8
y y Y4
nt -5 y=x° .
y=x y=x “(0<0, 0.2Z)
f)J I'd Q. 9 Q ¥
z a e

OyHKUMA y=4x ,1ae n>2, ew
OcHOBHEIE CBOMCTBA

1. O6nacTh onpepenenysa— [0; +oo),ecnu n=2k, ke N;R,ecmu n=2k+1,
keN. :

2. O6sacTb 3HAYEHNH — [O; +oo), eciu n=2k, ke N; R, eciin n=2k+1,
keN. _

3. Ecau n=2k, ke N, To byHXIHE HE YeTHAH, HH HedeTHas (puc. 26, a, 6);
ecan n=2k+1, ke N,T0oQyHKIUA HeUueTHAA 1 €e rpadMK CHMMeTDHUEH
OTHOCHUTEJILHO Havyaja Koopaurat (puc. 26, s, 2). .

4, OyuxUuda Bo3pacTaeT Ha Beell 06JacTH onpeelleHus. ’

5, 'padur GyHKINK IPOXOIHUT Yepes HadayIo KOOPAMHAT.
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0 DD e

VA y=vx ‘ : ¥4 y=%x ,keN

=)
8
ol
%

a [

12 y=§/;c_ Y y:g’"\l/;c—,kEN

/O x : ,,/O X

6 Puc. 26 2

MokaszateAbHas yHKUMS
DyHKUIMA y=a",15e a>0, a#1, HashBaeTCd NOKA3AMEAbHOL.
OcHOBHbIe cBOIICTBA '

. O6snacrs onpenesennss — R. 7
. ObnacTh 3HaYeHUI — (O; + oo) .
. DyHKUUA HU YeTHAA, HY HeYeTHA .
. 'padur pyrrnnu nepeceraeT ock Oy B TOUKe (0; 1) , ock OX He Tiepe-
cexaer. ’ '
Yy
Cyea®
O<a<l)
0| x
6)

Puc. 27

. Ecam a>1, To GyHKNMI Bo3pacTaeT Ha MuEoXKecTBe R (puc. 27, a); ecnut

0 <a<1, ro pyrruud yObiraeT Ha MHOMecTBe R.(puc. 27, 6).

. Bean a>1,v0 y>1 mpu x>0; O<y<l npu x<0.Ecau 0<a<l,

10 y>1 mpu x<0; O<y<1l opu x>0.

Aorapudmmdeckas GyHKUUS

W D

Dyuxuuda y=log,x,rme a>0, a #1, HasbiBaeTca Lo2apudmMuiLeckol.
OcHoBHbIe CBOIiCTBA’

. O6unacTs onpegeteHus — (0; +oc).
. O6yacts sgauenuit — R.
. DYHEKINA HY YeTHasd, HY HeyeTHasd.
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4.Tpapur ynxumu nepecekaer ock Ox B TouKe (1; g)’k och Oy me
nepecexaer. ’ S :

‘ i y=log,x
: - O<a<l -
ot | = 0 . ¥
. y:logax' 1\
| a>1 : .
a A ]
‘ PMC 28

5. Ecoz a>1, TO @YHKIMA BO3pacTaeT Ha BCOH o6nacTh onpejeneHus
(puc. 28 a); ecnin 0<a<1, To GyHKIUA yObIBaeT Ha Bcell obiacTH
onpefexeHud (puc. 28, 6).

6. Eci a>1,T0 y>0 mpu x>1; y<0 mpu 0<x<1. Eean 0<a<1
To y>0 mpu O0<x<1; y<0 mpu x>1. :

DyHKuMs y=(x] y

.. OcnoBHEIe CBOHCTBA ‘ N Bree I

1. O6nacts onpepenerns — R. ' T e

2. O6nacth suavenumit — Z. BEcunm 321 1 LG
0<x<1, 7o y=[x]=0; ecaun i_O(L_ll I
1<x<2, To y=[x|=1; ecmm AR |

B - 2

-1<x<0,T0 y=[x|=-1uT A b

3. dyHKUUA HY YeTHas, HH HeueTHAasd. PG T3

Ha KaJIoM N3 KPOMEKYTKOE : Puc. 29
" [n; n+1), neZ pynxnus nocroannag (puc. 29). :

OYHKUMS y={x}=x-[x]

OcHoBHBIe CBOfCTBa

O6aers onpenesienusa — R.

. OBacts sHauennit — [0; 1).

. (PYEKIKS HU YeTHAA, HA HeyeTHad.

. DyHKIUA OPUHKMAET TOJBKO HEOTpUIATENbHbIE 3HaYeHud, BCeraa

o<{x}<1.

. OyHKIIUA NepuoauYecKas, ee eproy papeH 1.

. Ha xaxaoM us IpoMexkyTHKOB [n n+1) neZ q)ymcuna BOBpacTaeT
(purc. 30). :

"

I-PCDND.—‘

o o

Puc. 30
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§9. ﬂpeoGpasoaauue rpaq)ukos YHKUMWH

l"pacbmc tbymcung y=-f(x)
nonyvaloT U3 rpadpura GyHKINN
y=f(x) ¢ momomsio cumMmerpun
OTHOCUTENBbHO ocu Ox.

Hanpumep:
7 .
‘I l' . l’
kS [ y=x* S y=x°
A A x
y=—x2 /! y_._xa

I‘pacpmc byuxmun  y=f(-x)
noJsy4aior us rpadpura GyHKUUNA
y=f(x)c momompsio cmMmerpuu
oTHOCHTeNBHO ocd Oy.

Hanpumep:

y=-= ¥ y=vx

Tpadux dynxoun y=7(x)+b
noaydaloT U3 rpadura QYHKINK
y= f(x) C OMOIIbIO TApasLIeNhb-
' HOTO IlepeHoca BAOJbL ocH Oy Ha
b egmHHIL. '

Hanpumep: ]
y= x/x_ +1
y=+x

x

Tpapux pyrxupy y=f (x-a)
TnoJiy4yaroT U3 rpadpuxa QyHKIUK
y=f(x) c nomompsio napaens-
HOTO nepeHOca BAoJb ocd Ox Ha
a eZNHULL.

Hanpumep:

Yy

Tpadur dysxumuu y=f(kx),
rae k>0, nonyuaror U3 rpadguka
dysxuua y=/(x) cxkaruem ero
BHosib ocu Ox B k pas, ecnu k>1;
pacTsruBaHUeM ero BAoJb ocu Ox

1
B —];—— pas, ecma O<k<l.

Hanpumep:

Tpapur dyaxmunm y=Fkf(x),
rae k>0, nonyualor u3 rpaduka
byarnUN Y= f(x) PACTATMBAHU-
eM ero Bronb ocr Oy B & pas, ecJIH

k>1; coxaTuem BILOJII) ocu Oy B —i—

pas, ecnu O<k<l.
Hanpumep:
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I'padbur dyrrmun y=’f(x)l
oJIyyaroT U3 'paduxa QyHKIINN
y= f(x) Tak: Bol1e ocu Ox (M Ha
caMo¥l oCH) OCTaBJAAIOT ero Gea
H3MEHeHUH; HIKe ocl OX — CUM-
MeTpPHYHO 0ToGpasKaioT ero OTHO-
cutesnbHo ocu Ox.

Hanpumep:

vy y=(x2‘—2xi

-~
rY

Tpadur GOYHKIKMK y:f(|.x])
Tony4aloT us rpadura GYHKIUR
y=1(x) rak: cupaBa or ocm Oy
(1 Ha caMoOil ocH)} oCcTaBIAIT 6e3
H3MEHEHWH U CHMMETPUYHO OTO-
6paskaroT 9Ty 4aCTh OTHOCHTENHHO

ocu Oy.
- Hanpumep: 7
Ua y=x2_2Ix|
") 8] 3 x
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§ 10. OnpeaeAeHHua U CBOMCTBA
TPUrOHOMETPHUYRCKUX PYHKUMUH

PaanaHHas cucTema U3MepPeHMs YTAOB U AyT

1 paduan — neHTPaILHBIN yroil, onupapuuics
Ha Oyry, AIWHa KOTOpO#A paBHaA paguycy Kpyra
{(puc. 31).

- CBA3b MeWKAY IPagycHOi U pagHaHHOi MepaMu:

b1
~180°; 1°=
T pan 180

180°

=BT°LT45 5 n°=
18

lpag=

PaguaBHan n rpajiycHas MepPsI HEKOTOPLIX YIIOB

Puc. 31

pag =~ 0,01745 pan;

180°a.
o pax; o pag=———.

X
Yromt B pa- 0 b b4 n T 2n | 8n | 5m; n 3n an
X i— - - - |} —_
Auata 6| 4|3 2/|3s :
e oo g0 | ase | 600 | 000 |120° |135° | 150° | 180° | 270° | 360°
B rpajycax

EAMHUYHAS OKPYIKHOCTL. TOUKM SAMHUYHOW .
QKPYXHOCTH U ACHCTBUTEAbHbIE YNCAQ

Edunuinod (mpuzonomempuieckoll) OKPYHCHOCINBIO
Ha3BIBAeTCA OKPYKHOCTb pajguyca 1 ¢ IeHTpoM B Havale
KoopiuHaT (puc. 32).

CooTBeTcTBHE MEXKAY HellcTBUTeNbHBLIMH YHCIAME
' M TOYKAMM eIMHUTHON OKPYHHOCTH )
Kax oMy geHcTBUTEJIbHOMY YHMCIY ¢ COOTBETCTRYET

JIMIIB OfHA TouKa P enwHuyHOM okpyxHOCTH. Uneay 0
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* craBuTes B cooTBeTersue Touka P (1; 0),a kasaomy -
YMCIy ¢ CTABHUTCH B COOTBeTCTBHE TOUKa F,,
006pasoBaHHA B pe3yJIbTaTe OBOPOTA TOUKH Po~(1; 0)

Ha yroJi ¢ BOKPYT HadaJla KOOpAWHAT: ecau ¢ > 0,710
[IOBOPOT BLIOJIHAETCS TPOTHB YACOBOM c'rpemcpr'

ecan £ <0 — 110 YaCOBOH CTpeIKe.

Kaxzgoit Touke P, coorBeTcTByeT GeckoHeyHOe

MHOXKeCTBO unces Buga t+2nn ,rne neZ (pm:. 33)

OnpeAeAeHUS TPUTOHOMETPUUECKMX ¢YHKUMM

cs aGencea Toukn P, ep;x«mnqnon

OEpyHCHOCTI/I COSt = xP .

Kocunycom uucia t HaspIBaeT- |

Cunycom unciia t HasbIBAETCSH
opauHara touxu P, efuHUYHOM
OKDYKHOCTH: sint=x, .

Tanzencom ynucyia t HA3bIBAET-
¢ OTHOIIeHWe sint K cost
(cost * 0) : B

sint

tgt=
g cost

(t#%+nn, neZ).

Ocv manzencoé — npaAMan
‘x=1. Tauresc yucya ¢ — opAn-
HATa COOTBETCTBYIONeH TOUKM OCH
TAHTEHCOB.

>

Ry

N

Komanzencom uucna ¢ Ha3LI-
BaeTcsa OTHOIIeHHe cost K sint

(sint=0):
cost
ctgt=— (t#mn, neZ)
~sint
Ocv Komanzencoe — npamaﬂ

y=1. Koranrenc uucja t — a6-
CI[ICCA COOTBETCTBYIOWICIl TOUKHU
OCH KOTAHI'€HCOB. ™

h

ctgt

v
N
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3HaueHMs TPUrOHOMETPHUECKNX GYHKUMIH HEKOTOPbIX YTAOB
IpuGrueHnbIe 3HAYCHNA TPHIOROMETPHYeCKUX (GYHKIIMI HEKOTOPBIX.
yrios ‘

o°c | 5 | 10{20 |30 |40 |50]60|70|80fss]o0
sinc [0,0910,17[0,34{0,50{0,640,77|0,87(0,94{0,98{0,99| 1 { cosp
tgo |0,0910,1810,36{0,580,84[1,19]1,73 | 2,75 | 5,67 |11,48] — | ctgp
(85|80 |70 (60|50 40|30 |2 )10] 5] 0] p
TouHble 3HAUEHN S TPUTOHOMETPUYECKNX (hYHEIMIA HeKOTOPHIX YIJIOB
: g 0 T o L n T 3n
a s LT A =n
» pajg 6 4 3 3 n D) 2n
t,° 0 | 30° | 45° | 60° | 90° |180°|270°|360°
1 )
sint { 0 | — RN 1 0 | -1{ 0
2 2 2
E | cost | 1 i_3—_ N2 L 0 -1 0 1
=1 ' 2 1 2 2
é .
>> -
& tgt } 0 ) —g— 1 J3 — 0 — 0
ctgt | — | 3 | 1 _‘/5_ o | —| o | —

S e
-7+ _ + | - )
IIx v 1 I

3HaKH CHHYyCca 3HaKK KOCHHYCca 3HaKHU TaHTeHca
M KOTaHTeHca

YeTHOCTb (HeueTHOCTb) TOUFOHOMETPUYECKMX. GYHKLIMA

®OYHKUAA KOCHHYC — YeTHas (PYHKIH: cos(—t)=cost .
" DYHKINK CHEYC, TAHI€HC ¥ KOTAHTeHC — HeUETHbIe QYHKINM:
sin(~t)=-sint; tg(~t)=—tgt; ctg(~t)=—ctgt.
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I'lepvioAuqucrb TPUTOHOMETPUYECKMX GYHKLUMH

Ilepromom dyurnuii sint, cost apagerca 2nn, ne Z (puc. 34, a)
_ sin(t+2nn)=sint; cos(¢t+2nn)=cost, neZ.

HanMeHBIIIM TIOJIOXKUTEILHBIM IePHOoM QYHKIIHE CHHYC 1 KOCHHYC
ABJISAETCH 2T &7 .

Hepuonom pyaxuuit tgt, ctgt apnsercs nn , ne Z (puc. 34,6, 6): -

tg(t+nn)=tgt; ctg(t+nn)=ctgt, neZ.

HaymeHBUIEM TONOMKUTENBHEIM IepHonoM G(OYHKIHA TaHTeHC U

KOTaHTeHC ABJAAETCA T .
. yA

1 g0 (ctg £; 1)

>

Py
1

RY

t+n
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§ 11. OcHoBHbie TPUIOH /eTpuquKne <bopMyAb|

COOTHOLLUEHUS MEXAY TRUIOHOMETPUYECKUMU

bYHKLMSAMM OAHOTO M TOTO Xe aprymeHTa

sinfo+cos’at, oeR;

tgo= sing , a¢l+nﬁ ,neZ;ctga= c.osa
coso. 2 ~ sina

,oznn,nelZ;

tgo-ctga=1, a¢—1£2n~, neZ;

1 b
1+tg’o=—F—, ar—+nn, neZ;
cos“q 2

1
1+ctg’o=———, a#nn, neZ.
sinq ‘

DOPMYAbI CAOKEHUS
sin(a+B)=sinocosPtcosasinf;

cos(a+B)=cosocosPFsinoasinf ;

tgot '
tg(aiB)=M,a¢i+n’n,ﬁ¢£+nn,aiB;e—n—Hm, neZ;
, 1rtgatgp 2 2 ‘ 2
) 1 ¥ .
ctg(‘(xiﬁ)zi-m——&t—l——, oznn, Bznn, atP#nn; neZ.
ctgatctgh

DopPMYAbI ABOMHOTO apryMeHTa
si.n20c =2sinacosa ;
cos20 = cos’o—sin®a ;

tg20c=—2—tg—(:—-, OFA——tmn, O#—+nn, neZ;
1-tg°a 4 2 :
2
ctg2a=—Ct—g—g——-1—, a;t—’—ti, neZ.
‘ 2ctgar 2

POopPMYAbI TDOMHOIO aprymeHTa
sin3a = 3sina~4sin® a; cos3a =4cos’® o —3cosa ;

3tgo—-tg’a T,
tg80l=——-—F—, 0z—(2n+1), neZ;
€ 1-3tg?a 5 (2n+1)
3ctga—ctg®o nn
ctg3a=—2" "2 " s g¢—— neZ.
& 1-3ctg’a 3 ~
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52

DopMyAbI NOHMXEHHS CTeneHN
1-cos2a - costo= 1+cos20,
2 2 _
dopmyAbi npeobpasoBaHma NPOUIBEACHHS
TPUrOHOMETPHYECKMX GYHKUMM B CYMMY

sinfo =

sinosinp = -—;—.—(cos(a—-ﬁ)—-cos(aﬂi));
cosccosP = %-(cos(d ~B)+cos(a +B));

sinocosf = —;—(sin(a =p)+sin(a+8)).

dopMyAbl TOACBHHHOTO aprymeHTa

o 1-cosa o 1+coso
sm—:id—-———-——— ;cos—-—«;i"-—— ;
2 2 2 2

o l-cosot  sino
tg—=1= = sy U#T+2nn, neZ;
2 1+coso 1+cosa .
o 1-coso
tg—=—"—,a+#nn,neZ;
2 sino
o 1+cosq sino .
ctg—=1=, |- = yO#2nn ,neZ;
2 1-eosw 1-cosa :
o 1+cosa
ctg—=———, axnn,ne’Z.
2 sina

Bbipa)erue ToUroHoMeTpHuIecKnx GyHKLMA
Yepe3s TaHreHC NOAOBUHHOTO aprymeHTa

2tg X 1-tg? -2 .
sina=~—~2—, cosa=——2——, azn+2nn, neZ;
1+tg? o L+tg* > "
2 2 .
‘ 2tg£c— x
tgo= 2—,0c¢n+2nn,a¢——+nk,kez;
1"tg2-“a;‘ 2
2
ctgo = ocz y O#E——, neZ
2tg—-
€7



®opMyAbl NpeobpasoBaHMUs CyMMmbl

TpMI’OHOMeTpMHCCKMX $yHKUMA B npOM3B€A€HM€
§ O B .

sino+sinP = 2sin
sino-sinfi = 2sin
cosa+cosf = 2;:05
cos0.—cosp = -2sin
tgo+tgh=
tga -
ctgo+ctgf=

“etgo—ctgB=—

tgh=

sin(a+p)
coso.cosP
sin{o.—B)
costrcosp
sin(a+p)
sinosin
sin(a~p)

“sinasinf

o=

. a_B
2
o

oc+[3

CcOS

-B
2

dbopmyAbl NpuBeAeHHUs

cos

sin

‘2

2

. a+B R
2 b
o+B ]

+B .

2

’

,a#nn,neZ;B+nk, keZ;

,oznn,neZ,Pxnk, keZ.

i T
ot-—+nn,neZ;B+—+nk, keZ;
3 n(/l,/ﬁ 5 €

q;t—;t—,ﬂm, neZ, [3¢—§—+1‘ck, keZ;

. ) Aprymem' t
oy T T T T e | |
s 7f(x —2—+oc T-0 [ m+o ——2———oc ——2—~+a 2n-o | 2n+o
sint | cosol | -cosO | sino {~sino} —coso | —cosa | —-sino | sino
cost | sina | -sino |-cosa|=cosa| —sina | sina coso. | cosq
tgt | ctgo {—ctgo | ~tga | tga | ctga | —ctgo | —tga | tgo
ctgt | tgo | —tgo |-ctgo)ctgo | tgo -tgo éctga ctgo
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'§ 12. O6paTHbie TPUrOHOMETPHYECKHE GYHKLIUM

APKCHHYC, aPKKOCHHYC, aPKTaHIEHC M apPKKOTaHTeHE YMCAA
Aprecunycom uucia a Ha3bIBaeTCA YFOJ (YHCIO) t U3 MPOMEIKYTHA

T T
[——- ——] , CHHYC KOTOPOT'O DaBeH 4.

27 2
. T T .
Samnuch arcsina =t osHauaeT: ¢ e[—;; —2—] U slni=a.
- . 2 T .1 =
Hanpumep, arcsin = arcsin— = e

Apxrocunycom 4ucina a HasbIBaeTcA yroJl (4HcJIo) ¢ U3 IPOMEIKYTHA
[O; n] , KOCUHYC KOTOPOr'd PaBeH a.
3anucek arccosa =t O03HayaeT: t G[O; Tc] U cost=aq.

' 3 i
Hanpumep, arccos =-——; arccosl=0.
Apxmanzencom 4ncia @ Ha3BIBAETCA YIoJl (UHCIO) ¢ U3 IIPOMEKYTKA
P
»—2—; —— |, TaHIeHC KOTOPOT'O PaBeH a.

Sanuce arctga =t osHayaer: te(——g—; —g——) utgt=a.

Hanpumep, arctgl = % ; arctg0=0.

AprromaHzencom 4rcya a HasbiBaeTCA Yol (HUCI0) { 13 MPOMeXXKyTKA
(0; 1r) , KOTaHT'€HC KOTOPOTO PaBeH a. '
Banuce arcctga =t osHauaer: fe (0; n) uctgt=a.

Hanpumep, aréctgl = -;E ; arcetgQ = —-g— .

arcsina, arccosa, arctga, arcctga HaspIBalOT apkdpyHEyuAMU.
OcHOBHBIE COOTHOWIEHH S JUISI APKQYHKIU
sin(arcsind) =a, cos(arccosa) =a, ac [—1; 1];
tg(arctga)=a, ctg(arcctga)=a, acR.
arcsin(—a)=-arcsina ; arccos(-a)=rn-arccosa; ,
arctg(—a) = ;arctga ; arcctg(~a) =m-—-arcctga;
arcsin(sing)=¢, @e [——g—; —E—] ; arccos(cos@)= ¢, ¢ &[0; 1];

arctg(tgo)=0, (pe(——g—; —725 ; arcctg(ctgo)=¢, ¢e(0; n);
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. T B
arcsma+arccosa=—2—, ae[—l; 1];

. arctga+arcctga =—1—;— ,aeR.

3Ha4YeHus apKyHKUUH HEKOTOPLIX YUCEA

AprymeHT x .
Dyax- '
wn | REIN RN N T R N 2| VB 1
2 2 2 2 2 2
NS 2% [0 20 0 R N 20 UG NN .3
arcsinx |5 1 6 6 2 3 5
T T ' T 2n 3n 51
accosx | 0| 1 T |3 |2 {3 |2 |6 | "
AprymeRT x
Dynk- 1 1 i
nus J3 1 N 0 ——J3=- -1 /3
el &l =l 2] o | 2|l
arctex ( 73 6 6 4 3
¢ T k3 k2 n 2n . 3n 51
arcciex! g 4 3 2 3 4 6

HexoTopsie HOMOJIHATENLHBIE COOTHOINCHUS IS apmﬁyg{unﬁ

xZ

J1- '
arcsifix = arccosVl—x® =arctg————— \/— =arcctg————, O<x<1;
1-x . x -

. 1-x°
arccosx = arcsinvl—-x? = arctg—-———

= arcetg —F—=—— \/.__ , O0<x<1;

1
= ArCCos —r———=x
f— J——
= R.
\/—_—— = Arccos —p———= \/—-—— , X€

1
arctgx = arcetg — = arcsin —=—==
x

1
arcctgx = arctg——— = arcsin —m——=
x
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§ 13. CBOMCTBA TPMIOHOM@TPMUCCKMX
1 OOPaTHLIX TPUFOHOMETPHMUECKMX
OYHKUMA, rPadUKM 3THX YHKLIMHA

OyHKUMA y=sinx
'OCHOBHLI® CROCTBA

.-ObnacTp onpegenesns — R. ' e i y=§in x. v
. O6nacts sHavenuit — [-1; 1]. e 1
. DyEKIUA HedeTHAH, AW —

00 DD

AN t >
. DyHKIUA ePUOANTIECKAA C HAUMEHb- _ g N =5 O & 1;\ x
IIMM TO0ACATeNHHBIM IIEPHOSIOM 27 . -1 2
5. Ppadux GyHKuNY IepeceKaeT och Oy Puc. 35

B Touke (0; 0), a och Ox — B TouKax (nk; 0), 1m0 kK€ Z. _
6. [IpoMesxyTKH 3HaKoHocTOsTHETBA: I > 0,00/ x € (21tk; T+ 21tk)’, keZ;

y<0,ecan xe(n+2nk; 2n+2nk), keZ.
7. GYHKIMAA BO3PACTACT HA KAXKIOM U3 IPOMEKYTKOB

[—?—g-+2nk; —g— + ZRk], k€ Z v y6bIBaeT Ha KAXKIOM U3 TPOMEKYTKOB

: l-a-21ck; —3—7—t—+2nk ,kelZ.
2 2
8. dyuxnus npuobperaeT Haubonwllee sHaueHMe J, .- =1 B TOUKax
Xy = —g—+2nk , keZ , v HanMeHbIIlee BHAYEHMe Y, =-1 B TOUYKax
X =———12£—+2nk, keZ.

I'padur pyHKIMHA §=sinx — cunycouda (puc. 35).

Q)yHKLlHSI Yy=cosx
OcHOBHBIE CBOMCTBA

1. O6nacrs onpepesnenns — R. y .

2. O6nacTs shawennit — [-1; 1]. 2 y=cosx

3. PyHKUMA YeTHAS. ) ;

4. DyHKIUA NIepHORATECKAs - T l EW@ x
¢ HAMMEHBIINM HOJI0KHUTENbHBIM 2 A1 2 2
nmepuomoM 2% . ' '

Puc. 36
5. 'padux pysKIUU TepecekaeT .

ocs Oy B Touke (0; 1), ocb Ox — B TOUKaX (—g——l- nk; 0) ,keZ.
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. TTpoMesKkyTKU SHAKOIIOCTOSHCTRA: ¥ > 0 ,ecm x e(

"keZ; y<0,ecaun xe(*—%onk;

-3—“—+2nk), keZ:

. @yHKIusS Bo3pacTaeT Ha xaﬁcuom U3 HPOMEXYTKOB {—1t+21tk; 2nk] ,

keZ n yﬁbmaé'r Ha KaXXJAOM U3 IPOMEKYTKOB [an;L n ji-21tk] ykeZ.

. ©ynrnug npuobperaer HamboJbliee 3HaUeHHe Y., =1 B TouKax
xm =2nk, keZ, n HauMeHbllee 3HAUCHMe ymm=—1 B TOUKAX
w=R+2nk, keZ.

' Fpaqu GYHKIOMH Y= CcOSX — xocunycouda (puc. 36 .c. 61).

[NV I

- OcHOBHEIE CBOMCTBa
. O6sacTs onpejeIeHNAd —

. O6nacTs sHaneHuii — R.

. DyHKIUS HedeTHAA., /1':
. OyHKINKA HepHoANYecKasa ¢ Hau-

. 'padux QyHRIIUN nepeceKaeT

- B “ oA ]
DYHKUNS y=tgx v SO yetgx

x;&%ﬂck, keZ.

DA
QO
RY

N

MEHbBIINM HOJIOKMTEIbHEIM
epuoaoM 7. '

ock Oy BTouke (0;0), Puc. 37
och Ox — B rouxax (mk; 0), keZ.

o
. IpomesxkyTku sHaKomocTrosgsHeTBa: y >0, ecnu xe| nk; —+nk |,

keZ; y<0,ec.rm/ xe(——12t-+nk; Tck), keZ.

, i1 T
. DyHKIME BOBpacTaeT Ha KAk JOM I3 IPOMEXKYTKOB [— 5 +nk; - + nk) ,

keZ

. Hanmem:u.mx ¥ Haub6OBIINX SHAYeHW T (YHKUHSA He FMeeT.

I'padux pyarnuu y=1igx — manzencouda (puc. 37).

DYHKUMA 1 = ctg x
OcHoBHBIE CBOMCTBA

. O6nacrs onpefenenus — x#nk, keZ.
-2. O6aacrh sHayeHH# — R.
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oo

= Wb

b =2

e
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. DyHEIUA HeUeTHAS. : v
. DysKIMA HepHoqUUecKasi ¢ HAUMEHBIIUM

. Ppadur pyrrnun ge mepecekaer och Oy, a:

. O6nacrs onpefenenns — [-1; 1].
R
. O6nacry sHaveHu#t — [——; *——] .

. OyaKIUuA HeueTHad (puc. 39). »
. 'padur pyHRIIUY IepeceKkaeT och KOODPLUHAT

. IlpomMesxyTKY BHAKOMOCTORHCTBA: y >0, ecau

NOJIOXKMUTEJIHbHBIM IIEPDHOIOM T . : \

y=ctgx !

Lt
0
(UE]

och Ox TiepeceKaeT B TOUKaX (_}t_+ nk; O)v, o=
keZ. 2

. TIpoMeRyTKI BHAKOIIOCTOSIHCTBA: Y > 6, Puc. 38

ecJIn xe(nk; %wtnkj, keZ; y<0,ecmrxe(—g—+nk; n+nk|, keZ.

PYyHKUMS y = arcsinx
OcHoBHEIe cBOJicTBa

2 2

. @yHKIHs yOBIBAET Ha KawKA0M H3 IPOMEXKYTKOB (nk; n+7k), ke Z .
. Hau6ombInx 1 HANMeHBIIHX SHAYCHTH QYHRIIA He HMeeT,
. Ppadux dpyrrnnu y=ctgx — xomanzencouda (puc. 38).

r‘y-——arcsinx
nl?
2

B Touke (0; 0).

xe(0;1]; y<0,ecan xe[-1; 0).

T
Ymax = 2 .
SHAUYeHHE Y, = o B TOUKe X, =—1.

B Touke x_ =1 ¥ HamMeHbIee y

PyHKUMS y=arccosx
OcHoBHBIE cBOMCTBA

. ®yHKnus BospacraeT npn x €[-1; 1]. ' Puc. 39
. dyRRmus nprofpeTaeT HauGoIblliee SHAYCHIS :

Ry

a3

<

1l
®
"
a
8
Q
@
s

arccos(—x) = —arccosx *

' b
2 \
. OGnacTp onpeaeseHUA — [—1; 1‘] . ‘ _ R

. O6a1actnb sHauenuit — [0; ). 1
. OyHEKNKS HY YeTHAas1, HI HeuerHad (puc. 40). Puc. 4
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4. Tpadux dpyurnuu nepecexkaeT och Oy B TOUKe (O; _n_) , aock Ox —
B Touke (1; 0). 2 :
. y>0,ecim x€[-1; 1]. ]
. Oynxnua yorIBaeT, ecid X e[~1; 1] .
. ®yHKIMA npuHUMaeT HauGobiee 8HaYeHNe ¥, - =T B TOUKe X, =1
¥ HauMeHbUIee sgadenye ¥, =0 BTouke x, , =1.

O Wt

DYyHKUMS y = arctgx
OcHoBHbIE cBOHCTRBA

GUR W N e

-~ O

B o

-3 &

. O6aacrs onpeneneaus — R.
. O6aacTe 3ﬁaquH171 — (—-It—; _n_) .
2 2
. DyHKNVA HeUeTHAA (pnc 41).
. Tpaduk QyHKINY MepecekaeT och KOOPAUHAT B TOUKe (O 0).
. IIpomeskyTrY 3HAKOTIOCTOAHCTBA: Y >0, econ x € (0; +o0); y <0, ecim
Lxe(~oe; 0).
. @yHKIua BoapacTaeT, ecid xR .
. HapbonbiumxX ¥ HANMEHBIITHUX 3HAUEHUH GYHKIUI He IMeeT,
OyHKUMS y = arcetgx
OcHOBHBIE CBOlicTBa
. OBnacts onpenesenus — R.
. O6nacts snauenuit — (0; 7).
. PYHKIUA HU YeTHAS, HY HeueTHas (puc. 42). arcctg(-x)=n—arcctgx ..
. Tpatux dyHruny nepecekaer och Oy B TOUKe (0; ﬂ-) , a ocb Ox He
Ifepeceraert. - 2
. y>0,ecotm xeR.
. Pyuruus yoeiBaer, ecan -x € R .
. Han6onpmux 1 HAMMEHBIIIMX 3HAYCHIH QYHKIIAA He UMeeT,
v} y=arcte T & M
.__-._.-_;“.._E. --------------- \TC y=arcctg~3€
2
: L T
" , 2 \\
------------------------------ ‘ 0 3
Puc. 41 Puc. 42



§ 14, YpaBHeHHs C OAHOM NepeMeHHOM

YpasHeHue. KOpHM ypaBHeHml _ o
- Ypaenenuem nasbiBaeTCA PABEHCTBO, xo'ropoe conepmm* nepeMeHHylo
(HeusBeCTHOE). : ;

Kopnem (pewenuem) ypasrenius.c ofHOR nepemeHHon HaSbIBAETCS SHA-
JeHHe nepemeHHon, KOTOpOe IpeBpailiaeT ypaBHeH!e B npaBnJlbnoe i (o
norsoe paBeHCTBO. Hanpumep, YuCcJa0 3 — KOPeHb ypaBHeHH: x* ~3x=0,
nockoapKy 3°-3.3=0. ,

Pewumv ypaenenue o3nadaer Hau'm ero KOpHH WK ,u;orcasa'rb, YTO X
HeT.

Oé6nacmywio aonycmum.ux aHauenuil (O03) ypaBgeHuss HaswIBaeTCA
MHOKeCTBO S3HaueHU# IIepeMeHHOM, IPY KOTOPBIX BRIPA'KEHUS B 00euX
YacTAX ypaBHEHUSA OIpeeIeHbl.

Hanpumep, nna ypapHeHUS 1g(x+3)= 5 065aCTHIO HONYCTHUMBIX 3HA-
YeHUH ABIAETCA X > -3, HOCKOIBKY Bmpamegne lg(x + 3) olipenesieHO,
ecium x+3>0. V

PaBHOCHABHbIE YPaBHEHMS

[Ba ypaBHeHUS Ha3LIBAIOTCS PAGHOCUALHBLLMIU, €CJIH MHOMECTBA
UX KopHelt copnajgaioT. H anpumep, ypabHeHHS x+38=5 u x-1=1
PaBHOCHUJIbHBI, IOCKOIBKY OHY UMeIOT o61uil KopeHs 2, a IPYTUX KopHei
He UMEIOT; YPaBHeHudA X+7=x U 3—x=5—x paBHOCUJILHBI, IIOCKOJIbKY
He MMeIOT KOPHel.

TeopeMbl 0 paBHOCHILHOCTH YpaBHeH M

1. Ecnu x o6erM yacTAM ypaBHEHHA NPUOaBUTE OGHO H TO JKe GHCJIO UK
BHIpAsKEHHe ¢ lepeMeHHOH, KOTopas He TepseT SHaUeHH A IIPY JIHO6bIX 3Ha-
YeHKHAX TIePEMEHHOI, TO nonyth VpaBHeHPIe PaBHOCHILHOE JAHHOMY.
Hanpumep, ypapsenusa x* =9 n x* +x=9+x PaBHOGKJIBHEL

2. Ecnu us opHo# yacTH YDPABHEHHA NEPEHECTH BO BTOPYIO YACTH caaraemoe
C DPOTHABOLOJOMHBIM 3HAKOM, TO TOIYIUM ypaBHeHne, PaBHOCHJIBHOE IaH-
gomy. Hanpumep, ypasuenns x° = x—1 u x* ~x+1=0 paBHOCHIBHBL

3, Eciu ofe YaCTH ypaBHEHNA YMHOKHTS WM PAseUTDh Ha Of(HO K TO e

- YUCJI0; OTNIMYHOe OT HYJIA, WJIN Ha BEIPAXKeHYe ¢ [TepeMeHHOoH, KoTopoe
He [IPeBPAlaeTCH B HYJIb IIpH JIIOGLIX SHAUCHWAX IepeMEHHOMH U He Teps-
eT 3HaUeHHUs HAa MHOKEeCTBe AOIYCTHUMBIX 3HaueHNH, HeUSBeCTHBIX A
JAaHHOI'0 YpaBHEHNs, TO [IOIYYUM ypaBHeHNe, DRaBHOCHJIBHOE IaHHOMY.
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Hanpumep,ypaBaenus 5 x= x+lua=2x+2, s’ =xm—5——-= ey
PABHOCHJIBHEL ‘ ¥+l 2+

X

4. Ecan o6e yacTH ypaBHEHHS BO3BECTH B HEUETHYIO HATYPAJIBHYIO CTe-
eHb, TO HOJNYYUM ypaBHeHMe, PaBHOCUNbHOe iaHBoMY. Hanpumep,
ypasHeHns x+1=0 u (x+1) =0 paBHOCHJIBHSL

" AvHelHble YpaBHeH s .

Juneinvim ypapHeHHeM ¢ OJHON NepeMeHHOH (HeM3BecTHLIM) X
HashIBaeTcs yYpaBHeHHe Buja ax+b=0, 1rxe a u b — gelficTeuresbHbIE
yuena. Eciu a#0, To ypaBHenwe HassiBaeTcsl ypasHeHlem nepeold
cmenexu.

CxeMa penieHHA JUHEHHLIX ypaBHeHHit

| x — n1060e YncIo Pemrenuit Het 1

HenoAHbie KBappaTHble YpaBHeHMs

YpaBHemm Buga ax’ +bx=0, ax?*=0, ax®*+¢c=0 me a # 0, Ha3HIBAIOT
HenonKslMu K6a0pamnsimy YpaeHeRuAM L.

' CxeMa peleHus Cxema penrenus
ypagaeruda ax’ =0, a#0 ypaBHenuda ax’+bx =0, a#0
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Cxema pellleHUs ypaBHEeHHA ax’*+c=0,a%0

-——<0

x=0 : Kopueit Hé’r

KBappatHble ypaBHeHu s

Kea.apamuum ypaenénuem HassIBaeTCA ypaBHeHVe BHZA.
ax® +bx+c¢=0,rae a, b, c — felfeTBUTeIbHEIE UMCHa, a7 0.

Cxema peureanda KBaJIpaTHOI‘O ypannemm

ax’ +bx+c 0

-4ac.

)
<

Kopmueii zet x,=x,= _—éb—— = bivD
a ’ 2a
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" YacTHbie CAyYau KBAAPATHBIX YPaBHEHHH

IipuBemenHoe KBaJpaTHOE KeaapaTHOe ypaBHEHHe ¢ YETHEIM
ypaBHenue (a=1) BTOPHIM KoddhHIHeHTOM
[ X+ px+qg=0 1 l ax’ +2kx+c=0 ]
2
D= ) | D=Fk"~ac I
1 I

55 S &

Kop- Kop- _ /
Hell Xx=———11x, =——_ HeH |lx=—— 2= ki
HeT 2 ’ 2 HeT a ' a

CUCTeMbl M COBOKYTMHOCTH YPaBHeHK M

Heckxonpko ypaBHeHMI ¢ OfHOH NepeMeHHON o6pasyloT cucmemy
ypaeHenul, eCJTH CTABUTCS 3a/lada: HalTH Bee TaKHe 3HAUeHHA IepPeMeHHOH,
KaskJoe U3 KOTOPBIX SABJfAeTCS KOPHEM KaykJoro s ypapHeHuii. [nsa

f(x)=0,
g(x)=0.
Hanpumep, ypanneHme (x2 - 1)2 +((x+ 1){x+ 2))Z =0 paBHOCHJb-
(x*-1) =0, ' '
((x + 1)(x +,2))2 =

x=%*1, .
{x:_—l unu x=-2. Wrax, x=-1.

0603HaAYEHHUA CHCTEMbI UCTIONbRYIOT QUTrypHBIe CKOOKU: {

x*-1=0,

'ﬁO cucTremMe OTCIOa {(x+1)(x+2) _

TOrza

"Heckonbko ypaBHéHﬁﬁ C OB HOH epeMeHHOH 06pasyI0T COBOKYNHOCTMD
‘YPpaeHeruil, eciy CTaBUTCA safada: HaliTy Bce TaKUe SHAUCHUS IepeMeH-
HOU, Ra;{c;toe 73 KOTOPBIX, ABJsgeTcs KOPHeM XOTsA Obl OFHOTO U3 NaHHBIX
ypasHeHuH. Jlis 06603HaAUEHHSA COBOKYIIHOCTH HMCNOJB3YIOT KBaJpaTHbIE
f(x) =0,

g (x) =0.

Hanpumep, ypasuenne (x* ~1)(x*~9)=0 paBHOCHILEO COBOKYIIHOCTH '
P

2 2 -
x°-1=0 x°=1 x=*1 :
’ ’ ’ c=+1, x=%3.
[xz—gz(), TOrZA [x2 -9, owcmga [x:ir& Hrak, x 1,x

CKOOKU:
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MCTOAbI PeLlUeHKn ypaBHeHWUM

. Pemerue ypasuenus p(x)=0 memodom paanomeuuu ez0. ne6oll

wacmu na muowumenu. Ecmu p(x)=0.u p(x)=p, (%) p,(x)-...- p, (%),
T0 ypaBHeHHe p(x)=0 PaBHOCHILHO COBOKYIHOCTH:

p(x)=0,
py(x)=0,

sesssarsusen

Ipunep peuterus: x° +2x* ~3x-6=0; (x3;+ 2x2)—(3;c+6) =0;

2(x~t-.2)‘—3(9c+ 2)=0; (x+ 2)(.?62 -3) =0; [3;;——23106. [;c:_—s',
x= Sl

x= +\/— Omeem. —2; +\/_

. Pemelme ypaBHEHH Memoaom 86edenus HOBOU nepemennoi.

Ecau B ypaBHeHHH HEeOJHOKPaATHO BCTpeYdaeTCHA OJHO M TO JKe Bhipa-
KeHue, 3aBUcAIee OT HQPEMEHHOﬁ TO U;enecooﬁpaaﬁo 0603HAYNTE 9TO
BhIpaKeHunue ,upyron 6y1c130px ¥ PEeIlUuTh YypaBHEHNWE OTHOCHUTENLHO BBe-
JeHHOH HEPGMeHHOI/I, a [I0TOM OTHOCHUTENLHO NaHHOMH.

IIpumep peusenusa: (x +3x+1)(x_+3x+3)+1—0,nyc'r1> '
x*+3x+1=y,rorma x°+8x+8=y+2; y(y+2)+1=0; ¥y +2y+1=0;

(y+1)2=0; y+1=0; y=~1; x*+8x+1=-1; x¥*+8x+2=0; [z—:‘:;’

-Omsem. ~1; —2.

. YpaBHEHHe C nepeMeHHol 6 3HaMeHamene.

. =0,
VpaBHeHHe f(x) =0 paBHOCHJILHO CHCTEME flx)
‘ g(x) . g(x)#0
Iounen peusenus: x*+4x+83 |2’ +4x+8=0,
puaepp Coxt+2x+1 x2+2x+1¢0;”

. {x-—:—l win x =~3,

x#-1. Hrar, x=-3.0maem. —3.

LieAble ypaBHeHMs BbICLLMX CTeneHeM

Vpasrerue f(x)=g(x) naseiBaercs yennim, ecan f(x) u g(x) — nensie
BLIpaKeHUA. .
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Bnnnanpa'mme ypannenmx
YpaBHeHne Bufa ax’+bx’+c=0, a0 Ha3LIBaeTcH 6unea6pamnbm i
ypaBHesMeM. IIpy ero peliieHuy fetatoT samMery x* =t . Popmyna KOpHel

~b++b? -dac

2a

uMeeT BUL: X, , 45, =%

t=3,

Hpumep pewenun: x'-4x*+3=0; x’=t, t*-4t+3=0; [t—l'

v[xz =3, [x +/3,

x*=1; |x=+1. Wrak, x=+J3 , x=+1.0meem. £3; +1.

TpexuiaeHHbIE ypannemm

- VpaBueHUe BuAa ax™ +bx"+¢=0, a ¢ 0, n>2, ne N HaswpBaeTcd
mpexwaennvim, TIpy ero pellleHuy JefaloT 3aMeHy X" =t ¥ peIlaloT
ypaBHeHHe at’ +bt+c=0, _

» : t=8

Ipumep pewenus: x°-9x*+8=0; x’=t, t*-9t+8=0; [t -1

x°=8, [x=2 : ’
Nx?=1; |x=1. Wrak, x=1 unu x=2.0meem. 1; 2.

Ecuiz unesio ¢ — KopeHb MHorowieHa p(x)=a,x" +a, x"" +...+ax+a,,
TO 9TOT MHOTOUJIEH MOKHO BAIINCATS B BUfe p(x)= (x ~c)- Q(x) ,rre Q(x) —

MHOT'OYJIeH cTereHu n—1.
IIpy "HaxoKIeHUN - KOpHeil MHOIOWIeHa YMeCTHO BOCHOJIL30BAThL-
cA TAKHM YTBEDXJSHHeM: pAIlMOHAJbHLIMM KOPHAMHU MHOTOMJIEHA

-1
anx" +a, "+ +tax+a,,THe @y, G, Gy, ey @, — [JTBIE THCTA, MOTYT
m
6biTH MU uncaa — (meZ, pe N), upudem |m| — JieITATe b YHCIa |a, [

a p — AeJINTellb YHCJIa | a, ‘ (m U p — B3aKMI'O IIPOCThIE III/ICJIa)

‘ Hpumep pewenua: x°—6x*+11x —-6 =0. I.IenLIMI»I KOPHAMHU JaHHOTO
ypaBHeHUS MOTYT 6bi,’rb JUIlb JeauTeay ducia —6, T. e. uncia +1; £2;
16 .Ilogbopom ycraHaBIUBaeM, 4T0 X =1 — KOpeHb JaHHOTO ypdﬁﬂe-
HuUE, Torfa x° —x% -5 +5x+6x-6=0; (qc3 —xz)—(5x2 ——5x)+(6x—6) =0Q;
x—-1=0,

xz.(x-—l)—Sx(x—1)+6(x—1)=0 ; (x—l)(x2 -—5x+6)=0 5 [x2—5x+6=0;

x=1,
x=2, x= 30meem123

~Anre6pa u reomeTpusa . ’ . .65



PaLlMOHaAbeIC YPaBHeHHUSA

Ypapuerne [(x)=g(x) HasbiBaercs pauuouanbuum ecan f(x)
" g(x) ~— pallMoHaJLHbIe BEIDAKEeHNA. .
Yro6hI peluuTh paluOHaILHOE YPaBHeHne, Halo:
1) na¥iTy ob1Ki sHAMeHATeNb BeeX Apobell, BXOOAIIUX B ypaBHeHTe;
2) saMeHUTD JalHOe ypaBHEHMe HeJIbIM, YMHOKURB 06¢ ero uacTH Ha o0uuil
IHAMeHAaTeb; '
3) pelINTs MoJIyYeHHoe 1ieJioe ypaBHeHne;
4) HCKNIOUUTHL U3 KOpHeil 1[eJIor0 YPaBHeH!s Te, KOTOpPhIe IIPeRpallaioT
B HYJIB OGLIMIT 3HaMeHAaTeb.

ITpumep peluenus:
14 2 26 - 3 :
x-1  x-1 x+1
2 ' 2 _ 2
1_(x2_1)+2‘x 1 26 X 1=3_.x 1;
. x-1 1 x° -1 1 x+1 1
Ja?-142(x+1)-6=3(x~1), [#*~T+2x+2=3x-3,
x*~120; x*#1;
x2-x-2=0, {x=2nm x=-1,
x#%1; x#+l.

Hrar, x=2.0meem. 2.

MppalMOHaAbHbIE YPaBHEHMUS

Hppayuonansnsim ypaBHeHNeM HA3LIBAETCA yDaBHEHMe, B KOTOPOM
IepeMeHHAsI COLEPIKUTCS L0 3HAKOM KODHS FJIM 10X 3HAKOM BO3BeIeHUs
B JpOGHYIO CTemeHb, '

IIpocreiilie HppauMoOHaTbHEIC yPABHEHU

, | z\"/_:::_=a,n«5N] lz"*\'/-x_=iz,nel\d
.

&> & <& =

Perenuii : 0 on
HeT

YpaBHeHUE 2n+,1/f(x) =g(x) s nenN, PABHOCHJIBHO ypaBHeHmo'

f(x): gz"”(x).

66



. . . f x =g2n x),
Vpasmenue Zn’f(x) = g(x), n e N , paBHOCIJILHO CHCTEME {g((x))>() ( )

Ypasmenue %/f(x) =%/g(x) , neN, paBHOCHILEO OfHOM M3 cucTeM:
[0 f

f(x)>0 g(x); 0.

Ipumepot pewwenusa: - ,
1 §~2x-5 =-8; -2x-5=(-3)’; ~2x-5=-27; -2x=-22; x=11,
Omeem. 11. . : ‘ :

: ‘ 2 2 .
N , x+3=(2x+5), x+8=4x"+20x+25,
2. Jx+ 2x+5 {2x+5>0; 2% 45> 0;
4x* +19x+22=0, Jx=-2, x=-5,5,
2x+520; 2x+520; orcioga x =—2.0meem. —2.

2 2
7 o _ [airo . )X —8=3+bx, |x"-bx-6=0, x=6,x=-1,
8. V¥ -8 =y3ib ’{x2~3>0; {x2—3>0; .{x2—320;

oTciofia X =6.0meem. 6.
MNokasaTeAbHble ypasHeHMs

HoxazamenvHvimu ypaBHEeEUSAMY HashIBAIOTCSH YPABHEHYIS, B KOTOPHIX
HepeMeHHAS COJEPIKUTCA B IIOKA3aTeNle CTETEHM IPH MOCTOSHHBIX
IIOJIOKUTELHBIX OCHOBAHUAX. '

Hanpunep, ypasuenua 2° +3=0, 3*" —87 +1=0 — noxasaTennusle.

Hpocreilirne nokasareJbHbIe yPaBHEHUA

@ = g¢)

- x — moBoe

— Joboe : ‘
f(x)=0 q;cnoplrgo,[[{% x)=g(x) giresio ua OJ13

Vpapuerue a’ ©=p; a>0, azl, b>0 paBHocﬁJit,Ho YPaBHEHUIO
f(x):logab. » . v :
. Hpumep pewerus: 3" —2=0; 83" =2; x =log,2. Omeem. log, 2.
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_Vpasrenue b,a"™*" +b,a™*" + . +b,a™*" = ¢ PABHOCHIILHO yPABHEHMUIO
a’""(bla"l +b2akz+...+b”ak");c. N ' . ‘
IIpumep pewsenus: 3°-2.32=63; 82 (32 —2) =63; 8*.7=63;
3 %=9;87%=3"; x-2=2; x=4.0meem.4. - '
. ' a*=t>0,

Vpasrenne Aa® + Ba® + (=0 PaBHOCHIBLHO CHCTEMe
P ; , P {At2+Bt+C=O.

Hpﬁmeppeiue;-tua: 49” —8'7"‘+7=0;‘(72)x——8‘7"+7:0;

7x=t, {7x:t,

(e o mx 77 =17, [x=1,
(7) BT +T=0; {t2~8t+7=0; t=7nnnt=1.KTaK’[ [

71: M x=0.,

Omeem. 0; 1. . ‘
Vpasmerne Aa’*+Ba*b*+Cb** =0  paBHOCHILHO ypaBHEHHIO

2x X:
Al 2] +B| L | +c=0.
b b

Ipumep pewenua: 3-16*+2.81°=5.36"; 3.4 +2.9% =5.4.9%;

4% Q2= WER 2x . x . i x_

92x 92x 92x 9 9 5
_ 3t -5t+2=0;
4 Y 4)y_2 2 | '
(2] |E ey 2 [_1_
Orzna x 3 3 2
3 4 x=0; -0
t=-— a6o t=1 — 1 =1; x=0; x=Y.
3 9
Omeem. 0; —

Aorapudpmuyeckme ypaBHeHu s

Jozapugmuveckumu ypaBHeHHSIMH HasLIBAIOTCH ypaBHEHUA,
cozepskalrye riepeMeHHYIO II0Z BHAKOM Jorapudma. .,

IIpocreiimue JorapudMuyeckKue ypapHEHH -

I log,x=b,a>0, azl l ‘ [flog,f(x)=b’“>°’““ I

I. x=a v l I f(x)=a’ : ]
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- ¥Ypasnenue log,f (x)v= g(x) , a>0, a ;& 1 pasnocuibHO cucrTeme:
f(x)>0, ‘
f(x)=a),

’ . x x 3x£t’ .
ITpumep pewenua: loga'(9”~72)=x ; 9°-72=3", P —1-T72=0,
: 9°-72>0; |, :
: . 9" -72>0;
3 =9 nmm 8 =-8, |x=2, _
9 -72>0; - 9*-72>0, urax, x=2.0mseem. 2.
f(x)>o0,
Vpassenue log | f(x‘)=b ABHOCHJILHO CHCTEME g(x)>0,
pannene 08,y I0)=0 P g(x)#1,
(x)=g"(x)

ITpunep péwenuﬂ; , loga;x(x2—$c~—1)=1; B

x*-x-1>0, |{x*-~x-1>0,

3—x>0, 3—-x>0,
8-x=1,  |8-x#l,
x%=4; x=12; orciofia x =~2.0meem. ~2.
Ypasrenue log, f(x)=log,g(x), a>0, a#1 paBHOCHIBHO CHCTeMe

{f(x)>0, - {g’(x)>0,
f(x)=g(x); f(x)=g(x).

. x+1,6>0,
IIpumep pewenua: 1g(x+1,5).= lg—;; r+15= _1_;
' ) x
x+1,6>0, x+1,5>0,
|2*+1,5x-1=0; |x =-2 mwm x=0,5; orciona x=0,5. Omeem. 0,5.

Vpasuenue b log, £, (¥)+b,log, f,(x)+...+b,log, [, (x)=clog, g(x), a > 0,

.............

-

69



IIpumep pewenua: log,(x—1) + log(x-2)=log,(x+2); '

1og5((x—1)(x—2))=logﬁ(x+2), (x—l)(x—2)=x+2, x? —3x+2=-x+2,

x—1>0, . x~-1>0, x>1,
x-2>0; x-2>0; x>2;
x*-4x=0, [x=0, x=4,

x>1, x>1, orciofia x =4 .0maeem. 4.

x>2; 1x>2;

Vpapsenne A, logtf(x)+...+ A log, f(x)+4,=0,a>0, a#1, pemaer-
cs1 sameHoH log, f(x)=t. ’

log,x=t,

IIpumep - pewenuas: logﬁx—3log2x=4 H 2
h t“-3t-4=0;
logzxztv Torga 10g2x=4, x=2 , x=16, : .
t=4 nanm t=-1; log,x=-1; | x=27"; | x=0,5. Omeem. 16; 0,5.

Vpasuenne | (x)'mg"g(x) =b, a>0, b>0 paBHOCHJIbHO HJIH CHCTEMe
f(x)>0, ‘
f(x)=1,
'g(x) >0,
log, f(x)-log, g(x) = log, b; ectm b1,
uu ypasHeHmo f(x)=1 (g(x) = 1) ,ecau b=1.
ITpumep pewrernua: x5*=1000; lg(x""‘z); 121000;

lgx=t lgx=t, .
—Q . 2 -2=0" ’ ’
(lgx-2)lgx=3; lg*x-2lgx-3 0'{t2—2t—3=0; {t=3 uny t=-1;
rorpa | £X=3 |x=10°, [x=1000,

A lgx=~1; | x=10"; |x=0,1. Omseem.0,1; 1000.

YpasHeHue C MOAYACM
IIpocTeiimue ypaBHEHUA ¢ MOAYIEM

)
D D> D> D> DD

Penrennii | | 0 Pewrennit
HeT Her

x=b x=xa+b
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VYpaBuenue lf (x)l = ’ g(x), PaBHOCHIBHO 06'beJUHEHTIO ypaBHeHﬁﬁ

[f (x)=g(x).

f(x)=-g(x); mnm SrpaBHeHmo f*(x)= g2 (x).

Mpunep pewenus: |<l=la-xl: [7475 (G2, 155

Omeem. 2.

VpasHeHue I f(x)|:g(x) PaBHOCHJIbHO JIBYM CHCTEMaM: {2

{f (x)=-g(=),

g(x)>o0.
ITpumep peuwrenus: ixz -x-8 | =—x

. {xz—x—8=—x,
2

x*~-x-8=x

mm{ ’

T -x20;

|-x=0.

1 {xz-x—,Sz—x,' {x2—8=0, {xZ:SY, {x=i2\/§_,

~x20; -x>0; ~x20; |-x>0; urar, x=-2v2 .
?

2) x*-x-8=x, |x*-2x-8=0, [x=4 wn x=-2, .
-x20; ~x20; -x=0, uTak, r=-2.

Omeem.—2; -2V2 .
. Vpasuenue ' f (x)' =a,rfe a>0, paBHOCHIFHO OGLEIMHEEHAIO ypaBHe-

i 1077,

Hpumep pewenus: |x +5x+6|— [x +8x+6= 2

+5x+6=
xX+5x+4=0, fx=-1,
x¥+5x+8=0; |x=—4. Omeem. -1; —4.
ITpu pemenuu GoJsee CIORHBIX YpaBHEHUIH ¢ MonyneM Ha,u;o
1) maiit O[3 ypaBHerus;
2) Ha#Ty HYJIU BCeX MOAMOIYIbHLIX QyHKIMIT; .
3) obosraynTh HalinenHsle Hyau Ha Ol13 1 pasburts 'OIIB Ha MHTEePBAJIbI;
4) Ha#TH pellleHUs B KaXKIOM MHTepBaJe i 06513aTeILHO NIPOBEPUTH, BXO-
JAUT AW HaiZeHHoe pelieHne B paccMaTpUIBAeMBIH NHTeDPBAa.

Ipumep pewsenus: | x+1|+|x—5|=20. Boipaxkerusa x+1 u x~5 paBHsI

I ji 11T HYO, eciit x=-1 1 x=5 COOTBETCTBEHHO,
-1 -5 % II03TOMY PacCMOTPHM CJIeAyIOlye TpH CJIyqaﬂ
Puc. 43 (puc. 43)
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L <1, x<-1, [x<-1,
T|-x-1-x+5=20; |-2x=16; |x=-8; urax, x=-8.
I.I‘ -1l<x <5, -1<x<5,
"lx+1-x+5=20; |0x=14; wurax, KopHeil HeT.
I x>5, x>5, x>_5, .
“la+l4x-5=20; |2x=24; |x=12, nrak, x=12.
Omeem. —8; 12.

TPUMroHOMETPHUYECKHE YPaBHEHMS

Tpuzornomempudeckumu YPaBHEHUSMHU HASBLIBAIOTCA YDPaBHEHWS, -
B KOTODBIX HeHUsBecTHoe (llepeMeHHAasd) BXOAUT JIMING IO B3HAK

TPUTOHOMETPHUIeCKOH GYHKITIH.

| VpaBHeHue cost=a | |
i

Vpasuenue sint=a |

P

>

t=tarccosa+2nn, Kopreti
neZ HeT

t=(-1)arcsina+nn,|
neZ

Kopueit
HeT

[ YacTHbIe caydan l

r HacTubie ciayuan l

cost=0 | =%+1m, neZ | sint=0 I—le=1tn, neZ
T
sint=1 »|x=—+2nn, neZ
[[cost=1 [ >[t=2mn,nez | + 2 “
‘ — ' -
I cost=-1 l—->|t=n+21m, neZ I sint=-1 ""x— 2 +2rn, neZ

l VYpasHenue tétl=a I I

VpasueHue Cigi=a l

¥

v

1 t=arctga+nn, neZ { |

t = arcctg a + nn,

neZ l

, v ‘

Y

[ =0

4—————-' YacTHBIE CyYan

t=nn,neZ
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HexoTgophle TPHIOHOMETPUUECKHE YPABHOHUA Ty TEM TOKAECTBEHHBIX
peo6pasoBaHiil MOYKHO IPHUBECTH K YPaBHEHUIO C OXHOM TPUTOHOMeE-

TpuyecKoi GYHKIUEH, a DOTOM cJiellaTh 3aMeHY U IPHBECTH yDaBHEeHHe
K ajgre6pamyecKomy.

ITpumepet peutenus: , ‘
1. sin®x+4cosx =2,75; (1 - cos® x)+4cosx =275,

2 : . 2 _pn Jeosx=t, )
cos“x+4cosx—-1,75=0; cos" x 4cosx+1,75=0. {t2—4t+1,75=0;
cosx=t, - cosx:—l— T

1 7 torma 27 |x=depainn, nel,
t=— mm t=—, 7

2 2 cosx=—2~; xed,

T Yy
Omeem. i—3—+2nn, nelZ.

tgx=t, _
2. tgx+Bctgx=4; tgri———=4; s, {tgx—t,

tgx th—= t' -4t +3=0;
. . . ’
tgx=t, rorma tgx=1, |x=——+7n,neZ,
t=1wnu t=3; A tgx=3;

x=arctgd+nn,ne’Z.

n -
Omeem. —4—-1—1cn ;arctg3+nn, neZ.

VpaBHeHUs, NpaBasg YacTh KOTOPHEIX paBHa 0, 4acTO MOXKHO PEIUMTH
_pasioMeHNeM UX JeBOH 4acTi Ha MHOKHTENH.

IIpumep pewenua:
sinbx =sinx; sinbx-sinx=0;
2sin bx-x cos ’5’x+x =0; sin2.ccos8x=0; sin2x =0,
2 2 - | cos8x =0;
2x=mn,neZ, - =ﬂ,nez,
n 2 .
3x=—4nn,ne’Z; T nn =
2. . x=—+——nelZ.
6 3 .
Omeem. i’—l—; —7—t—+—7t—"l—'—3"neZ.
6- 3

' TpuroHoMeTpuueckoe ypaBHeHHe Buia a,sin’x+a, sin*” xcosx+
+a,sin*?xcos? x+...+a,cos* x =0, Bce WjeHBI KOTOPOro MMEIOT OJHY
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1 TY Ke CTelleHb 2 OTHOCHTENbHO CHHYCa ¥ KOCHHYCAa, Ha3kIBaeTcd 00HO-
podnvim. OnHOPOLHOE ypaBHEHMe JerKo IPUBECTH K yPaBHEHNIO OTHOCH-
TelBHO tEX , €CIM BCe ero WICHHI pasie]uTs Ha cos’ x . IIpu sTom, eciu
a, #0, To TaKoe [leJieHNe He IPUBOAUT K MOTepe Ropnen. Ecan a,=0,
TO COSX CJIe[[yeT BHEIHECTU 3a CKOOKH.

Ipumep pewenua: :
sin® x —3sinxcosx +2cos? x = 0;
sinx  3sinxcosx  2cos’x

—— > + ——=0; tg’x-3tgx+2=0;
cos” x cos® x cos®x '
Stgx=t tgx=t, : tgx=2 x=arctg2+nn, neZ,
’ ’ TorKa ’ 7
{ -3t+2=0; {t=2 wm t=1; [tgx=1; x=z—+nn,neZ.

Omeem. arctg2+nn, —Z—H’cn ,'n eZ.

o . ¢
VpaBHeH#e 4CcOsX +bsinx = ¢ PaBHOCHUIIEHO ypaBHEHWIO sm(x + (p) =,
r .

; ) .a
rae r=+a*+b® , p=arcsin—.
. r

Ilpumep pewenus:
' sinx+\/_cosx=1;
1 1
sinx+ = COS ¥ = — e}
: \/1+(J55—- \/1+ 1+(\/3_)
. i T 1
—sinx+ cosx———, cos—sinx+sin—-cosx=—
2 3 -3 2

sin(x+i)=i; st B () Ernn, nez;
3 2 3 6 - .
x=——7t—+(—1)"l+1tn, neZ.
3 6 o

y

Omeem. -—E—+(—1)" L ovnn, nez.
3 6 - .
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Tpadpuyeckuis cnocob pellieHus ypaBHeH!N

Yro6bi rpadutecKy pemuTh ypasHerue f(x)=g(x), ciexyer mocrpourts
rpaduxu dysxuuit y=f(x) u y=g(x) u HaliTH abGCuEecHl TOYEK
TIepeceveH s IIOCTPOSHHEIX I'PADHKOB.

x
ITpumep pewenus: (—3—] =x+1.TlocTpous B ouoii ccTeMe KOOPAUHAT

rpadurn QyHKIIH ' y=(~;—) u y=x+1 (puc. 44), Haxogum abeumecy

TOUKH IIepecedyeHus rpadpuron: x=0.
Omeem. 0.
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§ 15. YpaBHeHMUSI C ABYMS NRPEMEHHbIMM
YDaBHeHMe nero pemeHm_

Pasenctso, cosepialiiee /iBe mepeMeHHbIe (HeH3BeCTHEIR), HABLIBACTCS
ypasnenuem ¢ deyma nepemennsimu (HeU3BECTHBIMI). | ‘ '
Pemenuem ypaBHeHUs ¢ JBYMSA HepeMeHHBIMU f(x; y) =0 HaspIBaeTCH
. YOOpSJOUEHHAS TApA YMCeN, KOTOpasd IpeBpalaeT ero B HpaBHABHOE
pasencTBo. EcM aH0 ypaBHEHNUSA ¢ IBYMSA ITePeMEHHBIMH X 1 I, TO IPHHATO
_B 3aIIMCH er'o PellleHuH Ha [TepBOM MecTe CTABMTD S3HAUeHHe TIepeMeHHOI X,
8 Ha BTOPOM — 3HAYEHHe Y. / . ' '
Hanpumep, mapst (4; 3) , (3; 4) , (—,3; 4) , (—3; -4) '— pelieHus
ypaBHenms x°+y" =25, omHako mapsl (1;5), (2;3) peumeruamu
ypaBHenusa x°+y? =25 He OymyT. YpaBHeHHS C JBYMS IepeMEeHHBIMH,
HMeloIMe OAHHM U ‘Te Ke DellleHWs, HASHIBAIOTCH PAGHOCUNLBLHBLIMU.
VpaBHeHUs ¢ OBYMSA IIepeMeHHBIMM, He HMeIolue DelleHul, TaKxKe
‘CYMTAIOT PABHOCUJILHBIMH.
JLis ypaBHeHui#l ¢ IByMs IepeMeHHBIMH BePHBI T€OPEMEI 0 PABHOCHIBHEBIX
. ypaBHEHHHX :

fpaduk ypaBHeva C ABYMS NepeMeHHbIMU ,

I'pagurxom ypasrwenus ¢ 06yms nepemeRHsiMuU X U y HASLIBACTCA
MHOK€CTBO BCeX TOUEK KOODAUHATHOH IIJIOCKOCTH ¢ KOOpARHATAMY (x, y) ,
rfe napa (x; y) fABIseTCs pellleHrueM COOTBETCTBYIOIIEro ypaBHeHI .

I'padux ypaBHeHUS CIeLyeT OTIHYATE OT rpadukra Gyaruun. I'paduxr
ypaBHEHUS TOJBKO TOTZa ABASeTcH IpaduroM OYHKINM, KOTHa Kaxas
opaMadf, NapajulensHas ocH Oy, IepeceKaeT ero He :
GoJsrpliie, ueM B OGHOM TOUKe.

Hanpumep, usobpaskeHHble Ha PHCYHKe.
45 NONYOKPYKHOCTH - rpadpury  QYHKIHH

4-x* (BepxHaS MOJYOKPYKHOCTD)

7 y=—Jd-x* (EHKHAS IONYOKPYKHOCTB).
Hx oﬁ%ennnenne — BCS OKPYSKHOCTH — Ppa(bmc
ypapueHus x°+y° 4
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I'pacduku HeKOTOPLIX YpaBHeHHIT

Yparuenue

- Onucanue

x2+y2=R2

‘TpoM (0; 0) pazuyca R

OKDPYKHOCTD C IeH-

(x—a)z+(y——b)2 =R?

OKDPYKHOCTE C LIeH-
TpoM (a; b) pagumyca R

ax+by+c=0
(az+b2 ;_tO)

]Y

ITpsamas:

ecnu a =0, mapai-
JnenbHa ocu Ox;

ecnu b=0, napai-
JenbHa ocu Oy;

ecsiu ¢=0,; npoxogur
depes (0; 0)

x=ay’ +by+c

TTapa6oJa ¢ BepmuHOH

b b
c- s —— .
4q 2a
Ecan a >0, BeTBR
HalpaBieHbl BIIDABO,

ecnu a<0,BeTBH
HAPAaBJEHEI BJIEBO
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.

OkoHuanue mabauyst

YpasHenue

Onucanue

|=[+[y|=1

Ksajpart, HeHTp KoTo-
POro JIEHKUT B TOUKE
(0; 0), nmaronany,
PaBHEI 2, JeKAT Ha
KOODAHUHATHEIX OCAX

IIpeaGpasoBaHue rpaduKa ypapHeHUA F(x;

YpaBuenue

IIpeoGpasoBanus

. TeomeTpudeckas
NILTIOCTPaLMsE

F(x—a; y—b)=0

HapanensHoe IepeHece-
HUe Irpapuxa ypaBHEHUSA
F(x; y) =0 Ha BeKTOD
ﬁ(a; b)

YA F(x—-a,y~b)=0

bl ..

RrY

ol a
F(xa y)=0

F(|x|; y)=0

UacTs rpaduKa ypaBHeHUSA
F(x; y)=0 cnpasaor ocu

- Oy (1 Ha caMoit ocH) ocTa-

ercs 6e3 UBMeHeRU, U 3Ta
sKe 4acTh CHMMEeTPHIHO
oToOpaskaeTcda OTHOCUTEb-
Ho ocu Oy

F(x;y)=0 F(]xl;y):O

F(x;]y])=0

Hactb rpaduka ypaBHeHNA
F(x; y)=0, pactososxen-
Had BhiTe ocu Ox (M1 Ha
camoii ocu), octaeTcd 6e3
u3MeHeHUH, 1 3Ta XKe YacTh
CHMMEeTPHYHO 0TOGpaxaer-
cs oTHOCHUTENBHO ocu Ox

O x o x

F(x;y)=0 F (x; |y|)= 0>
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§ 16. C1cTeMbl YpaBHEHMM
CHCTeMbl YPABHEHMI C ABYMS NEpeMeHHbIMU

HecxonbKo ypaBHEHUH ¢ IByMS TepeMEHHBIMM, OTHOCUTEJILHO KOTOPEIX
IOCTaBJeHa 3a/jaua HaHTH BCce O0ILME pellieHsI, HASLIBAIOTCH CUCeMOotl
ypaenenuii ¢ dayma nepemennsimu. IIpy 3anucu cucTema ypaBHeHHi
obosnauaeTcs ciesa obbenuAAONel GUrypHO ckobKoL. '

Pewums cucmemy ypaeneruil c 06yma nepemenHbIMU O3HANACT HANTH
BCe ee pellieHNs WU JOKABATH, UTO CHCTeMA PEeIleHuil He UMeeT. ,

Pewenuem cucmemot ypaeruenuii c 06yma nepemeniuoLmu Ha3bIBaeTCs
Hapa 3Ha4YeHWH HepeMeHHbIX, KOTODAsS MIPeBpaliaeT KaKjoe ypaBHeHHe
CHCTEeMBHI B IIpaBHJIbHOE paBeHcTBO. Hanpunmep, napa uncen x=3, y=2

(sanuchIBaeTCA TaK: (3; 2)) SIBJISIETCS PellleHNeM CHCTeMbl ypaBHeHUH
2x+3y=12,
x-y=1.

PaBHOCKALHbIE CUCTeMbl YPaBHEHWH

CucreMBbl YpaBHEHUH ¢ OBYMSA HepeMeHHLIMU, UMeIIIUe OIHU U Te
JXe pellleH A, Ha3bIBAXOTCA paeuocunbuumu. CHCTeMLI ypaBHeHHﬁ, He
I/I_MBIOHJ;I/Ie pemennfft, TaKKe Ha3bIBAIOTCA PaBHOCHUJIBHBIMH,

TeopeMsI 0 pABHOCHJIBHOCTH CHCTEM yPaBHEHMIT
1. Ecny 3aMeHUTH NOPSMOK YDaBHEHU CHCTEMEI, TO IOJYUUM CHCTEMY,
PABHOCUJIBHYIO JaHHOMH.

Hanpunmep, cucreMbr x+y=10, u x-y=0, aBHOCHUJIbHBI
putep, x—y=0 x-l—y=10p )

2. Ecou ofHO M3 ypaBHeHMil CHCTEMBI 3aMeHHTEH HAa PaBHOCHJIbLHOE emy
ypaBHeHMe, TO NOJYIUM CHCTEMY, PABHOCHIBLHYIO ,r[aHHOH
5x -5y =10, - {x y=

2
x+y=3 x+y=3 PaBHOCHUJILHEI.

Hanpumep, cicTeMbl {

3. Ecsim B cucteMe ypaBHEeHUI W3 OJZHOTO ypaBHeHPIH BEIDasuUTH OJHY
TIepeMeHHYIO uepes APYryio HepeMeHHYIO U II0IyYeHHOe BhIpaXkeHUe
IIOZCTABUTH BMECTO 3TOM IIepeMeHHOH BO BTOpOe ypaBHEHUe CHCTEMEI,
TO MOJIYYUM CHUCTEMY, PABHOCHIIBHYIO JaHHOH.

x-y=3, y=x-3,

Hu - aBHOCHJIbHBL.
+y?=2" |2 +(x-8) =2 P

Hanpunmep, cicTeMul {

4. Ecsiy oo M3 ypaBHeHUH CHUCTEMBI 3aMeHITH CYMMO#! IepBOT0 ypaBHe-
HHUS, YMHOMKEHHOI0 Ha Uucio o # 0, 1 BTOPOro, yMHOXKEHHOr0 Ha YHCJIO
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B0, aoxH0 U3 ypaBHeHUil 0CTABUThH O3 U3MEHEHUM, TO HOJIYUUM CHC-
TeMy, PABHOCHIALHYIO JaHHOMH.

Hanpumep, cucreMl {

PABHOCHJIBHLI.

2x -3y =10,
3x+2y=5;

_ [(2x-8y)-2+(3x+2y)-3=35,
3x+2§=5

CUCTeMbl AUHEIHHBIX YPaBHEHUM C ABYMS NEPEMEHHbIMU

Cucrema BHAA {

a,x+by=c,
a,x+by=c,

ypasrenul ¢ 06Yyma nepemeHHbIMU.
BoamokHEIe cIyuam pelieHU s CUCTeMB .

Ha3bIBAETCH CUCMeMOoll AUHEUHBIX |

Yenosue

I'pacduueckas

MuosxecTso
peixeHuH

KoaddunuenTsl ripu
HEeU3BECTHBIX (llepeMeH-
HbIX) B ypaBHEeHUY He
NPONOPIHOHABHEI, T. €.
ab; # a,b,

MHTEpIIpeTalus

ax+ b1y7= !

)

i

]

1

i "
O‘ %, x
a,x+by=c,

IIpsimbie mepecexatoTes

Onuo pemienue.
— c1b2 - csz

(1 R )

a,b, —a,b,

_ 46 a0

(1
’ axbz - a2b1

Koadpdunmenrs! npu
HEM3BECTHBIX (Tlepe-
MeHHEIX) B YPaBHeHUH
IIPOTIOPIIHOHAJIBHEI, T. €.
a;b, = a,b, , ogHAKO OHY
He IPONOPIIHOHATIHHBI
CBOGOIHBIM UJIEHAM

a,c, # a,c, wia be, # bye

YA ax+by=c,

—

X

ax+byy=c,

ANESAN

IIpameie napaiaeasHBI

Pemnennii HeT

Kosdpdunueuts: mpyu
HeNs3BECTHHIX (Ilepe-
MEHHBIX) ¥ CBOGOIHBIE .
4JieHbl B YPaBHERUU
TPONOPIVIOHANLHEI, T. €.
ab,=ab; ac, = dzcx H
b, =bye,!

YA : -
ax+by=c,

a,x+by=c,

.

O x

ITpameie coBnagaroT

BeexoneuHo MHOTO
penieHuit
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Mpaduueckuit cnocob peLleHus CUCTeMmbl
YPaBHEHUI C ABYMS NepemeHHbIMU

Yro6hl pelInTh CHCTeMy YPaBHEeHUH spaduueckum cnocobom, HaJO:
1) BHIONHUTDH paBHOCHJILHAIE IPe0OpasoBatms CHCTeMEI TaK, YTOOR! y106-
HO 6B1JI0 TOCTPOUTH I'padHKH ypaBHEHHNH CUCTEMEL;
2) mocTpouTs rpadury;
3) naliTn KOOPAUHATH TOUEK IepecedeHns HOCTPOCHHBIX JHHUH. STH
- KOOPAMHATHI X SBJIAIOTCSA PEINeHUSMHU CHCTEMEL ypaBHeHHH
Hpumep pewenuasn:

{z: fy—z i’ 4 IlocTponB rpaduKky ypaBHeHmit YA |
x+y=2 (UpAMas, NPOXOAAIAA Uepes TOUKH )
(0;2) um (2 O)) u x*+y*=4 (oxpyxHOCTE 9
¢ IeHTPOM B TOUKe (0; 0) u paxguycom 2) (puc. -0 x
46), HaXOAUM TOYKY TIepecedeHud JMHER: (0; 2) j\
u (2;0). Hrak, perenweM FaBHOM CHCTEMEI L2, Ry, x+y=2

sapasores napss: (0; 2) u (25 0). Puc. 46
Omsem. (0; 2}, (2;0). '

PelleHne CUCTeMbl YPaBHEHWIA C ABYMS

nepemMeHHbIMH cnocobom CAOXEHHNS
Yro6rl pemuTh CcHCTEMY C [BYMS IIepeMEHHLIMH CHOCOGOM
anze6pauteckozo CLONCEHUA, HALO:

1) ypaBHATH K03 dUIMEeH TR IPY OXHOM U3 nepemeHHux (upn Bupamermax)
NyTeM [IOYJeHHOTO YMHOMEeHUS 000MX ypaBHeHUIl HA MHOMUTEJH,
nopoGpaHEbIe COOTBETCTBYIOIIIM 06pa30M;

2) cJoKKUTh (MJIX BEIYECTD) HOUNIEHHO YPaBHEHUA CHCTEMbI, MCKJIIOUNB
OZHY M3 [epeMeHHLIX; PeIlNnTh HOJYyYeHHOe ypaBHEHMe. ¢ OLHOMH
mepeMeHHOM;

3) ma¥iTu sHaueHue BTOpPOH nepeMeHHon TAKUM 2Ke cHocoGoMm (Miau
ToACTaHOBKOH HalilenHoro sHaYeHN nepemennon B moﬁoe U3 38 JaHHBIX
YpaBHEHUNH CHCTEMBI); :

4) samucaTth OTBET.

Ipumep pewwerus:
8x+2y=5,
5x—3y=2. HO‘{JIeHHO VMHOKHR TIepBOe YpaBHeHMe CHCTeMBI
Ha 3, a Bropoe — Ha 2, MONYYUM CHCTEMY 92 +6y =15, [ourexHO
' ' 10x -6y =4. ;

CIOKMB ypaBHEHHUsA cucTeMBl, uMeeM: (9x+6y)+(10-6y)=15+4,
19x =19, x=1. ITounenno YMHOXHB IIePBOe YpaBHeHNe Ha —5, a BTopoe
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~152-10y =~25
15x-9x=6.-

umeem: —19y=-19, y=1. Omeem. (1;1).

Ha 3, IIOJIYYNM CHCTEMY { ’ Cioxxus TOY/IEHHO YPaBHEHHE,

PelieHne cuctembl YpaBHEHHUA C ABYMS

nepemerHbiMi CﬂOCO6OM NOACTAHOBKM
Yro6rl pemiuTh CHCTEMY ABYX YpaBHEHMH ¢ ABYMH nepelverHmMH
cnocobom nodcmanoaru, Hajio:
1) BBIPABUTE U3 OHOTO YPaBHEHNS CHCTEMbI Of{HY IePeMEeHHY 10 Yepes BTOPYIO;
2) 1oJCTABUTEL HalleHHOe 3HAYeHUe BO BTOPOe ypaBHeHUe CHCTEMBI ! I10-
JIYYUTH YpaBHeHHe OTHOCHTEILHO BTOPOH IepeMeHHOH;
' 3) peInUTh NONYUeHHOe YPABHEHHE H HANTH BHAUSHHE BTOH NepeMeHHOH;
4) moficTaBUTH HalifleHHbIe 3HAUEHN B BEIPAXKeHNe A7 lepBoil mepeMeH-
HOH ¥ OJIYYUTH ee cobTBeTc'rBy;omne SHAYCHUS,
5) samucaThb OTBeT.
ITpumep pewtenus:

{x2+y2=34, {(2+y)2+y2=34, {4+4y+y2+y2=34, {x=2+y,

x-y=2; x=2+y; x=2+y; 2y +4y-80=0;
x=2+y, x=2+y, x=-8, x=5,
{y2+2y—15=0; {y=—5 wm y=3. T {y=—5: o {y=3-

Omeem. (—3; ‘—5) , (5; 3).

PelleHue cucTembl ABYX YPaBHEHUIA C ABYMS NepemMeHHbIMA
METOAOM BBEACHMS HOBOW NepemMeHHOM

TIpm pelleHuM cuUCTEeM HeJMHEHHBIX ypaBHeHHW, KakK IpaBuio,
HMCIOJb3YIOTCH pasjHYHble KOMOUHALINY HeCKOIBKIX MeTOAOB pellleHHUs
CHCTEM, B YACTHOCTH Memod 66edenus HO60U nepemeHHOU.

ITpumep pewrenus: :

1 1 v 1
2ty | x-y =2 ary a+b=2,
3 4 Hyere 7y roraa {3 +4b="T;
-+ =7, - :b7 o
x+y x—y x-y
1 —
- oja= 2 b, 18=L porna mveen: xry
( )+4b 7 b=1. " 1y
x-y
{x+y=1, {x+y+x—y=2, {2x=2, {x=1»
x-y=1; x+y—_x+y=03 2y=0; |y=0 Omaem. (1;0) .
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§ 17. HepaBeHCTBa M CHCTEMbI HEPaBEHCTB
'C OAHOM NepeMeHHON ‘

HepaBeHCTBa C OAHOM NepemMeHHON U UX pelleHKs

Hepasencmeom c o0noi nepemennoit (HeM3BeCTHLIM) Ha3LIBAIOTCHA
LB& BBIPAYKEHMNA C IIePEeMEHHON (HeU3BeCTHEHIM), COeAHHEHHbIe 3HAKOM
HepaBeHcTBa: > (Gonbilie), < (MeHbLue), > (fonbie uan paBHO‘ He MeHLIHe),
< (MeHBLile MJIU DaBHO; He OOJIBIIIE).

Pewenuem nepaserncmea BaspiBaeTcs sSHAUCHIE HepeMeHHO (HeuBBecT-
HOTO), IIPH KOTOPOM HEPABEHCTRO IIPEBPAIIAETCA B TPABMIBHOE YHCIIOBOS
HepaBeHCTBO.

H anpumep, YHCII0 5 ABISETCA pellledyeM HepaBeHCTBa Xx° —6x <0, TO-
ckoNpKy B2 ~6-5<0.

Pewumeo Hepasencmeo o3HauaeT Ha¥TH Bce eT0 pelleHus YK [IOKa3aTh,
4TO HX HeT.

Peruenusamu HepaBeHCTBa SBJISAETCSA HEKOTOpPOE HOZMHOMKECTBO Jell-
CTBHUTEJIBHBIX YHCEI.

HeROTopme IIOXMHOXKeCTBA MeMCTBHTEJHLHBIX UNCcetI; HX oGo3HaueHue,
naoﬁpamerme HA KOOpI[ﬂHaTHOﬁ HpﬂMOﬁ H 3alIIMCh B BUJIe HepaBeHCTBA

‘ 3anunce
Haspanue O6o3zHauenHe Uzo6pancenne B BUE
. HepaBeHCTBa
Yncioas mpaMas | (—co; +eo), R W; ~oo <X < oo
3aKpbITHIN IPO- y
MeXyToxK (0Tpe- [asb] ——‘W—; a<x<bh
30K) ‘ . '
OTKpHITHI y ’
HPOMEXYTOK (a; b) —EW;—; a<x<b
(nHTEpBAa) :
o [a3b) 7/ a<x<b
" ? a b x
HonyoTRpBITHIR :
IIPOMEXKYTOK . 1 <b
(a; b} ——W—){z — a<x<b
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Oxonuanue mabauybt

Beckoneursiit - | ' p
(_‘x,; a] 22222277 x<a

IIPOMEIKYTOK (J1yY)

(coja) |20, | x<a

a x
(a;+o$) —W; : ‘x>a
[a; +e) ——-—-——{W-; -x>a

~ PaBHOCHAbHbIE HepaBeHCTBa

JBa HepaBeHcTBa HABBIBAIOTCA PUGHOCUNbHBIMU, €CIIH MHOMKeCTBa
UX ‘pellleHU# cOBIANAIOT. HepaBeHc'rBa, He MMeoII[e pelIleHnH, TaksKe
CUNTAIOTCS PABHOCHILHBIMH.

Obnrnacmeoro 0onycmumux 3HavenHul (O,[[B) HepaBeHCTBA HA3HIBACTCH
' MHOKECTBO SHAYeHUt TiepeMeHHOH, IPH: KOTODHIX BRID&IKEHUS B obenx
YacTAX HepaBeHCTBA O peLesIeHbl.

Hanpumep, 061acThI0 ZOIYCTHMBIX 3HAYCHXIL HePaBeHCTB X~ > X ABJA-
eTCH MHOMKECTBO JelicTBUTEIbHEIX YHCeT; 8 06JI8CThIO IONYCTIMbIX SHaYe-

HHH HepaBeHCTBA v X+3 <X SBIAETCH MHOMKECTBO [~3; + oo) , HIOCKOJIBKY
* BRIpasKeHHe v x+3 ompegeneHo, ecan x+320.

TeopéMbI 0 pABHOCHJILHOCTH HEPABEHCTB

1. Ecnu x o6euM yacTAM HepaBeHCTBA HPHOABUTD OFHO ¥ TO $Ke YHCIIO MIH
BhIpaskeHMe ¢ TepeMeHHOM, YTOo He TepsieT CMbICT IpH JI060M 3HaUYeHNH
nepeMeHHOH 13 o6yacTu onpe,ixenenna HepaBeHCTBa, TO IOJAYUUM He-
paBeHCTBO, PABHOCUIbLHOe: FagEoMY, OTCIofla BEITEKAeT, UTO U3 OJHOI
YacTH HepaBeHCTBA MOXKHO IIepeHeCTH BO BTOPYIO CJIaraeMoe ¢ IPOTH-.
BOIIOJIO?KHEIM BHAKOM: f( Jtg(x)< h(x) roraa f(x)< h{x)¥g(x).Ha-"
npusep, HepaBeHCTRa X < x+2 m x° ~x~2<0. paBHOCI/IJILHBI.

2. Ecnrz 06e 4acTH HepaBeHCTBA YMHOMKATH WIH paanenn'rb Ha OJIHO U TO
sKe TIOJIOKUTeJILHOE UHCJIO I Ha BEIDAsKeHHe C IepeMeHHOM, KoTopas
HpHo6peTaeT JUIIE NOJOXKHUTENbELIC SHAUCHIA ¥ He TepsieT CMbICH Ha
MHOCECTEE JOIYCTHMbIX SHAUEHU HeNaBeCTHOMN I JaHHOTO HepaBeH-
CTBa, TO IOJIYYUM HEPABEHCTBO, paBHocnm;Hoé,‘J.(aHHOMy.

Hanpumep, HepasencTBa 5x 210 u x>2;
HOCVLJIBHBIL.

S
7 <l umx<x"+1 pas-
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3.

Ecnu ofe yacTyt HepaBeHCTBa YMHOMKHTH UM PasfeJuTh Ha OJHO U TO
sKe oTpHUIaTe bHOe YUCJIO MK Ha BEIpaskeHUe ¢ IepeMeHHoH, Koropas
rpuo6peraeTr JUIIL OTPUIATEIbHBIE 3HAUCHUA U He TepseT CMBICI Ha -

_MHOXKecTBe LOMYCTUMBIX 3HaUeHUH HeU3BeCTHOM IJIsi JAHHOT0 HepaBeH-

CTB4, a TaKe IIOMeHATH 3HAK HepaBeHCTBA Ha HpOTHBOHOJIO?RHHfI, TO
IIOJIYYHM HepaBeHCTBO, PABHOCHIIbHOE NaHHOMY.

——-——————“_x_1>1 u ;/—x—l Sarctgx ; —Tx>7

Hanpumep, HepaBeHCTBa
arctgx

U x<~1 paBHOCHJIbHEL

Ecim obe wacTy HepaBeHCTB& BOBBECTH B HEUETHYIO HATYDPAIBHYIO
cTelleHb M COXPAHHTb 3HAK HepaBeHCTBA, TO IOJYyYHM HepaBeHCTBO,
PaBHOCHJIBHOE JAHHOMY.

Hanpumep, nepanencrsa ¥x° +x <Y3-x u x* +x <8-x paBHOCHILHEL

. Ecam nepBoe HepaBeHCTBO PaBHOCHILHO BTOPOMY, & BTOPOe — TPETHEMY,

TO IIEPBOe-HePaBeHCTBO PABHOCHJIBHO TPETheMY.

AvHelHble HepaBeHCTBa C OAHOM NepemMeHHOM
Junetlinvim Hepasencmeom ¢ 0OHOU nepemeHHol X Ha3LIBAGTCS

HepaBeHCTBO Bufia ax+b>0, ax+b<0, ax+b>0, ax+b<0.

CxeMbl pellieHNA JINHeHHOTo HepaBeHCTBA
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KsaapaTtHyHbie HepaseHcTBa

Keadpamunnsimu Hepasencmeamu HasblBAIOTCA HepaBeHCTBA BU/A
‘ax’ +bx+c>0, ax’ +bx+c<0, ax’ +bx+c >0, ax® +bx+¢c<0 (a#0).

Peluenns KBATPATUYHEIX HEPABEHCTE

Cxema

KBaaparnuHoe HepaBeHCTBO

ax*+bx+c>0

ax’ +bx+c<0

ax® +bx+c>0

dx2+bx+c<0

a>0,D>0

(e U
Ulys +0)

(%5 %)

(oo 2, JU
U, +0)

[x;; x, |

(=o03 2, )U
U(g5 +20)

(o0 +22)

(e03 +o0)

(=03 +o0)

(x5 x,)

(5005 %, )U
U3 +0)

EXEA

(oo; x, JU
U3 +oo)

(=ee3 2%0)U
U(g3 +0)

bl

(o =)

(o003 +2)

(meo; +2)




7

Cucrembl AMHEHHbIX HePaBeHCTB C OAHOM NepemMeHHON

a,x>b,

a,x>b,y, a,x <b,, a,x<b,, a,x>b,

Cucremsr BUA: {

“lax>b
{1 1wy

ax<b, a,x<b,
{ 1 1? I/IJII/I{ 1 1

HasbhIBAIOTCH cucmemamu 08yx nunelnblx YpaeHeRul ¢ 0OHOU nepemen-
Hotl. (BMecTo 3HAKOB >, < MOTYT OLITh 3HAKHA >, <. )

YT0o6h! peInTh CUCTEMY HePaBeHCTB, HaJ0 KaKjoe HepaBeHCTBO CHCTe-
MEI PeIlTUTh OTAEALHO, 4 IOTOM EaliTH pelleHue CUCTeME] KakK Ilepeceuerue
MHOYECTB pellleHnil HepaBeHCTB.

. BoamoxkusIe CIy4Yau pellieHud cucremM JAUHeHHBIX HepaBeHCTB

Cucremyl auneiitHpIx | Penrenne u ero reomerpu-
I - IIpumep
HePaBeHCTB (a > b) YecKas MITIOCTPAINS
Z x>3 7
va, U :
| -
i xe(a; +°°) xe(3; +<><>)
VW . x<b, VW
x<a, ‘ N b a x {x < 2 N 9 5 x
x<b e (_oo, b) :
’ xe (—oc; 2)
% a '
oy > R S
x>b 4 x>1 1% x
xe(b; a) xe(l; 4)
w4, 5 N x> 6, '
{zzg’ b a™Nx {x<3 B B\
Pemenui ner Pemenuit HeT

‘HepaeeHcTBa BMAS f(x)g(x)>0 U f(x)g(x)<0

Hepagenctso f(x)g(x)>0 paBHOCHIBHO KBYM cucTemMam:
f(x)>o0, f(x)<0,
{g(x) >0 M {g(x) <0.

Hepagenctso f(x)g(x)<0 paBHOCHIBHO ABYM cnCTeMaM:

f(x)<o0, f(x)>0,
e o

g(x)>0 i g(x)<0.
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PelleHUe ABOMHDIX HEPAaBEHCTB
Iloitnoe HepaseHcTBo f(x)<g(x)<h(x) paBHocHIBHO cHCTeMe

f(x)<e(x),
g(x)< r(x).

ITpumep pewrenua: —3<2x-1<3, {

HepaBeHCTB' {

2x-1>-3, {Zx >-2, {x >-1,

2x-1<3;  |2x<4; |x<2.
Torga (puc. 47) xe(-1; 2]. Wz
Omsem. (-1; 2]. Puc. 47

ApobHbie HepaBeHCTBa

7(x)

HepaseHncTso- ( ) >0 pPaBHOCHJILHO JBYM CHCTEMAM HepABEeHCTB:

{f(x)>0, {f‘(x)<o,

g(x)>0 e g(x)<0.

'HepaBeHc'm‘;o ' 2 ( ) <0 péBHocnnLHo JiByM cHcTeMaM HePaBeHCTR:
i x . o o
1(x)>0, __[1(x)<0,
g(x)<0 g(x)>0.
Hepasenctso 2((36)) >0 paBHOCHJIBHO JBYM CHCTeMaM HEPABEHCTR!
x .
f(x)=0, I f(x)<o0,
g(x)>0 g(x)<0
HepagescTzo - 2((36)) <0 paBHOCHJEBHO IBYM CHCTeMaM HepaBeHCTB:
x
> . <
: {f(x) ?)’ wim {f(x) g’ : "
ITpumepol pewenus: € (x) < £ (x)> ) :
x-2 x-2>0,[x>2, -7
1. 7 >0. 1){x_7>0;{x>7.Toma(puc.48) —W’ 2 7N x
» . xe(7; +oo), . Puc. 48
- . ) o 2 7
2) {i_? Z 8: {i : 3’ Toma' (puc. 49) x« 2 7 x

xe(—eo; 2) ] Puc. 49

Omaem: (~eo; 2)U(7; +20).
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_ 1< 3 < ’ 0,5
p 2x-1 <0_1){2x 1<0, {2x 1, {x<0,5, T

3-x 3-x>0; |x<3; Jx<3. Puc. 50
Torga (puc. 50) xe(—oo; 0,5] .

2) {2x 120, {Zx 1, {x 0,5, L >

3-x<0; |x>8; |x>8. ’

Torpa (puc. 51) x &(8; +). - Puc. 51

Omeem. (~oo; 0,5]U[3; +oo),

UppaumoHaAbHble HepaBeHCTBa

‘TIpocTeiinine HppaloHaJbHEIC HePABeHCTRA

‘\/——<a neN 2\"/;_>a,neN

> b oD

Pemrennii || Pemrennit > a

0 x<a®
= a HeT HeT

' Hepazencrsa 2+/f(x) ) & Zmﬂf x) <g(x), neN, paBHO‘CI/IJIBHLI‘ '

HepaBeHcTBaM f(x)> gz'”l( ) flx)<g™(x).

ITpumep pewenusa; ¥x*+x*-5x+6 <x, x +x’ -Bbx+6<x’,

x?-5x+6<0, (x-2)(x— 3)<0 Torga (puc. 52) xe(2 3) iz\@g“‘_,
X

Omeem. (2; 8). (LR » o, . pue. 52
: ‘ ‘ . . g(x)>0,
‘Hepapencrso X/f(x) <g(x), n e N, pasrocusso cucreme | f(x) < g2 (x),
o ' ' f(x)>0.
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4-x>0,
IMpunep pewenus: Ndx—x* <4-x, {4x—x° <(4=—5c)2 ,
» 4x—x%>0;

x<4, . x<4, x <4,
dx-x2<16-8x+x%, {2x*-12x+16>0, {x*-6x+8>0,
x(4-x)>0; x(4-x)>0; x(4-x)>0;

x<4, - |xe(-s4)s
(x—2)(x—4)> 0, {xe(-o; 2)U(4; +). Toraa (puc. 53) x €[0; 2).

x(4-x)>0; xe[O; 4). o
o \W\W >

Qmeem. [0; 2). . s N S N
h Puc. 53

HepaBeHCTBO z,ﬂ/ f (x) > g(x) , ne N , paBHOCHIIbHO 06'be A HeHIIO CHCTEM

{g(x)> 0, {g(x)< 0,

7(x)> g™ (x) = | f(x)>0.
IIpumep pewenua:
Jxl-5x+4 >2x-8.
2x-820, x>4, x>4,
{x2—5x+4>(2x—8)2; {3x2—27x+60<0; {x2—9x+20<0;

4<x<b,

{x >4, Torna (puc. 54) xe(4;5). ' W

Puc. 54
9 2x-8<0, x<4, x &(—oo; 4),
-2 x-5x+4>0; (x—l)(x~4)>0; xe(-—oo; 1]U[4; +oo);
Torpa (puc. 55) x €(~e0; 1].. %
W 48 x
Omeem. (~=; 1]U(4; 5). Puc. 55 -

"

Hepasencrso %/f () > 2."/g(x), n € N, paBHOCHJIBHO cnc’rewie {Q(x) >8(x),

ITpumep petsenus:

. 2 x-62x2-4, [22-x-220
2_y 6 >Jxl- ’ ’
\[Zx x—6 \/x 4 ,{xz_4>o; . {x2—4>0;
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-2+ )30, [re(-mi-tUfzis), & .
(x~2)(x+2)>0; xE(——-oo; —2]U[2; +°°)‘ )
Torza (puc. 56) x & (—o0; ~2]U[2; +oo).

Omaem. (~oo; ~2]U[2; +).

Puc. 56

‘ HepaBeHCTBa C MOAYACM
IIpocreitine HepaBeHCcTBa ¢ MOAYIeM

|x-b|<a |x-b|>a

&

[ Peimennit et l [b—a<x<b+a| I xeR I Ixéb-—ammx;b+a|_

Hepagencrso |f (x)|< a (rae a>0) paBHOCHJIBHO JBOHHOMY HepaBeH-

f(x)>-a,
f(x)<a.

cTBy —a<f(x)<a mnu cucreme {

s a2 [« +5x<6,
Hpumgppeutenun. |x +5x|<6, 6<x +5x<6'{x2+5x>—6; |
{x2+5x—6<0, {xe(—ﬁ; 1), ,
z . — 00! — —Z ool . N\ N
x +§x+6>‘0, x € (—o0; —8)U(=2; +oo);. Y 3 N
* Torna (puc. 57) x(-6; -3)U(-2; 1). Puc. 57

Omeem. (~6; -3)U(-2; 1).

HepapeHcTBO |f (x)[ >a,rge a>0, paBHOCHILHO O6beJUHEHNIO Hepa-

: flx)<-a,
. BEHCTB
f(x)>a. ‘
3-x>2, |x<1, . .
Hpumeppewenuﬂ:[3.—x1>2, PN x €(~o0; 1)U(5; +20).

Omaem. (~oo; 1)U(5; +e).
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Hepagemcrro | f (x) lv> g(x) PaBHOCHJIBHEO 00be/JHHEHUIO HePaBeHCTB
| [f (x)>g(x),
f(x)<—g(x).

3x-2>2x+1, [x>3,

Ilpumep peutenus: |3x_2|>2x+‘1"\[3x—2<—2x——1; b els

x>3, [x>3,

P T s x.e(—eo; 0,2)U(8; +). Omeem. (~o; 0,2)U(8; +).
5 ’ Y& ! e

Hepanen&rnd l f (x)i < g(x) paBHOCHIBHO cHcTeMe { (e

2x-5<x, {x<5,

Hpumeppqwenuﬂ: |2x ~5|<x, {295—5 R

‘ v
Torga (puc. 58) xe[l—z—; 5].Om6em. [1—2—; 5]. 2N% x

Iy

Hepasescrgo I f(x)|~>|g(x)| PaBHOCHJBHO Hepaiaé}{c'i'sy i
f*(x)> g*(x) mm mepagencrsy (f(x)-g(x))(f(x)+g(x))>0.

Ipunep pewenua: |3+x|>|x|, (8+x) >x%, 9+6x+2°>x?, 62>-9,
x> e >-1,5.0meem. [-1,5; + o).

Ecan HepaBeHCTBO COIEPXAT HECKONILKO MOXYJIeH, To HAXOAT BHAYE-
HMS X, DK KOTOPHIX BhIpakeHue, CTOAIlee HOJ BHAKOM MOV, PABHO
rymo. HalileHHbIe 3HaUeHNS X pasbHBaioT YHCIOBYIO MIPAMYIO Ha HHTEP-
BAJIBI, HA KaXCOM M3 KOTOPIX BBIpaskeHue [0 MOAyJIeM COXpaHAeT 3HaK.
A 1oToM Ha KaXKI0OM HHTEPBaJe PAaCKPHIBAIOT MOAYJIN B DelllaioT MOIYYeH-
Hy10 cucremy. OfbefuHeH e HalileHHBIX PEIIeHHI COCTaBIAET MHOCECTBO
periednil JaHEHOTO HepaBeHCTRA,

ITpumep pewenus: |x—1l+|x—2|> x+38

PacemoTpum Tpu cayuas (puc. 59). W

<1 ’ <1 1 2 x
x ’ X 5 : .
b {1—xex+2>x+3; {x<0;’ #<0; ' Puc. 59
2) lex<2, 18222, otmesmt o
x—1—x+2>j3£+3; x<—-2; p L
fx>2, o fx>2,
3 {x,—l+x—2>@+3; {x>6; x>6.

Omeerﬁ. (—o03 0)U(6; +o0).
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PelweHnne PaunUOHAAbHbLIX HEPABEHCTB MCTOAOM UHTEPBAAOB
Uro6Ll pemuTh HepaseHcTso f(x)>0 ( fx)< 0), e

f(x)'= ( (x-a)(x-a,)-...(x~a,)

_ x~am+1)(x—am+2)~...-(x-—an) -

HaJI0: .

1) na3oGpasurs uncia a, , 4a,, ..., 4, Ha KOOPAWHATHOM IIpAMoil (9TH uKcIIa,
pacHoJIoyKeHHbIe B MOPAAKE BO3PACTAHUA, Pa3oObiOT KOOPAUHATHYIO
OpAMYIOHa 1 +1 IpoMesKyTKOB, Ha KOTOPEIX QYHKIMA f (x) CcOXpaHseT
CBOI1 3HAK, T. €. €ClIX 4, U &, — COCeJHUe TOUKH, TO I X e(ai , ak)
GYHKUUSA COXPaHAeT 3HAK); ) ' :

2) onpenenuTh 3HAKYN QYHKIUHK | (x) He KaJXJO0M U8 IPOMeKYTKOB;

3) sanmcaTs OTBeT. : ‘

Taxoit MeTOZ pellleHUA HepaBEeHCTB HASHIBACTCS Memodom unmepea-
n06. A o

ITpumep pewenun: .

(x+4)(x+2)(x=1)(x~8)<0 . O6osHauuM Ha KOOPAMHATHOH NPAMON
Hynu oyuxnum (x+4)(x+2)(x—1)(x-8)=0, rafinem sHaK PyHKIUHU Ha
KaXXJ0M IPOMerKyTKe. : :

+ = NSNS F
4 -2 1 3 =
- ~ Puc. 60

s pucynka 60 sugHo, 9TO (x+4)(x + 2)(x ~1)(x —3) <0, ecu
" xe(—4; —2)U(1; 8). Omeem. (-4; —2)U(1; 3).

Nokd3ateAbHble HepaBeHCTBa
IIpocTeitne nMoxazaTeIbHEIe HePABEHCTBA.

a"<b,a>0,a¢1| ) la">b,a>0,a¢1l

<D

Ix<lognb| lx>logab] [x>lbgab| |x<logab]
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A la’(")<»b,a>0,a¢1| : [a’(’)>b,a>Q,a¢l

PeU:IZIT{I/iﬁ xeR
| If(x) <log, b} |f(x)>log,b| |7(x)>log, b [7(x)<log, b]

Hepagsencrso a'® >a®® (o' < ag(x)) , ecad a>1, paBHOCHJABHO
HepasencTsy f(x)>g(x) (f(x) > g(x)) . ‘

Hepaserctso a'™ > a*® (g™ < g#) ) , eciil 0<a<1, paBHOCHIALHO
HepaBeHCTBY f(x)< g(x) (f(x > g(x)) .

Hpumepbl peweruil:
1 7% <7%;8-x% <2x; —x" ~20+8<0; x* +22-8>0; (x +4)(x-2)>0.

Orciopa x &(~o0; —4]U[2; +00). Omeem. (—oo; ~4]U[2; +).

1 ) 1 X - ‘

2. (—J—i:_é—) > ———\/.f—g.—-} ; x? f2<x; x? —x“—2'<0; (x—2)(x+1)<0.

Orciopa x €[~1; 2].Omsem. [-1; 2].

Aorapromuyeckme HepaBeHCTBa

pocreitmmue gorapudmMuyeckue HepaBeHCTBA

x<a s . s b x<a
) x>a x>a
x>0 | (x>0
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log, f(x)<b log, f(x)>b |
: |

D & P W

{iﬁiii‘; el e | {

Hepagencrso log, f(x)<log, g(x) paBHodnJIbHo:
f(x)<g(x),
f(x)>0,

f(x)>g(x)

2) cucreme {g(x)>0, " ecnm 0<a<l.

1) cucreme { ecau a>1;

Ipumep peutenus: Bx—8<2x+7. [8x<15 <5
o, (5-8) <log(ex+1): {52507 {3157 (15T
V
Torza (puc. 61) x <(1,6; 5).Omeem. (1,6; 5). ) 6%\ ) *
Heparencrro 1ogh(x)f(x)<1ogh(x)g(x) Pvic. 61
PaBHOCUJILHO O0'beINHEHHIO CHCTEM HePABEHCTB
h 0
h(x)>1, (x)>0,
h(x)<1
f(x)<g(x), u
#x)>0 f(x)>g(x),
g(x)> 0. 1
Hpumep peusenus: log,,,(x+8)>1, log,, (x+3)>log,,, (x+1).

_|Eri>L x+1>1, jx>0
1) x+3>x+1,{ { T, x>0;5 xe(0; +oo).

x+1>0; Ox >-2; 0x>—2.‘
x+1>0, x>-1,
-‘2) x+1<1, x< 0,
x+3<x+1, |0x<-2, '
x+3>0. x>-8. Her pemenuil, II0OCKONBKY HepaBeHCTBO

0x < -2 He mMeeT penieHnH.
Omeem. (0 +).
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Metoa uHTepBaros (0606eHHbIM) ‘
Hcenonnsyercs 1190371 pelleHU U HepaBeHCTB

f(x)>0; f(x)<0; f(x)>0; y=1(x)
f (x) < 0. MeTox ocHOBaH Ha TOM, YTO .
HelpephIBHAS HAIPOMEKYTRe DY HKIIA [ N

MO>KeT M3MEeHATh 3HAK TOJBKO B TeX (6] : x
TOYKaX, I'le ee 3HaUeHWe PaBHO HYIIO
Puc. 62

N\

(20 MOKeT U He UBMEHATE) (puc. 62).

Pemas HepaBeHcTBO Memodom
‘UHmepeanos,

HALO0: ' -

1) rafitu ob6nacTs onpefesnenns Gysknmy y=f(x);

2) HaitTH BHAUEHYS ¥, IPH KOTOPLIX QYHKIHS PABHA HyMIo (HalTH HyIH
dynenum): f(x)=0; , v ,

3) pasburs 067acTh ONpPe/e/IeHN Ha IIPOMEKYTKH, KaK/ILIA M8 KOHIIOB
KOTOPOTO SIBJIseTCA KOPHeM ypaBHerus f(x)=0 uim KoHewHO# TouKOlH
TIPOMEXKYTKA ONpeJieleHusA QYHKIMY ¥ = f ( )s

4) onpesennTe 3Hak f(x¥) Ha KaxJoM us 06pasoBaBUIMXCA

 IPOMEKYTKOB; : )

5) 06'beIMHUTE IPOMEsKYTKY, Ha KOTOPHIX bYHKLHA f(x) yaoBaeTBOpsieT
HepaBeHCTRY, BO MHOXeCTBO DellleHuE.

ITpumep pewienus:
(8x—6)log,;x>0. ,
Hycrs y=(3x-6)log,sx . D(y)=(0; +). Hadigem mymu ¢pynruum:
3x-6=0, [x -2,

(3x 6)log,;x=0; [logosx 0; x=1.

Paaobnem oﬁ.nac'rb onpenenenrs GYHKITUY HA IPOMEXRYTKH TOYKaMu 2
7 1 u HafigeM sHakY QYHKRIUYN Ha KaXIOM IIPDOMEKyTKe.

0 l\s;%;;%% 2 =x

) Puc. 63
Urak (puc. 63), x<(1; 2).Omeem. (1; 2).

"
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I'padmueckuin cnocob pelueHms
HEPaBeHCTB C OAHOM NepeMeHHON
- Ilnsrpagmueckoro pelilenns Hepaserersa f(x)> g(x) Hy»xHo nmoeTpouTs
rpadukyu GyEKINR y=f(x) u y=g(x) u BLIGPATH Te IPOMEXKYTKU OCH
a6eruce, Ha KOTOPHIX rpaduk GYHKIUA y=[(x) pacmososkeH BhImre
rpacduka QyHKIUK y= g(x). v »
Ipunmep pewenua: log,x<4-x,
Hoctpoum rpadgurn QyaKINK y=log,x
# y=4-x B onHoft cucTeMe KOODAMHAT.
T'paduru nepecexalorcs B Touke A ¢ aGemuccoit
x =3 . A3 pucynka 64 BHAHO, YTO MHOYKECTBOM
pelleHy# JAHHOTO HepABEHCTBA SBJIAETCS
npomeaxyTok (0; 3].
- Omeem. (0; 3].

O/I'ééNx
y=4-x

Puc. 64
TpuroHomMeTpHYecKue HepaBeHCTBa

Pemenue HepaBencers sint>a, sint<a

Hepa- 3HaucHue

BEHCTBO |  5< -] ’ -1<a<l a>l

. arcsina+2nn <t<m-—arcsina+2nn, |. Pemenuit
Isint>a teR

neZ HeT
Hepa-. 3Havyenne
BEHCTBO | <1 ) -l1<a<1 a>1
sint<a Pemennii { —mw—arcsina +2%n <t <arcsina+2nn, teR
HeT neZ €
Peurenue HepaBeHCTB cost > b, cost<b
" Hepa- | 3HayeHne
| BEHCTBO | po ] -1<b<1 . b>1
) ~arccosb+2nn <t <arcosb+2nn, Penrenui
cost>b teR neZ HeT

4 Anrefipa n reoMeTpus . : 97



Oxonuanue mabaulst

Hepa- 3uavenue
BEHCTBO ' |1 -1<b6<1 b>1
i< Pemennit | arccosb+2nn<t<2n-arccosb+2nn, teR
cos HeT neZ €

Pemenue nepaneﬂcm tgit>a, tgt<a

HepaneHcTnb acR
T
tgt>a arctga+nn<t<—§—+nn,nez
b
tgt<a ——2——+1m<t<arctga+1m,neZ

Pemenue HepaBeHeTB ctgt>a, cigi<a

Hepagencrao acR

ctgt>a nn<t<arcctga+nn,neZ

ctgt<a arcctga+nn<t<n+nn, necZ




§ 18. HepaBeHcTBa C AByMSl NnepeMeHHbIMM ”

‘PelueHue v rpagmnk HepaBeHCTBa
Pewenuem nepasencmsa f(x,y)>0 (f(x, y)<0, -f{x,y)>0,
f (x, ‘ y) < 0) Ha3bIBAETCH YIOpAJoUeHHAA Iapa Yicel, KoTopast HpeBpaIfaeT
€ro B IIpaBHUJIBHOE YHCJIOBOE HEPABEHCTBO.
I'pagurom nepaeencmea c deyma nepemennovimu x U Yy Ha3HIBACTCA
MHOMKECTBO Bcek TOUEeK KOOpI[PIHaTHOﬁ IIJIOCKOCTH C ROOpI[I/IHaTa:MI/I (x; y) N
rjae xaxnad nmapa (x; y) ABJAETCA pellieHeM JaHHOI'O HepaBeHCTBAa.

I'padMEH HeKOTOPHIX HEPABEHCTB

y=ax+b
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x<ay’+by+c

xZzay* +by+c

(:)c-—a)2+(y~~b)2 <R’

i
------

ol

TpadHueckuit cnocod pelueHus cuctem

HEPABEHCTB C AByM# NepemeHHbIMU

Yro6h! HOCTPONThL HA KOOPAMHATHON ILIOCKOCTU pellieHUe CHCTeMB!

HepaiaeHc'rB, Hagmo:

" 1) BHINOJIHUTDL PABHOCHJILHEIE IpeobpasoBaHUs CUCTEMBI Tak, YTOOB
y#06HO 651710 CTPOUTE I'Pa@HKK BCeX HepaBeHCTB, KOTOPHIE BXOAAT B CHC-

TeMY;

2) mocTpouTh 3TH IpaduKy ¥ HaliTy NepeceyeHne obaacreil. ,
Tlepeceuenue obuacTeit mpejcrapiseT coboll pellleHHe CUCTEMBI Hepa-

BEHCTB.
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y=f(x)

Cucrtema {y <f(x),

y>g(x)

TIPVHAJJIeKAIINX 3aIITPUXOBAHHOH o6nacTu (puc. 65).

nmMeetT péII.IeHl/Ie, a UMEHHO -— MHOJKeCTBO TOUeK,

ITpumep pewernus. _
x* 4yt <4,

HaiieM MHOM€CTRBO pelIeHNI CHCTEMEI
x+y=0.

x+y=0
- Puc. 66 . :
M=uoskecTBOM pelieHuii MepBOro HEPaBeHCTBA ABJIAETCA KPYT C paju-
ycoM 2 M LeHTpOM B Hadale KoopAuHaT, MHOMKECTBOM pellieHHH BTOPOro
HEePABEHCTBA ABJIMEeTCS OAYIIOCKOCTh, MHOMEeCTBOM pelleHni CHCTeMbL
ABJIAETCA DepeceyeHre STHX MHOMECTB, T. €. MOAYKPYT (prc. 66).
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§ 19. YnucaoBbie NOCACAOBATEABHOCTH

OnpeAeAeHue YUCAOBOH NOCACAOBATEABHOCTH

Ecny KaxkIoMy HaTyDPaJbLHOMY HCIHY 7t IIOCTSBIEHO B COOTBETCTBHE
AelicTBHTeNbHOE WUHCAO @,, TO [OBOPAT, YTO 3ajaHa YUCR06AR
nocnedosamensvHOCMb: -

A3 Gys Qg3 sy @oone s

Nrak, ynciioBad II0CJeJOBATEIbHOCTh — QYHKIMSA HATYPaJIbHOTO ap- .
ryMeHTa.

Yucno a, HA3LIBAIOT NEPEbiM LLEHOM nocneaoeameubnocmu, yuC-
JIO @, — BTOPBHIM YJIEHOM IIOCJIefOBATEJIBHOCTH, THCJIIO aa — TPeThUM
H T, 4. Yucao-a, HashIBAIOT Ii-lu 4/€HOoM 3TOH IIoCIefOBaTeILHOCTH, a Ha-
TypaJIbHOe UCIO 1l — ero nomepom. VI3 [ByX cOCeNHUX YJIEHOB Q,; 4,
JocIefoBaTeIFHOCTH UJIeH 4,,, Has3blBaloT nociedyouum (o o'momenmo
K a,), a @, — npedvidyusum (110 OTHOIIEHNIO K 4, ).

Criocobbl 3aAaHUS NOCACAOBATEABHOCTU

HOCJIEZIOB&TGJIBHOCTL YacTo 3aJaI0T ¢ IOMOIIBIO ¢0pMyJLbL n-20 4jieHa,T.
e. q)opmynm, KOTopasd I03BOJISET OlIpeAeJIfATD YJICHBI II0CJeJ0BaTeIbHOCTH
II0 X HOMepaM.

Hanpumep, ecJaHu HOCJIe,ZIOBa’I‘eJIBHOCTB 3ajlaHa Q)opMleon n-ro 4JjeHa

n

n
= —-—T , TO HepBbIe IIATH €€ YJICHOB COOTBETCTBCHHO PABHEIL:
n+ :

IlocnenoBaTeIbHOCTE MOMKHO 3aJaTh peKyppPeRmuoll gopmynoi,
T. e. dopMyJIoi, BrIpaskaroleil J060% WieH NocIe[0BaTEIbHOCTH, HAYK-
HAas C HEKOTOPOTro, Yepes NpeAbIAyue (O4UH WY HECKOJIBKO) YJIEHBI.

Hanpumep, eciu a,=1,a a,,=a,+5, To IepBble NATH IIOCJIEJO-
BaTeJbHOCTeHl COOTBETCTBEHHO paBHBL @,=1; a,=a,+5=1+5=6;
2,=a,+5=6+5=11; ¢, =a,+5=11+5=16; a,=2,+5=16+5=21.
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Buabl nocaeAOBaTeAbHOCTEH : -
TlocaegoBaTeinbHOCTH GHIBAIOT KOHEUHble K GeCKONeHHble.
TlocnenoBareIbHOCTL Ha3HIBAGTCH KOHE4HOU, €CIIE OHA UMeeT KOHeYHoe
KOJIMYECTBO UJICHOB.
Hanpumep, HOCJIeNOBaTeIHHOCTD JIBYBHAYHEIX HATYPAJBHBIX amce: 10
11; 12; ..., 98; 99 KoHeunas.
IlocnegoBaTe TLHOCTEL HaSHIBAGTCS 603pacmalouleti, eciii Kaskabli ee
4jieH, HaYHuHag ¢O BTOporo, 6oJblire IpenbAyINero.
. Hanpunep, nocnerosatenbHocTh 2; 4; 6; 8; ...; 2n; ... BospacTaomad.
IocmenoBaTe bHOCTD HABBIBACTCS yOuiearoweil, ecan KaxAHIN ee YeH,

HadXHasA ¢O BTOPOro, MeHbIIe HpeAbIAYINero.

1

.1 1
Hanpumep, nocneoBaTesbHOCTh 1; —; —; ——; vy — 3 ... YOBIBatOIad.
. n .

1
23’4
ApHdmeTHUecKas nporpeccrs

Apupmemuueckol npoepeccueil HasplBaeTcA I0OCIEHOBaTEILHOCTD
a,; a,; Gy e, KAXKIBI DOCTEAYIOMINH WIEH KOTOPOM, HaunHasA cO BTOPOTO,
paBeH HpeAbIAY1IeMY, IpHOaBACHHOMY K OZHOMY H TOMY e UHCJIY d, KOTopoe
HA3BIBAeTCS PA3SHOCMbI0 apudmemureckoil npozpeccuu: @, =a,+d,
neN.

B apudmeTnveckoil mporpeccun n-it ujeH onpefenseTca 1o GopMyie
a,=a,+d(n-1), rme n — HOMep uJeHa, @, — n-§ WIeH, a, — OePBHIN
ujieH, d — pasHOCTb IPOTPECCHH.

Hanpumep,ecnu a, =4, d=4,70 0,0, =0, +99d=1+99-4=397.

JIr60ii unen apudMeTHYECKOH IIPOTPECCHH, HAUMHAHA CO BTOPOro, PaBeH
cpefueMy apHPMeTHIECKOMY COCEHMX ¢ HUM YJIEHOB:

n+l

a, 3
Ecisim Bce umens! HeKOTOpOﬁ IocJjegoBa™eJIbHOCTH, HaUMHad CO BTOpOT'o,
a,,+a

o a, +a

YIOBJIETBOPSAIOT YCJIOBHIO @, = —L—z—'ﬁl— , TO 3Ta IOCIEJOBATeILHOCTD B~
NsteTcsa apudMeTHUeCKOIt Iporpeccreil.
] . ' a, +d,
CyMMa ITepBBIX 71 UIeHOB apHdMeTHUecKol mporpeccun: S, = —5 n.
CyMMYy TIepBBIX N WIeHOB apA(PMeTHUECKOM IPOrpeccy MOKHO HalTh
2q,+d(n-1 .
u o popmyne S, = ———?(———2—%
1+100

Hanpumep, 142+3+...+100= ————.10=505; 1+3+5+...+(2n-1) =

2
2-1+2(n-1) : .
e ‘n=(1+n-1)-n=n’.
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leomeTpudeckas nporpeccus
Teomempuueckoli npozpeccueli HasLIBAETCS IOCAETOBATEIBHOCTD b
by5 b5 ey b,y o0, KAMKABII WIEH KOTOPOi, HAUMHASA CO BTOPOr'O, PaBeH IIpe-

n?
JBLLYINEMY, YMHOMKEHHOMY Ha OFHO X TO e TUCIO ¢ (q #0, |q | #1,b # 0) ,
KOTOpOoe HaBhIBAETCS 3HAMEHAMeleM 2e0MemPULeCcKoll npozpeccuu:
b,,=b,qg,rne b0, ¢=0,[g|#1,neN.

B reoMeTpuuecKoOi MPOTPECCHH n-it WIEH OIpeferseTcs IO dopmyrie -
b, =b1q"'l , Tlie n — HOMep ujeHa, b, — n-ii e, b, — nepBsiil uneH,
¢ — 3HaMeHAaTeJb IPOrpecCHi.
. 6
. 1 6 1
Hanpumep, ecnu b, =64, ¢= —?’ To b, =b,q" =64 5 =1.

Mopgyuib KaMK/0ro YieHa TeoMeTpPHUYeCKOl IpOrpeccun, HauuHas ¢O BTO-
poro, ABJIAETCS CPeIHIM FeOMEeTPUYECKUM ABYX COCEAHUX ¢ HUM UJIEHOB:

- i 2 _
bn = bn-l ’ bn+1 (HJIM bn - bn-l ! bn+1 ) .
Ecﬂﬁ BCE UJIeHBI YMCJIOBOH 11ocJIeJOBATEJIBHOCTH, HaYHHad CoO BTOPOro,

YZOBJIETBOPSIOT YCIOBHIO |b,l |= NN (nJm bi=b, M) TO JaHHAA
TI0C/IeJ0BATEIbHOCTD ABJISETCH FeoMeTPUUecKoit nporpeccnen.
Cymmy n nepevix wneuoe_zeomempuuecrcoﬁ npozpeccuu MOXHO HaliTy

1 1
et el
) 32 ( 64)

16
(-1
64 1 63 2 _21

no dopmyre S, =b, - , g#1.

Hanpumep, — ( L )+—{13_ (_
1
2

: %-[1—(—-2-16]

BeckoHeuHo ybbiBaloiLias reomeTprieckas npong:ccmi

Beckoneuno yb6viearomyas zeomempuieckas RpoOzpeccus -—3TO
GecKoOHeUHAA TeOMeTPHUECKAs nporpeccna, 3HaMeHAaTeJb KOTopoil ¢ 1o
mogymo Mersme 1, . e. |g|<1.

CyMMa Bcex ujieHoB GeckoHeuHoM yORIBalOIIel reoMeTpHYECKOM IIpo-
rpeccunt S=b, +b, +b,+...+b, +...=b; +bg+bg’+...+bg" " +... ecTs Ko-

. b
-4

HeUHOe UKCJ0, KOTopoe olipefienseTcd 1o gopmysie S = T
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§ 20. NpeaeA PyHKUMH

MpeaAeA PYHKUMU y=f(x), @CAM x — o

Yncio b HaspiBaeTca npedenom gynryun y={ (x) IPU X —> 4eo, eCITU
Kaxkum Onl HU GplyTo uncyo €> 0, maiiferca rakoe uucno M >0, uro gias
Beex x> M BhmonHseTcsa Hepasencrso | f(x)-b|<e.

BanucsBator Tak: lim f(x)=b.Hanpumep, lim —=0.

X-d4oa X x—y?pu X ‘

ucso b HasbIBaeTes IpefesioM GYHKIUH Y = f(x) IIpH X — —co , eCIIH
KaxuM Obl Hi ObLIO wncsgo €> 0, HalifeTca rakoe uneso M >0, uTo gasa
Bcex x <~M BHIOJHAETCH HEPABEHCTEO |f (x)—b | <E.

BanuckiBator Tak: lim f (x)=b. Hanpunmep, lim — =0

Yucsio b HaskiBaeTcH mpeaeaoM QyHKLUHN Y= (x) OPH X — co , CHH
KakuM Ob! 51 6b110 yucho € >0, Baigerces raxoe yucao M >0, uro aas

BCeX X TAKMX, YTO |x|> M , BEINOJHAETCS HEPABEHCTBO |f (x)-bl<e.
2

=1.

Hanpumep, lim
Punep, AT

I BHIYMCICHUS HPeJeNoB QYHKIMMA IPK X — co HCIOIb3YIOT TaKie
TEOPEMBI: . :
1. Ecam limf(x)=a, limg(x)=b,To lim(f(x +g(x))= a+b.

f

n )
2. Benmt limf(x)=a, limg(x)=b,70 13;3( (x)g(x))=
3. Ecau largf(x)=a, H..’Eg(x)zb*o" 0 &1_{3 2((’;

a
a

~—

b.
b

—|

MpeaeA GpyHKLMM B TOUKe

Ecnn dyuruua y=f (x) olpefesieHa B HEKOTOPOH OKDPECTHOCTH
TOYKH X =a , KpOMe, BO3SMOXKHO, CaMOil TOUKH d, TO UNCJIO0 A HaspIBaeTCA

npedenom ¢ynxyuu y=f(x) npu x, y ,
CTpeMAIeMes K @, ecay AJIs J060ro yucaa y=1f(x)
£>0 cymecTsyer Taxoe ucno 8=3(e), uto AFEy--ccciecocscenoees
Af BCEX X, YAOBJNETBOPSIONMX yCAOBHMIO 4| .. .. ;
O<|x-a|<8, umeer mecro mepapemctso , | 7 | |
|f(x~)-—A|<e (puc. 67). Banuceisaerca Tax: N
0 a-3 a a-3§ x.

limf(x)=A unu f(x)—> A, ectn x> a.
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IIpyruMy clioBaMH, YHcI0 A SBAseTcA TpefeioM GYHKIUYU y=[ (x)
OpU X — @ , ©CJIH AJIF BCEX X, IOCTATOUHO OAUIKUX K YUCIIY & ¥ OTAMYHBIX
OT Hero, COOTBETCTBYIONIMe KM 3HaueHUs QyHKOHR y =f(x) xak yrogHo
GIHA3KO CTPEMSATCA K UUCTy A. )

Hanpumep, 1'1n31(3x ~5)=4.

Teopemsl 0 npegenax GyHEIMIE
1. dyHKLYA He MOKeT MMeTh B OJHOM TOYKe J{Ba Pa3/IMUHBIX IIpefea.
2. Ipeges ocTOAHHOM BeJIMYMHEL paBeH 5Tol mocrogHnoi: lime=c.
Hanpumep, lxi—r)rz15 =5. / e

3. Ecan limf(x)=A4, limg(x)=B, 10

lxivlil(f(x)+g(x))= A+B; ‘lxi_r)ral(f(x)g(x)):A~B;
1}_12 ;((z)) :%—,ecnn B#0; ljti}){ll(f(x))n=;/1", neN;

lim(cf (x)) =cA , rie ¢ — HOCTOAHHAS.

x—a

HenpepbiBHble GYHKLMK

- ©ynknua y=/(x) Ha3BIBAECTCA HeNPEPLIGHOIL B TOUKEe X =4 , €CJIH
cyIecTByeT Ipese)l by HKIMHA B 5ToH TOUKe M OH PABeH 3HAUSHUI0 QY HKITAN
B oTolt TouKe, T. e. limf(x)=f(a). Pynrnna y = f(x) Brouxe x=a 6yzer
HeTpepLIBHOH TOTA M TOTHKO TOTA, KOIA BBIIOMHAIOTCS YCIOBHS:

1) dymkmus y = f(x) onpenesena B TouKe x =4, T. e. cymectsyer f(a);

2) cymecrsyer npefien lim/(x) QyHKIWK B Touke X=a ;.
N x-a

3) npejen GYHKIUK B TOUKE X =g PaBeH SHAYCHHIO PYHKITAY B 9TOI TOU-
Ke, T. €. limf(x):f(a) . .
x—a .
Jpyrumi cnosaMu, GyRKIuI y=f (x) Henpepulena 6 mouKe X =a ,ecin

" pns aroboro uucaa £>0 cylecTByer Takoe ducio 6>0, YTO A BCEX X,
TAKMX UTO | X —a|< 8, BHIIONHACTCA HePABEHCTBO ‘ f(x)-1 (a) | <g.

Ecax gyBKuna y = f(x) HenpepbIBHA B KA A0l TOUKe HEKOTOPOTO PO-
MEKyTKa, TO ee HA3bIBAIOT HENPEPbLEHOL Ha daHHOM npoMeNymKe.

TeopeMEI 0 HEITPEPHIBHOCTH (PYHKIUM
1. Ecnm f(x) u g(x) sBAAIOTCA HENPEPLIBHBIME B TOUKE X =@ , TO B 3ToH
TouKe GyAyT HelpepLIBAKIMY U pynKnun f(x)*g(x), f(x)g(x).
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2. Ecnu @yﬂkunn f (x) u g(x) HenpephIBHEI B TOUKE X =4 U g(a) #0, 10

f(x)

B TOUKe X =a 6yleT HempepLIBHOM TaKxe U QyHKIUA ( ) .
. glx

Hcxonsa ns TeopeM 1 u 2, MOSKHO yTBepm,aaTL .

1) MBOrOwIeH y=a, +alx+ .+a,x" — HenpepbIBHas cpyHRU;na B JI000#
Touke acR;

a,tax+..+ax"

2) bynxnug y=—>—1 —r

by+bx+..+b,x

OCH, KpOME TeX TOYeK, B KOTOPBIX 3HaMeHaTeJb paBeH HYJII0;

3) dyaknuu y=sinx, y=cosx, y=tgx, y=citgx, y=a,
y=log,x, y=%x ; y=arcsinx, y=arccosx, y=arctgx, y=arcctgx,
y= [ x[ TaKyKe HeHPepPHRIBHEL BO BCeX TOUKAX 06JIACTH Olpe/e/eHns.

HeIllpepbhIBHA BO BCeX TOUKaX YHCIOBOM

BhiuncaeHue npeaeAos GyHKUUU B TOUKe

Ecnu pyuxuus y = f(x) nenpepsisua B Touke x =a , 1o limf(x)=f(a).

2 2 x4
Lox+1 1°+1 2
Hanpumep, lim = =—=1;
e x+1 1+1 2
. sinx ~sin0 0 0

lim 3 = = =—
=0 cos®x+tgx  cos®O+tg0 1+0 1
Ecnm g pesynbTare IOACTAHOBKH X = a4 IPU HAXOKIEHHH IIpe/eia II0JIy-

=0.

) 0
YyaeM BhBIpasKeHHe THUIIa (—6‘ , TO HaJO:

1) monpo6oBaTh PasIOKUTE YHCIUTENb U 3HAMEHATe b POOH Ha MEOMKH-
TeJIH, BEIIIOJTHHUTH COKpAaIleHie, & IOTOM HAXOXKTD IPeae;
2) u36aBUTHLCS OT UPPAIVOHAILHOCTH B 3HAMEHaTele, HaXOMUTE IIpeKel;
sinx
=1.

3) BOCHIOJIB30BATHCA TEM, UTO li’n&
x> x

Hanpumep, lim ;c—5x+6 =lim (x—2)(x—3) =lim *73 _
=2 x*-12x+20 =2 (x-2)(x-10) =z x-10

_ _ Jx [Vx -1} :
=-—2——§—=~L; lim X NX =lim ( ) =lim+vx =\/1_=1;
2-10 8 x—1 x -1 x-1 x -1 x-1 . .

. sinmx . sinmx mx nx . sinmx .. ‘mx
lim— =lim . - = lim -lim X
0 ginnx = %0 mx nx sinnx x>0 mx 0 nx
. 1 m . m
xlim~—r————=1—-1=—-.
0 sinnx n n
nx
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§ 21. lMpowuseoaHas

lMpupaliieHne aprymenta u npupalieHne GyHKUMm
Mycrs ¢yHEnus y=/(x) ompefeneHa B TOUKAX X, U X, =X, +Ax .
PasHoCTE X, — X, = AX HASLIBACTCA NPUPGULCHUEM GD2YMEHMA, 8 DASHOCTE
f(x,)—F(x,)=1(x, + Ax)—/(x,) HaspiBaeTcs npupawenuem Pyrxyuu
npn Iepexojfe OT BHAYEHMA AapryMeHTa X, K apryMeHTy
=X, +Ax . (puc. 68). IlpupamieHue QJnymm oGosHayaercst Af uam

'Ay T. 6. Af = f(x, + Ax)-f(x,). R
Hanpumep, ecm f(x)=x*, To Af:f(x0+Ax)“f(xo')=(xo+Ax)2—xg _
= x2 + 22, Ax+(Ax)” —x2 = 2x,Ax +(Ax) .

OnpeaeAeHne NPOUIBOAHON

Hpouseodnoii dyuxuun f(x) B Touxe x,
(co6osuauator '(*,)) HaswiBaeTcsa mpexen
OTHOIICHUS IPHPAIIEHUA QYHKIUHN K
OpUPALEHHIo apryMeHTa NpU YCJAOBUH, UTO |

>

HpupaliesEle apryMeHTa CTPEMHUTCA K HYJO, ‘ O xo x,FAx X
e Puc. 68
fxe +Ax)-7(2,)
F(%)=lim o )

rfe Ax =X, —x, — IpHpALeHHe apIryMeHTa; X, ¥ ¥, — ABa sHaueHns
He3aBUCHMOH nepeMenHoil us obnacTu onpefenteHua QyHKIuUU [ (x) H
f(xo+Ax)~f(x,)=Af — npupameHze GyHKIHUA B TOUKe X, .

Hanpunep, ecnn f(x)=38x*+2,To f(xo)—hm—éi—:

Ax-0 Ax
. 2
“iim (o, +Ax)~f(x,) lim 3(x0+A3€) +2-8x; -2 _
2%—0 Ax p2-0 Ax .
. 2 ) . 2
. 3(xo+2onx+(Ax) )—3% =lim‘63¢:0Aac+3(Ax’)2 _

Ax—0 Ax Ax—0 Ax
=lim (6x, +3Ax)=6x,+0=6x,.

@YHKIUA, KOTOPasA MMeeT IIPOMSBOJHYIO B TOUKe X,, HashbiBaeTCH
dugpepenyupyemot 6 smoil mouxe.
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ot

Ecnn pyuxIiusg mMeeT MPOMSBOIHYIO B KasKJ0M TOUKe HEKOTOPOro IpoMe-
%(YTKa, TO TOBOPAT, UTO OHA Judieperyupyema na smom npomeacymre.

/ ITpousBognasa byHknuu f (x) , uddepeHnIpyeMoli Ha IPOMEXYTKE,
caMa aBiaAeTcH GyHKI e apryMeHTa X. '
Ja Haxox geHUA TponsBogHoli Gyuruuy f (x) HOJb3YIOTCS IPaBUAaAMU
u ¢popmyaamu fuddepeHIMPOBAHNAA.

OCHOBHbIe NPaBuAa AndPepPeHUMPOBaHMS

- ITponaBoaHas CyMMBI pABHA CyMMe IIPOMSBOAHEIX: (U +v)'=u'+V .

. IlponaBoAHAS IPOHaBEIeHHS PABHA CyMMe IPONaBeIeH I IPOUBBOLHOM
oxHoit GyHKIUH HA BTOpYIO GyHKMMIo: (UV) =uv+ur’.

. IlocToAHHEBI!I MHOMKHTENb MOXHO BEHIHOCHTDL 38 SHAK IIPOMBBONHOM:
(Cuy=cCu'.

: .

. IIpousBogHad YacTHOrO BHIUMCIALTCS 10 (opMyIIe (__u_) =_.u_’l’_;‘_‘.l."_
Op¥ yeaoBuu, uro v 0. . i v

. IponsBonHas cocraBHoll GYHKINN PABHA TPOUBBEEHIIO IPOUABOAHON
(YHKLMM [0 IPOMEIKYTOUHOMY BpTYMEHTY Ha IPOMBBOJHYIO BTOrO

apryMeHTa IO HeaaBncumoﬁ nepeMeHHO (f (g(x))) = f'(g(x))-g'(x) ;

T. €. ecom = f(u), rme u=@(x), 7o y, =f/(u) ¢, (x) mm ¥, =y, u,.

Ta6auia 1pousBogHBIX

IIpousBoxHEle 3IeMeHTAPHEIX ' N
Ipouzsoxubie CROKHBIX HYHKITHI

byaRIWMH

C'=0, x'=1; (kx+b)'=k§ (ku+b)=Fk-u';

(2" )=nx""s (u")=nu"'w

(e J=e; (¢)=e"-u's

(a")’: a“lna; (a" )'= a*Inau’;

(1nx)'=—1——-; — (lnu)'=iu ;

x
l. 1 ’ . 1___1— . ’. ! !
(lgx)e—x—lge, (log, x)'= porymk (lgu)= » lgeu'; (log,u)= o
(sinx)=cosx; (cosx)=-sinx; | (sinu) =cosu-u’;
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Oxorvanue mabauywt

Hpouanogz::::;men'rapnmx IIpousBoxasie CHOXHBIX PyHKI[UIH
, 1 (cosu) =-sinu-u’;
t = ;
(tgx)=—r— S
(tgu) = 7.
(ctgx)':_ ; cos ' u
sin®x ‘_ uwo
(Ctgu) — T ’
, 1 sin® u
(arcsinx)= —— (
1-x arcsmu
‘ / —
(arccosx)’: ———!——‘e H
1— 2 (arccosu \/ﬁ
tgx) = ;
(arctgx) 1r e ('arctgu) o
tox)=— . -
(arcctgx) T , (arcctgu) i
(x‘)’zx‘ (1+1lnx); (u“)’:u" (1+Inu)u’

[eomeTprUeCcKnit CMbICA NPOU3BOAHOA

IIycrs sajiaHa QyHEOUA y:f(x)‘, KOTOpas uMMeeT IPOUSBOAHYIO B
Touke x=a . IIpoBefeM KacareibHYI0 K rpadury OyHrnum y= f(x)
gepes TOUKY (a; f (a)) , TOTJIa YIrioBoM Ko3(hhuImeHT NI TaHTeHC yIyia

Yr y=ix

SR R

MY KacaTeIbHOM U MON0KUTeTBHEIM
HampasienueM ocu Ox GymeT paBeH
npomsBofHoR GyHKIMM y = f(x) BTOUKe

x=a,te k=tgo=1"(a).

Feomempuueckuil cmulcn
npou3eodnoii: IpousBogHad QYyHKIHHI
y=f(x) BTouke x =a PaBHa yrioBOMy
Koo IOUINEHTY KacaTeAbHOH K TpaduKy
dynxnun  y=f(x) B srofl TOUKe:
f’(a) =k=tgo (puc. 69).

Ypasnenue kacamenwvrou K rpadbuKy
dbyaxuun y=f(x) BTouKe x=a:

=f(a)+f(a)(x~a).
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Hanpumep, ypabrerue kacarennuoli & rpabury byHKmEs y=x° —dx
B rouke ¥x=1 umeer Bux: y=-3-2(x-1) wmm y=-1-2x, MOCKONBKY
fla)=1*-4-1=-38; f’(x)=2x—4; fla)=f(1)=21-4=-2.

MexaHuueckuim CMblCA NPOU3BOAHOM .
Ecnu Touka ABHMKeTCHA BAOJb OCH Ox u.ee KOoopzaHHaTa BaMeHdAeTCA 1I0
3aKOHY X = x(t) TO MI'HOBEHHAaA CKOPOCTHb TOYKH

Lo x{t+At)—-x(t) ,
o)ty M,
a ycKopeHue

vit+At)—ult
aft)=1im AN ey
A0 At
Hanpumep, eciiu Teo FBUKeTCH 0 3AKOHY
1 1
. ; x(t):-l—t4——~t3-+—t2+7t+12,
4 3 12
TO ero CKOpocCTb 6yn9T HN3MEeHJTHCA OO 3aKOHY

‘(1 1, 1, g, L
t)=(x(t)) = —t"  ——t"+——t"+Tt+12| = —t"+—1t+7,
(6)=(+(¢) (4 3 12 6
a yCKopeHUe TOUKHK OyieT H3MEHATHCA 110 3aKOHY

a(t)=v'(t)=(t3—t2+%t+7) =3t2—2t+—(1;—'
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§ 22. npuMeH_eHne NPOU3BOAHOM NPU MCCACAOBAHUM
OYHKUMA M NOCTPOCHUM rPadHKOB

AOCTaTO4YHOER YCAOBME BO3PACTaHMS (yBbIBaHHS) GYHKLIMM

TocTaTouHOE yCJaoBHe BospacTanns hyssuun. Ecin B kamgoit Touxe
unrepsana (a; b) f(x)>0, To dyuxnus y=f(x) Bospacraer Ha oTOM
unrepnaJe (puc. 70, a).

HocraTouHoe yciosue yopiBaEHA dyHrnuu. Ecan B ka0 Touke UH-
repsaia (a; b) f'(x)<0, 10 pyrxnmsa y=f(x) y6rBaer Ha 9TOM HHTepBase
(puc. 70, 6).. _ . i

Heo6xoaMmoe i JOCTATOYHOE yeJI0BHUe HocTogHCTRA dyHEIMN. OYHK-
uns f(x) mocrosrHa Ha MHTepBate (¢;.b) TOrga M TONBKO TOrZAA, KOrAa
f’(x)=0 B Kax A0l TouKe dTOrO unTepBaa (puc. 70, 8).

g

y
y=1(x) oy

y=1(x)

[ Y S,

O~ ==

I o
a O x O _ b x ; :
0°<0<90° 90°<0,<180° 0O a b x
a : 6 8

Puc. 70
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AKCTPEMyMbl (MaKcuMyMbl 1 MUHUMYMbI) GYHKLIMM

Toukxa Maxcumyma
Touka x, Ha3sIBAETCH MOY-
Ko maxcumyma (ROKANBHOZO
maxcumyma) yrknun y=f(x),
ecau HafifleTcA Takad OKPECTHOCTD
TOUKH X, , YTO JJifl BCEX X W3 3TOH
OKPEeCTHOCTH BHIIIOTHAETCS YCAOBHE

f(xo)>f(x)
yA
flxg)

o %, \%
X, — TOUKa MakCUMyMa QYHK-
man f(x); f{x,) — MakcuMym

$yrxuun f(x)
Hanpumep, x=0 saBigerca
TOYKON MaKcHMyMa AN QyHKIMI

yast my=-a]
Yy
o=-ie

i
N7 AN

Tourxa MEHEMYMAa
Touxa x, HasbIBaeTCA MOYKOU
MURUMYMA (LOKAILHOZ0 MUHUMY-
ma) dyuxnun y=f{x), ecnu Hait-
AeTcs TAKAA OKPECTHOCTh TOUKH X4,
YTO JJIA BCEX X H3 3TOH OKPECTHOCTH

BBIONHAETEA yeoBue (%)< f(x)

yA

Fag) |-
o =z, X
%, — TOYKa MHHUMYyM8 QyHEK-
unn  f(x); f(x,) — MuEEMYM

- dyrrnum f(x).

Hanpumep, x=0 sasasgerca
ToyKkolk MUHUMYMAa MIA QYHKIMI
2 -
y=x‘uy= ] x [ .

TO‘IKH MaKCuMyMa ! TOYKY MUHNMYyMa HaSHBaIOTCH moiramu 31ccmpe-

myma; 0603HAUAIOTCA TAK: X,

max *

X,

'min *

BuaueHUs GYHKIHY B TOUKAX MURHMYMa X MAKCHMYMa Ha3bIBAIOTCS
axempemymany GyYRKyUU, 0603HAYAIOTCA TAK! Yo s Yoy BIH Fop s Froy e

Heobxoaumoe ycaoBue sKCTpemyMa (Teopema Pepma) -

 Eeam x, — TOuUKA 3KCTpeMyMa dyHKOUM y=f(x), To B aTOi TOUKE
IpOMBBOLHAS PABHA HYIIO WK He CyIecTByeT (Teopema PepMa).
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f(0)=0, x=0 — 1(0) — me cyme- f'(0)=0, Ho x=0
TOUKA SKCTPEMYME ereyer, x=0 — Tou- |He sBIAETCH TOUKOM
Ka BKCTpeMyMa BKCTpeMyMa

AOCTaToOYHble YCAOBUS 3KCTPEMyMa
Ecan dyHRDUA Y= f‘(x) HellpepLIBHAH B TOUYKEe X, ¥ IMPOM3BOJHAA
f'(x) u3MeHAeT 3HAK B 9TOH TOUKe, TO X, — TOYKA BKCTPeMyMa GYyHKIMHI

y=f(x). ‘

Ecin B Touke %, sHak f’(x) Ecin B Touke x, sHaK f’(x)
usMeHdeTcA ¢ «+» Ha «=», TO H3MeHseTCA C «—» Ha «+t», TO
X, — TOUKA MAKCHMYMa X, — TOYKA MUHAMYMA

Cxema MCCACAOBAHUA GYHKLMM Ha
MOHOTOHHOCTb M 3KCTPEMyMbl

1. Haitru obyacTs, onpegeseHns U MHTEPBAJILI, HA KOTOPHIX (PYHKIIUA
HelpepLIBHA.

2. Haittu npousBogHyIo.

3. HaiiTi KpATHYeCKHUe TOUKM, T. €. BHYTPeHHMe TOUKH OGJIACTH OIpe-
JeJieHUS, B KOTOPHIX IponsBojgHasd GYHKIMY paBHA HYJIO HIN HE CY-
HIEeCTBYEeT. .

4. O603HaYNTE KPUTHYECKE TOYKH Ha 06J1aCTH OIIpefelleHysI, HalTH 3HAK
TIPOMBBOAHOM M XapaxTep NoBefeHus QYHKIIUN Ha KajKJOM U3 MHTepBa- -
JIOB, Ha KOTOphIe KPUTHIECKHe TOUKH PasGHBAIOT 06acThb OIpefe/le I .

5. OmpefesiuTh OTHOCHTEIIBHO Kak O KDUTHYECKOH TOUKH, ABJIAETCA JIM OHA
TOUKOH MaKCHMyMa, MUHEMYMa. Y He ABJIAeTCH TOUKOH sKecTpeMyMa.

6. 3anucars pesyabTaT UccaeAoBaHUS GYHKIIUU: IPOMEXYTKH MOHOTOH-
HOCTH ¥ HKCTPEMYMEL. N
ITpunmep. ViccaemopaTs GyHKIEO ¥ =x* —4x° Ha MOHOTOHHOCTE U DK-

CTPEMYMBI.

Pewenue
D(y)=R .®ynxnus renpepsisya Ha R.

y':(x" —4x3)' =4x® -12x" = 4x*(x - 3).
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Haxopnm xpurudeckne rouku: D(y’)=R; y’' =0, 4x*(x-3)=0, x=0
wim x=3.

HaHocHM KpHTUYECKHe TOUKK HA KOOPAHHATHYIO HpAMYyo (puc. 71)
¥ oIlpefelsieM SHAK TIPOM3BOAHOI M XapaKTep IoBeieHusA GYyHKIKUNI:

v

- +
Puc. 71

N0 N 2 =

(BHa}caMH v 1 /' cooTBeTCTReHHO 0603HaUAOT YOLIBAHUE H BO3PAC-
TaHue QyHKIUAN.) )

Hraxk, GyHKIMA YOLIBaeT Ha IPOMEIKYTKE ( —o0} 3) , BO3pacTaeT Ha IIpo-
MeXYTKe (3; +oo); x=38 — TouKa MEHUMYMA Y. = 3t-4.3°=-27,

Omeaem. @yHKIUA yOLIBaeT Ha IIPOMEKYTKE (—oo; 3) , BOBpacTaeT Ha
npomeskyTke (3; +o0); x, . =3, y,. =-27. ‘

Cxema HaXOXAeHUA HaM60/\bU.|€r0 (HaHMeHbLuerO)/;

3HaUeHMs GYHKLIMM Ha MPOMEXYTKE

Ilnst HenipepiBHofi Ha oTpeske [a; b] dyHrnun y=f(x) ee HanGonbinee
(MM HaMMeHbIllee) 3HAUeHHE JOCTUTAETCH MM B KPUTHYECKUX TOUKAX,
MJIM Ha KOHIAX IIPOMEXKYTKA. ‘ .

ITosToMY, UTOGEI HaliTH HaUGOIbINee MM HaUMeHbIIee SHAUeHNe He-
IpepbIBHON QYHKIMY Ha IPOMEXYTKe [a; b, HEOGXOLMMO BEIYHCIUTH
3HAYEHUS QYHKIHUY BO BCEX KPUTHUECKUX TOYKAX, IPHHANIEKAIUX
npoMe:xyTKY (@; b), # Ha KOHIAX NPOMEXKYTKa UIA X=a , X =b , a I0TOM
CPeJIM 10Ty UeHHEIX THCe)I BHIGPATEL Hanbobllee ¥ HauMeHbIIIee.

ITpumep. Haiinure HauGosbilee I HaMMeHbIIee 3HAYCHHS OYHKINU
f(x)=x+e* Haorpeske [-1; 2]. ‘ :

Peuwerue

Haxoguwm f'(x): f'(x)= (x +e* )’ =1-¢7*,

HaxXoaum KpuTwyecKyre TOUKH: f’(x) =0;1-2%=0;e¢*=1;x=0.

HaxomuM 3HaveHHe GYHKIUH B KDUTUYECKOH TOUKe ¥ HA KOHI[aX OT-
peska:

f(0)=0+e"=1; f(-1)=-1+e' =e-1; f{2)=2+e” :2+iz—.
. e
fHﬂuﬁéf(2)=2+—;12——; HauM=f(0):1‘

Omeem. f;umé :f(2)=2+'_1§_; fuama :f(O):l '
) e
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Cxema uccaepoBaHmst GyHKLMK. MoctpoeHue rpaduka GyHKLUUM -
1. Hatit; ob6iacTs onpenesnenus GQyHKIHNA.
2. BoiscHuTh cHelrpHyecKye NPUSHAKH: ABIACTCH JH GYHKIAI YeTHOH
WK HEeYETHOMH, IIepHUOIHMYeCKOH.
3. HaiiTi TOUKM HepecedeHus IpadiKa ¢ 0CAMY KOODAUHAT.
4. OnpenesuTh IPOMEXYTKH 3HAKOIIOCTOSHCTBA.
5. BEISCHUTE IPOMEXXYTKY MOHOTOHHOCTH (hyHKIIMH. .
6. Haiiru Touxku sKcTpeMyMa U 3HaUeHUe GYHKIIUY B STUX TOUKAX.
7. HcereoBaTs HoBeieHIe q)yuxunn B OKPECTHOCTH «0COOBIX» TOUEK U IPH
GONBIIKX IO MOJYIIIO X,
8. ITocTpouTs cxemaruyecKui rpadux GYHKIIMM,
ITpunmep. Uccrnenyiire dynxnuio f(x)=x*-83x u nocrpoitre ee rpaduk.
Pewenue
D(f ) =R.
DYHKINA HY YeTHA S, HA HeUeTHAR,
Haxoguwm abcmycesl ToUeK nepecedenus rpadguka ¢ ocbio Ox:
x*~8x"=0; x*(x~8)=0; x=0 unm x=3.
Haxo@nM OpAUMHAaTY TOUKHK IepecedeHus rpaduKa c ockio Oy:
y=f(0)=03——3-02 =0,
Haxoxum npouspogHyio: f'(x)=38x" —6x=38x(x-2).
D(f')=R. o
Haxomum KpUTHIECKHE TOUKM: 3x(x - 2) =0; x=0 unn x=2.

CocraBageM TabanILy:

x (-~ 0) 0| (0:2) 2 (23 +o0)
flx) |+ o] ~ |o +
f(x) A I 1 N -4 7
max min
lim(xa—2x2)=+oo; ' ‘ | ; » ‘YA :
o : " ”-;sz
lim(x3—2x2)==_-oo. y=x
fandatady
Hcnoapaysn PEe3yAbTATH .
HcciefoBaHUA, CTPOUM TrpaduK x
dyurnum y=x° -3x* (puc. 72).
' Puc. 72
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- § 23. NMepsoobpasHas, HeonpeAeACHHbIN MHTeTPaA

MepeoobpazHas . :
®ynxnua F(x) HashIBAETCH Nepe006pasnol s PYHKIUM f(x)
Ha 3aZaHHOM IIPOMEXYTKe, eCiM JJf BCeX X M3 DTOrO IPOMEXYTKA
F '(x):f(x). '
" Hanpunmep, dysxnua F(x)=x’ — nepsoobpasuas AJs GYHKIUE
f(x)=2x , nockonsKy F’(x):(xz)' =2x=f(x).

OCHOBHOE CBOMCTBO MepBoobpasHoM _
Ecnn F(x) — nepsooGpasmas Ans ¢ymxnum f(x) Ha sajaHHOM
' IPOMERYTKE, TO PYBKRIINI f(x) nMeeT 6eCKOHEUHO MHOI'O IepBOOGPa3HEIX,
U BCe 9TH NepBoobpasHLle MOXKHO salucaTs B Buge F(x)+C, rae C —
TIPOUBBOJbHAS TOCTOSHHAA.
Hanpumep, pysxnuu F(x)=x+C sBasi0TCA 1epBOOCPABHBIMM A1

dyurmun £(x)=2x , NOCKOABKY F’(x).=_(ac2 +C)' =2x=f(x).

ﬂpaBMAa BbIMUCACHUSA nepBOO6p83HbIX
1. IlepBooGpasHasi cyMMbl (PYHKIHI paBHA CyMMe IIepBOOGPa3HBIX

dyuxnuil: T. e. ecnu F(x) — neppooGpasHaa mas f(x), a G(x) —
nepBoo6pasHaa And g(x),To F(x)+G(x) — nepsooGpasHas pyHKIMM

 fx)+g(x). ’

. 2. HlocToaHHEIH MEOXHUTEIH MOYKHO BRIHOCUTD 38 3HAK IIePBOOOPAa3HO, T. e.
ecin F(x) — nepsoobpassas nua dyskmun f(x) u C — mocrosinHas,
ro CF(x) — mepeoobpasras s Cf(x)-. ‘

3. Ecim. F(x) — nepsoobpastas aas f(x) u k#0, b — nocToAHHAL, TO

—I:- F(kx+b) — neppooSpasnas fia pyaxmun f(kx+b).

HeonpeaeAeHHbIi MHTeFpPaA B
Heonpedenentvim unmezpanom or dyskyum f(x) HassiBaercs
 Boipascenme F(x)+C, T. e. COBOKYIHOCTb BCeX ePBOOGDASHBIX AAHHOMN

dyuxnuu f{x). : :

ObosnauaeTcs TaK: J f(x)dx=F(x)+C,rne dynxnus f(x) HaspiBaercs
nodunmezpansroil pyixyuer; BHIpAsKeHHUe [ (x) dx —nodunmezpansuoim
eupancenuem; F(x) — onua wms nepsooSpasubix dpynknuu f(x); C —
IpOUsBOIbHAA MOCTOAHHAS. :
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OCHOBHble NPaBUAa MHTET PUPOBAHMS

1. I(f(x)+g(x))dx :J’f(x‘)dxwh.‘.g(x)dx .
2. Icf(x)dx:cjf(x)dx .

3. Ecau kE+#0 u k, b — mocrostHHLIE, TO Jf(kx+b)dx=%F(kx+b)+C .

TabAnua nepBoobpasHbix

U TabBAMLIa HEONPEACACHHBIX UHTErPaAOB

Ta6auia nepsooGpasHsIX
DyrKUHSA f;( x) ITepBooGpaszuznie
- F (x) +C
0 : C.
1 ‘ x+C
n+l
x"(n=-1) Y _ic
. n+l
1
— 1n| x |+ C
% .
sinx —cosx+C
cosx sinx+C
1
3 tgx+C
cos” x ’
1
—-ctgx+C
sin®x clgx+l -
e* e’ +C
a* 2 _+c
Ina
1 ' arctgx+C
1+x? umu —arcetgx +C
! arcsinx+C
1-x% uau —arccosx+C

Ta6anita HeonpexeeHABIX

HHTErpajoB
fodx=c;

Idx:aﬂ-C;

jx"dx: ;C:ll +C,nz-1;

_[-dﬁ- = 1n|x|+C;

x ’
_[sinxdx =—-cosx+C;
jcosxdx: sinx+C;

_[ dx =tgx+C ;

cos®x
I _df =—ctgx+C;
sin®x
_[e"dx:e"—l-C;
ja‘dx¥ a +C;
Ina
j‘ dx arctgx+C,
1+x® |—arcctgx+C;
dx _|aresinx+C,
—arccosx +C.

i
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§ 24. OnpeAeACHHbIA MHTETPAA M ero NPUMEHeHHe

OnpeaeAeHHbIN UHTETPaA

IlycTh sajaHa HelpephiBHaA QyHEmus y=f(x), onpesenennas Ha
IIPOMEKYTKE [a; b] , TOT7Ia ONpedeleRHbLM UHMezPAROM OT a 10 b Dy HKRIH
f (x) ' HasbIBaeTCA npupaiieHye Heproobpasnoii F(x) aTOll hyHKNUH,

b .
T. . J f(x)dx=F{b)-F(a). Yncna a u b HasBIBAIOTCS COOTBETCTBEHHO
HUDKHUM M BeDXHUM [IpeieJlaMi HHTerPUPOBAHMS.
OCHOBHblIE NPaBUAa BbIYUCACHUS ONPEACACHHOIO UHTErPaAa

b b
1. ch(x)dx =c_[f(x)dx , Tie C — mocTosHHAad.

o

(f(x)+ g(x))dx = if(x)dx + jg(x)dx .

5. [f(x)dx=0. 6.

w0
Bl o R B ——

—
—_—
8
~—
Q&
8
i

1
Sy
~
—_
&
~—
Q.
®
o~

TeoMeTpUYeCcKuii CMbICA
- ONPEACACHHOIO UHTErpaAa
IInomanas S xpuBOAMHEHHOU Tpameluun
{(burypa, orpaEnyeHHAs 'padUKOM HEIIPePLIBHOH |
TIOJIOYKMUTENHHOM Ha HPOMEXKY TKe [a; b] byHEIMNT
f(x), ocblo Ox ¥ mpaMEIMM X=a, x=b)

b
BBIYHCIATCA HO hopmyste S= j f(x)dzx (puc. 73).

Dur3ndecKnii CMbICA

ONpPeACACHHOIO UHTETPaAa
TIpu npAMOIIHEHHOM JBIKEHHY TlepeMeIleH e
o t2
$ UHCJIeHHO PaBHO jv(t)dt ,tae v(t) — cropocTs

kl

AsMoKeHns (puc. 74).
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Maowaab durypesl )

Ecam Ha 3aJaHHOM IIPOMEXYTKe ,[a; b]
HenpepblBHBe GyHKmuEM y=f(x) u y=g(x)
uMeoT cBoOMCTEO f(x)>g(x) nns Beex xela;b],

T0 § = j ~g(x))dx (puc. 75).

Hpumep Briuncaute mmmanb GUrypsi,
OTPAHHYEHHOR THHNAME y=Xx° B y=—-x+2.

Pewrernue.

H30o6pasuM cxeMaTHUHO rjpaq)mcn JaHHBIX QYHRIUH
¥ 3aIITpuXyeM GUrypy, miomansk KoTopoi HeoGXoHIMo
Hafitm (pme. 76). JIna HaXOKIEHHS NpejesioB
KHTePpHpOBaHPIH peIIMM ypaBHeEHe: x’=-x+2;
4x-2=0; x=-2 mm x=1. Toma

§= j (~x+2)-2)dx = j-x ~x+2)dx =

3 2
- =l-E X ox
3 2

O6beM TeAa BpalleHus
Ecsm resio, monyueHHOe B pe3yJsikTaTe BPAIIEHUS
BOKpyTrocu Ox KpIBOJIVHEHON Tpanelly, OTpaHYeHHOM
rpadKOM HEIIPEPLIBHOH H HeOTPAIATEIHHON QDY HKINH |
y=f (x) Ha npomemyme[a; b] U OpAMBIME X =4 U
b

1
=4,5.0meem. 4,5.

-2

x=b,To V=n|f?(x)dx, rme V.— o6’mem Tesa Bpamienus. ,
Ilpumep. Haripnre o6peM Tena, o6GpasoBaHHONO BpallleHHMeM BOKDYF OCH

Ox Q)m'ypm, OrpaHUYeHHoN cm{ycon,uou y=sinx popamemvmmr x =0 ¥ x =
Pewernue
1(

sinxdx= nj_}___ggz_s_z_a_c_dx =%
y=sinx

s 2
3 2

9 2
Omeem. I . . Puc. 78

O tmyro| A
X Sy

V=n (1-cos2x)dx = y

m|;-.1
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§ 25. DAeMeHTbl KOMOUHATOPHKM
M METOA MaTeMaTHUYECKOH MHAYKLMM

MNepectaHoBKM

JIio6oe ymopsjoueHHOE MHOMECTBO, COCTOSINEE U3 NI 5JIeMEHTOB,
HasbIBAaeTCA nepecmanoexou U3 71 9JIeMEHTOB.

Uncsto nepectaHOBOK M3 7 3/1eMeHTOB (ofosnavaercss P,) paBHO npo--
M3BeleHNI0 BCceX HaTypaJbHBIX ducekx oT 1 fjo n, T. e. nl (4unTaerca: sH
darTopuas)

P, =1.2.83-....n=nl

TIo onpenenennio 0l=1, '

Ta6auua daxropnaios uncexn ot 1 1o 10
n 1]1]218] 4 5 6 7 8 9 10
nll 112 6| 24|120| 720 |5040] 40320 {362 880|3 628 800

PaamelleHue

Jlio6oe yNMOpPAZOUEHHOE IIOMMHOMKECTBO C /M 2JIeMeHTOB JaHHOI'O
‘MHOXKeCTBa, COJEp:allero 7 - 3JeMeHTOB, rfe m<7n, HasbIBaeTCH
pasmeujenuem U3 r BIIEMEHTOB II0 M BJIeMeHTOB.

Jucno pasmewenuii ua n snemenmos no m obosnadaerca A .

U0 pasMelieH i 13 1 91eMeHTOB 110 M PABHO IPOMGBE/ICHHIO . TI0-
C/IeIOBATEIBHEIX HATYPANBHLIX UKCell, HANGOIbIIee U3 KOTOPHIX 1!

nl
Ar=n(n-1)(n-2)(n-38)...(n-m+1),mm8 A = ——
N . (n~m)!
Eciu n=m,m0 A =P .
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KombuHaumm

Jlio6oe mDOAMHOMKeCTBO H3 m BJEMEHTOB NAHHOTO MHOKEeCTBa,
coJlepIrallero 7 3eMeHToB, Ha3bIBaeTCs Kxomburnayuell N3 n 3J1eMeHTOB
IO M. 3JIeMEHTOB.

Hucno xombunayui uz n snemenmos no m obosnavaerca C,

Ypeno koMOMHALMH U3 71 BJIEMEHTOB II0 M (1< ms< n) paBHO npo6n,
YHCIUTeeM KOTODPOH SBiIAeTCA TIPOU3BeileHre m MoCTe0BaTeIbHbIX Ha-
TYpaJIBHBIX YHCEN, HAaRGOIbIIee U3 KOTOPBIX N, a 3HaMeHaTejleM — IIpo-
u3BefieHUe M MIePBHIX [I0CIeI0BATENLHEIX HATYPAJBHEIX YHUCeN:

n(n-1)(n-2)..(n-m+1)

C= ,
1.2.3-....m
m ‘nl 0 1 n
miu C' =——F———— C,=1;C,=n; C; =1.
mi(n—m)!

CBolicTBa UHCIa KOMGUHA Wi
Cr=Cr™; Cr=Crl+Cr s Cl+Cy+C+.. +Cy ‘+c" =2".

TpeyroAbHUK Mackaas

Bce BosmoskHble 3Haverus C. (n:O, 1,2..,m=0,1, 2) MO HO
3anycaTh B BUJe TpeyroJuHoi Tabamusl. Taxas TaGmuila HasbiBaeTcs
TpeyroiasaukoM Ilackais.

Co 1
c , 1 1
c ¢ 1 2 1
c ¢ ¢ C : 1 8 3 1
¢ ¢ ¢ oc C 1 4 6 4 1

MeToA MaTeMaTUYECKOM MHAYKLUMMK

Ona noxasaTenbCTBa YTBEP)KIGHUS Memodom mamemamuiecrkoll

unHdyKyuu HaRo: .

1. IIpoBepuTsh cIpaBeAIUBOCTh 3TOrO YTBEPKIeHUA A n=1.

2. TIpeAnoNoXUTh CIPaBeIHBOCTD 3TOI'0 YTBePIKACHUS And n=Fk, rae
'k — IIpOUSBOJIbHOE HATYPAJbHOE UHCJO, U € YIEeTOM 3TOr'0 IPeAIoJIo-
JKeHUA YCTAHOBUTDH CIIPaBEIINBOCTD I8 n=Fk+1.

3. CpopmynupoBaTh CIIpaBeJIABOCTD YTBePKACHUS N1 m.o6oro HaTy-
pajJbHOTO N.
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_ BuHom HetotoHa
Papercreo  (x+a) =Cix"a’+Cix"a' +..+Crx""a"™ +...+Cix"a"
HasslBaloT GuHomom Horomona nnu gopmynoii Hviomowna. IlpaBas
9acTh PpPaBeHCTBA HA3BIBAETCSA OUHOMUANLHLLM DPa3noiceHuem (B
CYMMY) MJIN pasJiodkeHueM OuHOMA, a KoahGUIINeHTh C,? , C,ll s ey CF
— BUHOMUANLHOLML KOIPPUYLeRmamL.

CaoitcTBa pasioxeHusn GHHOMa

1. Yncito BceX YJICHOB PA3JIOKEHUA Ha e IUHUILY OOJIbIle II0OKAasaTed cTe-
niesm 6uHOMA, T. €. paBHO n+1. ‘
2. CymMa oxasareseif creiieHeil x ¥ @ KA I0r0 WieHa PASI0KeHNS PABHa
[IOKA3aTeI0 CTelleHy GHHOMA, T. €, (n - m)+ m=n.
3. O6mnit unen pasnosxxeHus (o6osnavaerca T, ) MMeeT B
T ..=C'x"™a", m=0,1, .., n. .

' 4. BuHOMMAaNbHBIe KOoh(UIIMEHTE YWICHOB PA3JIOKEHUA, PABHOOTCTOL-
IUX OT KOHIOB pPasJIoyKeHU s, paBHBI MeX Iy coBoii: cr=C;",m=0,
1, 2, .., n. ‘

5. CymMmMa GUHOMHANBHEIX K09hGUIUEeHTOB BCeX WICHOB PasyIOMKeHMs
paBHa 2"

Co+C +CE+...+Cr=2".

6. CyMMa GHHOMHANBHBIX K0a(GUIHEHTOR WICHOB PA3JIOMKEHIH, CTOAIAX
Ha HeYeTHBIX MecTaxX, paBHa cyMMe GMHOMUAJILHBIX KO3(QPHIMeHTOB,
CTOSITIMX Ha UeTHHIX MecTaX, M paBHa 2" : ‘
Co+CE+Ci+..=+CE +C2+Co +...=2",



§ 26. HayaAa Teopum BeposaTHOCTeH
OCHOBHbIe NOHATHS

Cob6vimue — 310 SBJIEHUE, O KOTOPOM MOXKHO cKasaTh, YTO OHO
TIPOMCXOAUT UJIH He MPOUCKOMUT IIPH ONIPeNeIeHHAIX YCAOBIAX.

CoGriTHe 0603HaYAIOT TPOIHCHBIMH OYKBaMH JATUHCKOrO ajdaguTa: A,
B,C, ...

JIr060e cobrITHE MMPONCXOAMT BCASACTBHE UCHbmMAHUR (AKCIIepUMeHTa,
oneliTa). UcnbiTanmne — 3TO yCIOBHE, B pe3yjbTaTe KOTOPOIO IPOMCXOUT
(u He TpoucxonuT) coObITHE.

Co06rITHA pasfeasaioT Ha caytalnbie, 6eposmHble Y He603MONCHbLE.

Caywaidnsim HasplBaeTcs COOBITHE, KOTOPOE MOXKeT IIPOU30HTH MK He
IPOU30MTH B Pe3YIbTaTe OIPeeJIeHHOr0 UCIIBITAHU S,

- Bosmoscnvim HasbiBaeTcs COOLITHME, KOTOpOe BCJISACTBHE AAHHOTO
' MCIIBITAHUA 00A3aTEeILHO nponsoﬁne'r. ‘

Hesosmoscnovim HaspIBaeTcs cOOLITHE, KOTOPOE BCJIEICTBME HAHHOIO
MCIILITAHUSA He MoXeT Iponsoiitu. HeposmoxxrOe cobuiTHe o6o3HavaeTca
cuMBoJioM I _

Teopur eepoamnocmeil — pasfesl MaTeMAaTHKH, H3ydalomui
38KOHOMEPHOCTH CJIy9aliHblX cOOBITHE. i

IHonapno necoemecmumoie cobuimus — 9T0 COGLITHA, KacAble IBa U3
KOTOPBIX He MOTYT IPON30HTH OZHOBPEMeHHO. » ]

Pasnocoamoscnvte cobolmus — CcoGBITHA, KaXKAOe U3 KOTOPHIX He
MMeeT HUKaKHMX IPEHMYIeCTB MOSIBHTHCHA Uallle JPYTHX IIPH IIPOBeAeHUN
MHOTODASOBLIX MCIEITAHNH, IPOBOAUMEIX B OfMHAKOBBIX YCIAOBUAX,

Honnoi epynnoii cobesmuil HaspiBaeTCA MHOKECTBO TAKMX COGBITHH,
KOIa B peaysIhTaTe KaXKJOro HCIBITaHUA 0643aTeIbHO JOIMNCHO IPOH30HTH

_ XOTH ObI ONHO M3 HUX.

Eciu cobuITus uMeroT croificTBa: 1) 06pasyIoT IIOJHYIO FPYILITY COOBITHIA;
2) HecOoBMeCTHBI; 3) paBHOBOSMOXKHLI, TO TaXue COGLITHA 00pasyioT
MHOECTBO, KOTOpOe HasbiBAeTCH NPOCMPAHCMEom dneMeHmAPHBLY
cobuimuii.

Kaaccuueckoe orpeaseAeHre BepoaTHOCTH

OTHOIIeHHe YKCIa M 3JeMeHTapHbIX coOBITHIH, 6JIarolIpuaTCTBYIOMNX
coOBITHIO A, K 061I{eMy KOJXHYECTBY 7t COOBITHH IpocTpaHCTBA HASbIBaeTCH
éeposamnocmyto cAyuaiinozo cobuimus A u obosHadaercss P(A),T. e.

\ R
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rge m — YUCI0 COOBITHI, 6/1aronpUATCTBYIOMINX COBRITHIO A;
I — YUCJIO0 COOBITHII IPOCTPAHCTBA 3TeMEHTAPHBIX COOLITHMH
(0 Sm< n) .

BeposiTHOCTE BO3MOXKHOT0 COOLITHA PABHE 1, BEPOATHOCTS HEBOBMOMKHOI'0
cobpiTus paBHa 0, a BepoATHOCTH P(A) ciayuaiigoro cobwmiTus A
yaoBieTBOpAeT yeaosmio 0< P(A4)<1. :

Hanpumep, BeposITHOCTS TOT0, UTO IPH GPOCAHUY KBYX MOHET BhiNajeT

1 ‘ .
AB&a repﬁa, paBHa —4— y TAK KaK IIPOCTPAHCTBO JJIeMEeHTapHBIX COORITHIL

A, — BbIIas¥ ABa rep6a, A, — BHINAIM Iep6 U 9nCI0, A, — BHITAIN
upcjo u repb, A, — BHIAJM ABa 4YHC/a, a 3aJaHHOMY COGBITHIO
6naronpuATCTBYET TOJBKO OQHO COGhITHE — A, .

Cratnctuueckoe orpeaeAeHUe BepOITHOCTH

IIyeTs n — KoMMUeCTBO BCeX MCIIBITAHUIA B OTIENLHOM CepUM HCTIBITABNH,
a /M — KOJIMYeCTBO TeX UCHBLITAHUH, B KOTOPLIX IPOUCXOLNT coOBITHE A,
Cmamucmuuecrol gepoamnocmsio cOGEITHA A HaskIBaeTCA IIpejet,

m

K KOTOPOMY CTPeMHUTCH OTHOCHTEJIbHAA 4acToTa —- COBRITHA A IpH He-
n .

OrPaHMYEHHOM YBEJIUUeHNH YMCa BCeX UCILITaHKH; T. €.

P(4)=lim .

. LTI )
OnepaLumnm Haa COBbITUIMM

Cymmoui Osyx cobumuii A n B (puc. 79)
HaselBaeTca cobeiTme C, saKJouyalouleecs B
OCYILeCTBICHIY BO BpeMA e[MHIIHOTO HCILITAHHSA
nau cobrITHA A, UAM cobeITHA B, MAN o6oux
cobbiTHil A 1 B oxmospeveHHO (o6GosHauaetcs
C=A+B um C=AUB).

CobriTHe A HABHIBARTCSH NPOMUGONONONCHBLLM
COGBLITHIO A, €CIN OHO IPOMCXOAUT TOTKA M TOJLKO
TOrga, Korga cobhITHE A He MPOMCXOTHT.

Ilpoussedenuem deyx cobvimuii A n B (puc. 80)
HaselBaeTcd coObiTe C, KOTOpOe 3AKIIYAITCH |
B OJHOBPEMEHEHOM OCYIIeCTBJIeHMN O00MX COOBITHHA
1 B B0 BpeMA eAMHIYHOIO HCIIHITAHNA (0603HavaeTCsA
C=A-B wiu C=AB).
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Teopema O BepOSTHOCTH CYyMMbI COBBITHIA

BeposATHOCTS CYMMBI ABYX HecqsmeéTHHx cobpiTiil A u B paBHa cyMMe
BeposaTHOCTe}t 9THX cobbiThil. Ecnn A-B=@, 10 P(A+B)=P(A)+P(B).
Hanpumep, ecin OXOTHUK CTPEJISeT IO MHIIEHW, pasfesieHHOA Ha
JBe YacTH, ¥ BepPOATHOCTH TONaJaHWA B IEPBYIO YacTh paBHa 0,45,
a Bo BTOpYy10 — 0,35, To BEPOATHOCTD NONA/IAHKA B MUIIEHDb GyeT paBHa
0,45+0,35=0,8. A
" /13 TeopeMBI BHITEKAIOT CIAEACTBUS.

Cnedcmsue 1. Cymma BepoaTHocTel cobertuit A, 4,, ..., A, , KOTODEIE
06pasyIoT MOJHYI0 MPYNIY W IONapHO HECOBMECTHHI, DaBHA efUHHIE:
P(A)+P(A,)+..+P(4,)=1.

Cnedcmeue 2. CymMa BepOSAITHOCTEH IPOTHUBOIIOJIOKHBIX COOBITHH PaB-
nmal: P(A)+P(4)=1.

Teopema O BepOoITHOCTH MNPOU3BEACHUS COObITHIA

IIBa cOGLITYS HASBLIBAIOTCS He3A6UCUMBLMU, ECITH BEPOATHOCTH HOABIEHUA
OIHOT'O M3 HUX He 3aBUCHT OT TOr'0, IPOUSOIILIO BTOpoe COOLITHE MJIN HET. -

BeposaTHocTh mponsBeieHU IBYX He3aBHCUMEBIX cOOBITHH A 11 B paBHa
IIPOM3Be/IeHHIO BeposiTHOCTeil THX cobbITHit, T. e. P(A-B)+P(A) P(B).

Hanpumep, eciu fBa OXOTHUKH ONHOBPEMEHHO U HE3aBUCHMO ADYT OF
Ipyra CTPEeJISIIOT 10 MUIIeH!, 4 BEePOSITHOCTH TONMAaJaHUuA B MUIIIEHDL CO-
~ orsercrBeHHO paBdsl 0,7 u 0,8, To BepOATHOCTS TOro, YTO 06a OXOTHHUKA
rorajfyT B IieJb, pasda 0,7-0,8=0,56.

Ecam cobmitua A, A,, A,, .., A, HeszaBUCHMEBIe, TO BEpOAT-
HOCTBH TOTO, UTO IpPOM30HeT o KpaiiHeil Mepe omHo m3 HuMX C, Mo-
sKeT OBITh BhIpasKeHa Yepes BEePOATHOCTH STHUX COOBITH cpopmynon

P(C)=1-(1-P(4,))(1-P(4,))-..-(1-P(4,))-

HezaBucumble ucnbitaHmsa. Cxema bepHyAAmn .

B3aumHo He3a6ucuMbLMU HABBIBAIOTCS TAKHe HCILITAHNUSA, B KOTOPBIX
BEPOSTHOCTH Pe3YJIbTATA KAXKAOTO U3 HUX He 3aBHCHUT OT TOTO, KaKue
DPe3yILTATH MMeIOT WK GYAYT MMEeTh OCTaIbHBIE NCIBITA NN,

MHorue safauyd B TE€OPUH BepOSTHOCTEH CBOAATCHA K TAKOH cxeme,
KoTopad HasbIBaeTcA cxeMoil BepHYJIN: IDOUCXOAUT 71  HE3aBHCHMBIX
WCOBITAHMN, B Ka)KIOM M3 KOTOPHIX COOEITHE A MOeT HACTYIHTh WU
He HaCTYHHUTh. BepoATHOCTE TOrO, YTO caydaiimoe COOBITHE A B KaXKJOM
HCHBLITAHIN IIPOUCXOAUT ONWHAKOBO ¥ PABHO D, & BEPOATHOCTH TOrO, UYTO
He IPOUCXOZuT, — ¢ =1-p. Hy:xHo HaliTu BepoarHocTe P,  TOrO, UTO
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co0BITHE A HACTAHET M Pa3 B 9TUX 71 HCIEITAHMAX. VICKOMYIO BepOATHOCTE
MO>KHO BEIYMCIMTD 1I0 hopmyne Beprynnu:

m._m_n-m _ n! - .
Fun=Clp"e"" = mi(n—m)!

m _n-m

pq .

3aKoH GOAbLUMX YMCEA

Teopema Beprysim. Eciu B paje ncnblTaHHil BepOATHOCTH HEKOTOPOT'O
COOGBITHH OCTAETECS JIJIS KAMKOT0 HCIIBLITAHUA IOCTOAHHOH ¥ paBHA P, TO IPU
JOCTATOYHO QONBINTOM KOJMYECTBE UCIBITAHMI IIpaKT4eCKH JOCTOBEPHO,

m .
YTO YacTOTa —— IMOABJIEHUSA COOLITHA OTJIHMUAETCS OT ee BE€pPOATHOCTU
n

MeHbllle, 9eM Kax yrofAHo MaJjoe uncjo £>0.
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§ 27. DAeMeHTbi CTaTUCTHKMH
 MoHsiTHe o CTaTUCTHKe

Cmamucmura — HayKa, KoTopad cobupaeT, o6padarsiBaer 1 H3ydaer
pasnMuIHbIe JaHHEIe, CBASAHHEBIE ¢ MACCOBRIMY SABJIEHHAMH, IpolleccaM,
COGBLITHAMU. ~
- Mamemamiuuecraa cmamucmura — pasfesi MaTeMaTHKH, TIOCRSIIeH-
HEI MaTeMaTHUeCKUM MeToaM CHUCTeMaTH3auy, o6paboTKy 1 UCCIeLoBa-
HUA CTATUCTHYECKUX NAHHBIX JJA HAYYHBIX ¥ IPAKTUYECKUX BLIBOIOB..

Cmamucmuueckoe Habniwdenue — 370 CIIAHHADPOBAHHEIN, HAYUHO
OpraHM30BaHHBIM c60P MaCCOBBIX AAHHBIX O COIHANBHO-3KOHOMUYECKUX
SABJEHUAX M IIPOIIECCax.

HaubGonee pacnpocTpaHeHo CpeA¥ DASHOBUAHOCTEH CTATHCTUYECKUX
HabmofeHU# eviGopounoe Habnriodenue. B npoliecce BEIGOPOYHOTO Ha-
GarofieH s U3yHaeTCs JUIIL YACTh COBOKYNHOCTH, 0TOOpaHHAA CIHelH-
anbHBIM MeTOJOM, KOTOPHI HasbIBaeTca ebi6oprol. Beio coBokynHOCTS,
13 KoTOpOil fenaioT BHIGOPKY, HASLIBAIOT 2¢HEPALLHOE COBOKYNHOCTNBIO.
Yucio 00beKTOB TeHePaIbHOM COBOKYITHOCTH ¥ BLIGOPKHM COOTBETCTBEHHO
HABLIBAIOT 06beMOM 2eHEPARLHOU COBOKYNHOCTIU Y1 06BeMOM 8bLG0ODKU.

Ll,eHTpaAbele TeHACHUMM BIGOPKM

Bmﬁoprca XapaKTePU3YeTCs YeRmpanshulmu mekdenyuanu: cpeanum
3Hawenuem, modol u meduanoii.

Cpednum 3navenuem BLIGOPKY HaskIBaeTes: cpefHee apudMeTHdecKoe
BCeX ee 3HAUEHMIA:

X+ X+t X,
n

X=

(Z — BHAK cyMMI:I — «curMa» Goabmas).

Moda evi6opru — 3TO ee 3HAUCHME, KOTOpOe cliydaeTcs Han6onee 4acTo
(o6osrauaeTca M, ).

Meduana au6op1cu —— 9TO YHCJIO, AeNdliee OMOTaM xnopanouennyxo
COBOKYITHOCTH BCeX 3HauUeHm BEIGOPKH, T. €. CDeAHAA BeJINUWHA H3MEHA-
€MOT'0 IIPUBHAKA, KOTOPHI COIEPIKUTCH B CepefuHe psija, PasMeleHHOTO
B IOpAAKe BO3pacTaHUA WK yObIBaHUA HpU3Haka (oGosHavuaerca M,).

Hanpunmep, ecnv gana Ber6opka 2, 3, 4, 4, 6, 6, 6, 7, 7, 8, To Moza BEIGOD-
KH MO =6, Tax Kak yucio 6 BcTpeuaeTcs Hambosee yacTo; cpefiHee 3HA-

2+83+4+4+6+6+6+7+7+8 53

= - = ——=5 8 ; Mequana
ueHHe BBIGOpKHU X 10 1o 1A
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,IIaHHOPI BLI60pKPI M, 6 TAaK KaK BEIGOPKa uMeeT YeTHOe HHCJIO 3HAYEHUH
6+6

=6.
2

U ee MeMaHa paBHa IIOJyCyMMe ee CpeHUX sHauenunii: M, =

CpeAHMe 3HaueHHus

CrarucTHKa OIepupyeT TAKMMU CPeJHUMU 3HAUeHUSIMH: cpedHee

apugmemuiecroe, cpednee Keadpamurnoe, cpedrnee zeomempuieckoe.

Omrnonenuem 3HAYERUR X, OM CPedHez0 SHAUEHUSL X HABHIBAETCS
PasHOCTb X, — X . '

- B craTHCTHKE MOJb3YIOTCA TOKA3ATENIEM — CPEeOHUM KEadpamuunouLm
omKnOHeHueM, KOTOPLIK HaXo[daT TaK: BCe OTKJIOHEHUS BOSBOAAT B KBa-
IpaT; HaXOLAT cpe/iHee apH(MeTHIeCKOe BTHX KBA/PATOB; H3 HANIeHHOI'O
CPEeZHEr0 apudMeTHIeCKOro USBISKAIOT KBaiPATHEIH KOpeHb,

CpenHee KBaIpaTUYHOE OTKJIOHEHHE 0603HAUAIOT FpedecKol 6yxBoil G
(«curma» Manan):

B cratucruke ¢° HasbiBaloT ducnepcuet.

ITpumep.

. Hailizem cpeauee KBAAPaTHTHOE OTKJIOHEHNe 3HAYEeHHH BRIGOPKU: 5,8,
10 12, 17, 20.

PesynpraThl IpeficTABAM B BH/e TAOINIIbL.

@ 3Hadende :
HKITHA
yHEn 5 | 8 | 10 | 12 | 17 | 20
[
Cymma Y x, 72
i=1 .
Cpeznnee P 72 12
apudMerHyecKoe ¥ T8
Orxonenue x,-X =7 ~4 -2 0. 5 8.
Kzaspar 49 | 16 4 0 25 | 64.
OTKJIOHeHHs (X, —X)
CymMma :csa,upaTOB .
—\2
OTKJIOHEHUS Z x, x) : Z:(".‘i’x) =158
i=1

5. Anrebpa v reomMeTpua . 129



Kragparuanoe o= 158 =513
OTKJIOHEHHE O 6

Cpednee zeomempurieckoe n TOJOKUTENBHEIX UHCRI X\, Xy, ey X

B n
' ompefeaseTcs mo GopMyse m, —,"/xl Xy X, .

Hanpumep, cpelHAM reoMeTpUIeCKUM qnce.nS 8, 10, 12 siBiseTca qnc-
a0 45 8:10-12 =+/4800 ~8,3.
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YrAbl H NPAMbIC Ha TAOCKOCTH

Yrabi

Y201 — reomerpuueckas Gpury- : \
pa, cocTosfmlas U3 JBYX pasjimd-
HBIX Jydell, BBIXOAAIINX U3 0fHOH
TOYKH. ,

' JIyum Ha3LIBAIOTCA CMLOPOHAMU
yraa, a ux oblilee Hadajlo — éep-
WUROL yTIIA

Cmoporut yena

AN Bepwuna yzaa

Hra yria HazpIBalOTCH PAGHbLMIL,
eCcJIX OHW MOTYT OBITH COBMEIIEHbI
TAK, YTO COBIAAYT MX COOTBETCTBY-
IOlIMe CTOPOHBI ¥ BePIIUHEI

Ve, #Meloltue 0610 BepIiK-
HY ¥ OJiHy O6IIYIO CTOPOHY, HA3HI-"
BAIOTCS NpUNEHAUUMU

IlBa yria HasblBaloTC CMeCHbl-
mMu, ecan y‘Imx obmiye BepuIMHA a+B=180°
¥ OJHa CTODOHAa, a ABe Apyrue 00- - B
pasywoT npamyio. Cymma cMex-
HBIX yIJioB paBHa 180°

VYram HasBIBAIOTCH 6ePMUKANLL-
HBLMU, €CTH CTOPOHMI OJHOTO HAB-
NAIOTCA POAOIKeHUIMY 34 Bep-
HIAHY CTOPOH Apyroro. Bepru-
KaJbHBle YTJIBl PaBHBL MeXZRY

coboii ) Ll=/3; £2= /4
Vo, y KOTOPOro CTOpPOHEI 06pa- _ .

3YIOT IPAMYIO; HashIBaeTCS pa3- ) f\

6epHRYMBLM
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Vron, paBHEIH CBOEMY CMeXKHO~
MY, HagBIBAETCH NPAMBLM

YroJ, MeHBIINH IPAMOTO, HABHI-
BaeTCsd ocmpuLm

Vron, 6onbiInii IpAMOro, Haskbl-
BAETCA MYnvim )

Buccexmpuca yzaa — j1yd, Ko~
TOPLIH HCXOAMT U3 BepIIMHE] yIJa,
IPOXOMUT MeKAY ero CTOPOHAMY U
LeUT Yyrol moroiam '

Buccexmpuca

CBOMCTBa YTAOB

Y rIIBI ¢ COOTBETCTBEHHO napaJajejJbHEIMH CTOPOHAMH

JIu6o paBHE . 7mbo uX cymMa papHa 180°

—~<

Y1IB1I ¢ COOTBETCTBEHHO NePHeHIUKYIIPHBIME CTOPOHAMY

JIn6o paBHbI 1760 UX cyMMa paBHA 186°
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Yrabl, 06pa3oBaHHbIe Mpu Nepece-eHm
ABYX MPSMbIX CeKyLLien

CooTBeTCTBEHHEI

G

BryTpeHHNE OAHOCTOPOHHNE BHeimnane ofHOCTOPOHHME

% | |

*

BayTpeHHMe HaKpeCT JeKallue Buemnume HakpecT Jexaliue

* %
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MapaAACAbHbIC M NEPNCHAMKYASPHbIC
npsambie

MapaAAeAbHbIC NPAMbIC

IIpsameie, xoTOpSIe JIeXKaT B O~ @ g
HOH IIJTOCKOCTH U He IlepeceKaloT- b
Cf1; HASEIBAIOTCA NAPAALELbHOLML /
. allb

MPV3HAKM MAPAAEALHOCTH [PIMBIX

, BayTpenuue (BHelHMe) HAKDPECT |
JIesKarniye yribl paBHBL 'b

CooTBeTCTBEeHHEIE VIJIBI PABHBL /{
b

7/
/-
a
Cymma BHYTPeHHUX (BHEIIHUX) '
OZIHOCTOPOHHHX YTJI0B paBHa 180° b
/

CBOMCTBA MAPAAEABHbIX NOAMBIX

OBe npsamMele, mapaijielbHble b

- TpeThel, apaailenbHbl
o]

all balle = blle
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Teopema dajreca \
" Ecau napanienbHble IPAMBIE,
Iepecexalolye CTOPOHHL YIJIa, OT-
' cexaloT Ha OJHOI eTo CTOPOHE paB-
Hble OTPe3KHU, TO OHU OTCEKAaIoT
paBHBIe OTPe3KH U Ha APYroit ero
cTopoHe '

IlapasienbHble IpAMEIe, IHepe-
CeKalolye CTOPOHEI YIJIa, OTCeKa-
10T OT CTOPOH YIJIA IPOMNOPIHO-
"HAJILHEIE OTPEeSKHU

a

a_b
c d

NepneHAMKYASpHbIe NpsMbIC

IlBe IpsAMble HABLIBAIOTCS Tep- a

 MeHAWKYISAPHEIMH, eci OHU Iie-
PeceKaloTcs TTOX IPAMBIM YIIOM : :

' ' alb ’ o e

MepneHAUKYAI 1 HaKAOHHaS

Hepnenduxynapom « nanHoi . 1 O
IpAMO Ha3bIBAETCH OTPE3OK IS~ ‘
MO, IepneHIUKYIAPHOY K JAaH-
Hoif, OT 3aaHHON TOYKHU A0 TOYU-
KU IIepeceuyeHuA ITUX IPAMEIX
- OA — nepnieHJUKYNIp K b.

A — oCHOBAHVE IIEPIEHANKYIIAPa ' A

Haxnonwnod x gannoli npamoit
a HABEIBACTCS OTPE30K IIPAMOIN;
IepeceralouIeil JaHHyIO ITOL. YT+
JIOM, OTJIMYHEIM OT IIPSIMOro; OT
3aJaHHOM TOUKH 0 TOYKH Tlepece-
YeHMA 9THUX MPAMBIX. :

Tlepnenpuicynsp Kopoue HaKJIOH-
HOJ1, TIPOBEIeHHOI 13 TOM JKe TOUKH,

OB — HaKJOHHasA
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Npeobpa3oBaHus NPOCTPAHCTBA

Asumeuue

~ Hetncenue — 310 NpeobpasopaHye NPOCTPAHCTRA, COXPAH-
1ollee pacCTOSHNE MeXKIY TOUKaMHU.
Hpumepo déuncerun: mapanielbHBId Ieperoc, IOBOPOT

CBOVICTBA ABVKEHMS

BOe IBHXXeHHe.

2. Touxm, nexaliyue Ha IpAMOH, IPU JBUKEHMH NepexondT
B TOUKH, JieKalilyie Ha IpAMoOM, ¥ coxpaHsaeTcs nopsmorc ux
B3AMMHOTO PACIIOJIOMKEeHUA. :

3.. Ilpm ABMIKEHNN COXPAHSIOTCS YIVIbI MeXKAY IOAYIPAMBIMY

1. JIBa nBMKeHMs, BBIIOJHEHEBIE IOCTefOBATENBHO, AAOT HO-

MapasreAbHbIn NepeHoc

Hapannenvroui nepenoc — mpe-
obpas3oBaHHe IIPOCTPaHCTBA, IPU
KOTOPOM BCeé TOYKH CMe-
LIaI0TCA B OLHOM M TOM Ke HalpaBs- ) 7 T
JIEHWH Ha OJHO M TO JKe PaccTos- : <
HMe.

H
t
F’ _—
1
t
" il
[

IIpm mapanjenrbHOM IepeHoCe
IpsaMas HePeXOuT B Iapaliesb-
HYI0 npaMyIo (Maun B ce6s).

CYIIeCTBYeT OAKH U TOJNBKO OfBH o
napajiienbHbIA HepeHoc, IPH KO- TSR S
TOopoM Touka M mepeXofuT B TOU- e
Ky M’

Ons n106e1x ABYX Todek M u M’ /
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[Mosopor

ITosopom (spawernue) — Buj ABUXeHW, IPH KOTOPOM II0
KpaifiHell Mepe OJlHA TOUKA IPOCTPAHCTBA OCTAETCS HEIO-
IBHKHOM o .

IIpn moBopoTe HA MIOCKOCTH
OKOJIO JJaHHOH TOYKH (1eHTpa mo-
BOPOTA) KAasK/bIH JIYY, HCXOLAIM M
13 JaHHOU TOUKH, I0BOPAYMBAET-
cs HA OAUWH ¥ TOT JKe YroA B OXHOM
H TOM e HAIlpABJICHUM. R '

" HosopoT Bokpyr Touku O Ha l\ o
| - yron 180° HasuiBaeTcA yenmpans- I

HOU cummempuell OTHOCUTEIBLHO

Todrn O (meHTpa CUMMeTPUHR)

Hoeopom eoxpyz ocu Ha
yroa ¢ — »To npeobpasoBaHue,
NIPY KOTOPOM:

1) mMeeTcs egUHCTBEHHAA NpH-
Mad [, Bce TOYKHM KOTOpo¥k me-
pexomAT camMu B ce6a (ock Bpamie-
HUA);

2) moGas TouKka A, He IpHHAJIE-
salras [, IepexXoqUT B TAKYIO TOY-
Ky A’, 410 TouKku A n A’ nexar B
ILJIOCKOCTH O, HePIeHAUKYIAPHON

Tu £ AOA’ = ¢ aBnAeTCA IOCTOAH-
HBIM [10 BeJIYMHEe ¥ HallpaBJIeHUIo

IToBOpOT BOKPYI OCH HA YTroJ

¢ = 180° BasbiBaeTCA cumMmempu-
eli omHocumenbHo RPpAMOiL, OCh
BpaIeHUA — 0CHI0 CUMMEmPUn,a Ocv
NoJIyueHHAad B pe3yaAbTare npe66- ' . cummempu
pPasoBaHUA GUTYpa — 3epKaALb- M

' HbLM OmpaceHuem ' o
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nvo6ne

IBe gurypsr F, u F, HaswIBaloT- 4 g
csl nodobHBLMUY, eCaU MEeXAY UX
TOUKAMM MOYKHO YCTAHOBHTEH B3a- A B
BMHO OZHO3ZHAUHOE COOTBETCTRUE, C
TIPH ‘KOTODPOM OTHOIIEHMe PACCTO-

AHUHE MeXKIY JIOOEIMH ITIapaM¥y cO- D
OTBETCTBYIOIIMX TOYEK PABHO OJ-

HOM M TOH e IIOCTOSHHOM 2, Ha- AB L
3pIBaeMo¥ koapPuyuenmom A'B
nodobus . D

CeOMCTBa NOAOBHLIX duryp

1. VrJipl MesKly COOTBETCTBYIOIINME JyIaMU PABHEL. ‘

2. Ilnouaay DogoGHEIX GUIYDP OTHOCATC KaK KBaJpaThl X JIH-
HEHMHBIX PA3MepoB.

3. O6beM»l ToR0GHBIX GUIYyP OTHOCATCS KAaK KYyOhl MX JIHHEH-
HEIX pasMepoB ’

MNpeobpazosaHre NoAcds

Beakoe mpeoGpasoBaHMe M000Ms — PesyIbTaT IOCHeoBa- ‘
TEeJLHOrO BEITIONHEHU S FTOMOTETHH M IBHXKEHUS. '

Fomomemus — npeo6Gpazosa- B
HIe [IPOCTPaHCTBa, CTaBsAIlee B CO- '
OTBeTCTBHe Kax ol Touxe M Tou-
Ky M’, neskatryio aa mpamoit OM
no npasuty OM’ =k -OM,taek —
NOCTOSAHHOE, OTJHYHOE OT HYJA
YHCJI0, HA3BIBaeMoe KoaddurmeH-
TOM FOMOTETHH, O — GHKCHPOBaH-
Had TOUKA, HASLIBaeMas LEeHTPOM
rOMOTETHU » »
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ToeYrOAbHMKH

OCHOBHbIC ONpeACACHUSA

Tpeyczorvrurx — 370 GUIypa,
KOTopas COCTOHUT M3 TpeX TO‘f-IeR,
He JexalllxXx HAa OXHOIN IpAMOH
(BepWIMH TpeyronbHUKA), U TpeX
OTpPE3KOB C KOHIIAMU B 8THX TOY-
kaXx (CTOPOH TPeyroJbHUKA):

A
A,B,C — gepwunnt
AB, BC, AC — cmopoHrbt

Yenamu (BEYyTpeHRNMH YT IaMHK)
TPeyroJbHUKa HASKIBAIOTCH TPHU
yria, KaXkJbIf 13 KOTOphIX obpa-
30BAH ABYliH JYIaAMIL, ACKOTAIH-
Mu B3 BePILIXIIE: TPeyrcILlIuka U
IPOXOIAIIMMY depes JBe apyrue 4

BepIIUHBL o, B, Y — yzavt mpeyzoivnura

c

B

Brewnum yzaom TpeyrolbHUKA
Ha3LIBAETCA YI'oJl, CMeXKHBIA BHYT-
peHHeMY YIJIy TPeyTONbHUKA

o — BHEWHUL YZOA.

C

" Boicomoil TpeyrolbHUKA HASEIBAETCS [IePHeHIUKYIISD, OMYy-
LieHHbIH 13 KaKoi-In60 BepIIMHEL TPeyroJbHKEKA Ha IIPOTHBO-
TIOJIOSKHYIO CTOPOHY MK Ha IIPOJOIMKEHHEe CTOPOHEL -,

B

A D C D A

BD = h — ebicoma, BD = h — svicoma, nposedernas
npoeedennas ni cmopory AC  na npodonxcenue cmoporvt AC
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Meduanoili TpeyronsHHKa HA3EI-

BaeTCs 0TPe30K IPIMOIt, COeRuHsI-
IOMUY BePIINHY TPeyroJbHHKA C
cepeIrHO# IIPOTHBOMOJOKHOHK
CTOPOHEI ' :

m, — Meduara cmoporbL a

Buccexmpucoil TpeyrolbHUKA
Ha3LIBAETCH OTPE30K GICCeKTPUCEH
BHYTPeHHETO YIIa TpeyroibHAKA,
COeAMHSIONMY JAHHYIO BePIINHY ¢
TOUKOM Ha IIPOTHBOIIOIOMKHOIA CTO-
poHe '

B

A

ly — 6uccexmpuca yeaa B mpe-

Y20avHUKG

c

Cpednetl nunuel mpeyzonvru-
Ka Ha3LIBAETCA OTPE30K, COeHHSI-
IOIHH cepeAMHEL IBYX CTOPOH Tpe-
YIONbHUKA

KM — cpednas aunus

Cc

Oxpyxcrnocme HasbIBAETCA 6NU-
cannol B TPEYIOJNbHUK, €C/IA OHa
KacaeTcs BceX ero CTOPOH

B

Onucarnoil okpyscHocmbio Tpe-
yroJsHUKa Ha3hlBaeTCHd OKPYHkK-
HOCTbH, IPOXOASAINAs Yepes Bepilin-
HBI TPeyroJbHUKA
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CBOMCTBA YrAOB M CTOPOH TP@YTOAbHMKA .

'CyMMa YIJ0B TPeyroNbHEKA
paBua 180°
' (X-EB'F"{:V]_SOD

BrHemuuii yroj paBeH cyMMe
JBYX BHYTPEHHUX YTJOB, ¢ HUM
He CMEXHBIX, B 00JbIIe JIo60oro
BHYTPeHHErO YIa, He CMEXHOTO ¢

0=B+vd>B0>7y

HepaBeHcTBO TpeyroJbHHUEA
InvHa Kaskaoi CTOPOHBI MEHb-
e CyMMBI ¥ 00JbIlle Pa3HOCTH
IUTHH JABYX APYTUX CTOPOH .
la —b|<c<a+d

B TpeyrorbHuKe IpoTUB GOJb-
el CTOPOHEI JAeXKUT OONBITHH
yroJ (1 HaobopoT)

LB > ZC = b >c

Cpenusasa TUHMA TpéyronLHnRa B
HapaJI.erJIbHa OJIHOfI H3 ero CTOPoH
1 paBHAa ee IIOJIOBHHEe
EM || AC; K : M
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PaBeHCTBO TPCYrOAbHMKOB

TpeyroibHUKY HASLIBAIOTCS PAB-
'HBIMHU, €CJIH Y HUX COOTBETCTBYIO-

1{¥ie CTOPOHBI ! YTl PABHEL
A ABC = A A'B'C’ A C

B'

Mpu3HaKK PABEHCTBA TPEYTOALHUKOB

1. Ecniu gBe CTODPOHHI B yroja B
MeXAY HEMU OJHOI'O TPeyroJbHH- B
Ka PaBHBI COOTBETCTBEHHO ZBYM
CTOPOHAM M YIIYy MeXJy HUMH
IpYyroro TpeyroibHUKAa, TO TaKHe A c
TPeyroNLHUKH PABHEI : A c

2. Ecny cTopoHa U IpHAesKaliile
K Helt YTJIBI OHOTO TPeyTroJbHAKA B
PaBHBLI COOTBETCTEEHHO CTOPOHE K
NpHIeKalllUM K Hell yrjaam

APYToro TpeyroibHHMKA, TO Takue A C
) TPEYTONbHUKE PABHBI A c
. . B
3. Ecau Tpu CTOPOHBI OZHOTO B

TPeYroJibHUKA PAaBHEL COOTBeET-
CTBEHHO TPeM CTOPOHAM JPYToro
TpeyrojLHNKA, TO TaKpe Tpey-

TONBHUKH PaBHBI
AI - N Cl

CBOMCTBA PaBHbIX TPEYTOABHMKOB

Y paBHBIX TPEYrOJLHMKOB BCe COOTBETCTBYIONIHE DJIEMeHTHI
PaBHEI (CTOPOHHBI, YIJILI, BRICOTHI, MeIXaHbl, GMCCEKTPHUCHI).

¥V paBHBIX TPEYrOJbLHHUKOB IPOTHB PABHBIX CTOPOH JIesKaT PaB- .
HBIe YTJIbI, 8 IPOTUB PABHEIX YIJIOB JIeXKaT PABHBIE CTOPOHEBL
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[Tonobue TpeyroiabHUKOB

I1000OHbIMU HA3BIBAIOTCS  mpe-
VeOnbHUKY, Y KOTOPBIX COOTBET-
CTBYIOI[ME CTOPOHBI MPOMOPILHO-
HaJIbHBI.

Kosddpuuuent npomnopuuoHaib-
HOCTH Ha3bIBaeTcs KodddunueH-
TOM MOJI00us

4 BC . AC

- A, G
AjBi ~ BJCJ ~ Afi

AABC co bA,B,C,

MPU3HAKM MOAOOUS TPEYTOABHUKOB

JIBa TpeyroibHUKa MOJOOHBI, €CIH

1. /IBa yria ogHOTO TPEYTOJbHHUKA PAaBHBI ABYM yIjaM Ipyro-
o TPeyroJIbHUKA.

2. JIBe CTOPOHBI OJTHOTO TPEYTOJbHUKA HPOTOPIIHOHATIBHBI ABYM

CTOpOHAM JPYroro TPeyroJbHUKA M YTIbl, 00pa3oBaHHbIC
3TUMHU CTOPOHAMHU, PABHHBI.

3. CTOpOHBI OJHOTO TPEYTOJbHHUKA MPOMOPIMOHAIBHBI CTOPO-
HaM JPyroro TPeyrojibHHUKA.

CBOMCTBA MOAODHbIX TOEYTOABHMKOB

Y 1moa00HBIX TPEYTrOIBHUKOB COOTBETCTBYIOIIHME YIJIBl PaBHBI,
a COOTBETCTBYIOIIME OTPE3KH NPONOPLIUOHATIBHBL »,
ZA = ZAjj ZB = ZBj; ZC = ZCA

K K A ™e K

" m
K \ JI, "u K
OTHOIIEHHE TEPUMETPOB OJ00HBIX TPEYTOJILHUKOB PABHO KO-
3 bunueHTy nmogoowus.

5

OTHoOIICHHUE TUIONIA1eH MOA00HBIX TPEYTOJIbHUKOB PABHO KBa-
paty ko3hdunueHTa mnoaoous.
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IIpamas, napaniensHas oXHOHR
U3 CTOPOH TPEYTONbHUKA, OTCEKAET
TPEYTOAbHUK, MOJOoOHBIH faHHOMY

) K '
KL || AC; A ABC co AKBL  / N
C
Tpu cpennve TUHUY TPEYTrOJILHA-
Ka JIeJIsIT ero Ha 4eThIpe paBHEIe
| TPEYTOJLHUKA, IOXOGHEE JIaHlHOMy
. ¢ koathPuLmerToM 1050613 =
. . P -
A ’ ’ [ M C

'MeauaHbl, 6MCCEKTPHCCBI, BBICOTBI M CPEAHHE
AMHUK TPeYrOAbHMKA

CBOMCTBAE MEAMAH TPEYIOABHMKA

Tpu Mearanbi TPeYTONBHUKA I1e-
pecekarorcd B OAHOM ToUKe, KOTO-
pas JeJuT MeIuaHbl B OTHOIIeHHH
2:1, cuuTas OT BEepPIIHHEI.

BE  EM = 2

Megnagsl JensaT TPeyroJbHUK
Ha PaBHOBEJHKHE TPEYIONbLHUKH

SAABE=SAKBC

dnura Mennan K cOOTBETCTBYIO-
II¥M CTOPOHAM TPeYTOJAbLHUKA:

’ma=% 2b% + 2¢% - 4?;

m,,=~1— 2a2‘+2c2—b2;
-2

mc=% 2a? + 2% ~ ¢*
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CBoMCTBa BUCCEKTPMC TPEYFOABHUKA

BuccexTpucsl BHYTpeHHHX yr-
JIOB TPEYTOJIBHHKA [IePpeCeKa0TCA
B OZHOI TOYKE, KOTOpPasd HaXOJUT-
¢ BHYTPH TPeyTOJIbLHHUKa, PABHO-
yIoajleHa OT TPeX ero CTOPOH U AB-
nseTcs HeHTPOM BIIMCAHHOI OK-
DPYKHOCTH

BuccekTpHca BHYTpPeHHEro yria
TpeyroJibHAKa JeIUT IPOTHBOIIO-
JIOKHYIO YTy CTOPOHY HAR OTPe3KH,
TIPOIIOPIHOHANLHEIE ABYM ADYTHM
CTOPOHAM

AD _ AB

DC BC

BuccexkTpucil BHyTpeHHero n
CM2KHOI'0 ¢ HEM BHEIIIHeTo YIrJjoB

BuccekTpiica BHEITHETO YTiia Tpe-
YroJIbHUKA JeJUT (BHEUIHUM o6pa-
30M) IPOTHBOIIOJIOXKHYIO CTOPORY
Ha OTPEe3KH, IPONOPHHOHANLHEIE

' BYM ApPYT'HIM CTOPOHAM.

BD — 6uccekxtpuca yria B;

BE — 6uccexTprca BHELIHEro
yria

BD 1 BE;
AE _ AB
CE ~ BC

HeprneHIAKY ISpHLL. . K

OnvuHa 6McceKTPHCH yTiia A

2bc - cos—
l=———~———-—2;
e b+cv
1
l = be(a+ b+ ¢) (b+ c—
= o be ) (b+ c—a)




CBOMCTBA BbICOT TREYrOABHMKA

BricoTh! TpeyroibHuKa IepeceKa-
I0TCA B OJJHOI TOUYKe, Ha3bIBaeMoil
OPTOIIEHTPOM TPEYTONBHHUKA

. BrolcoThl Tpeyrojpamka o6paTHo
TIPONOPIIMOHANEHEL €I'0 CTOPOHAM
1 1.1

h,:hy: h=—’:;:—
a c

,HJII/IHa BBICOTHI K CTOpDOHE @

. . .28
_hazbsmC;cmnB:—é—c—: )
» o 2R a
rie R — papuyc onucagHON OKPYIKHOCTH,

o 5— INOINALL TPEYTOoIbLHBKA

CBOMCTBA CePeAVHHbIX NepreHANKYAIOOB

Cepedunnuiil nepnenduKyaap — 3To IpsaMad, IpoXoadamas -
depes cepe[JMHY CTOPOHHI TPeyroNbHHUKA IePIeHAUKYIAPHO
K Hell ’ :

Tpu cepeAMHHBIX IepIeHANKY-
. JIFpa TPeYyrolbHUKAa liepeceKaioT-
¢ B ONHOH TouKe, HasbiBaeMoH
TEHTPOM OIIHCABHOY OXPYKHOCTH

B
Touka IIepecedeHN GHCCEKTPHCHE />
YTJIa TPEeYTONLEMKA C CepeIHHHBIM
ePHeHIVNKYIAPOM IPOTHBOIEKA-
e CTOPOHEI JISIKUT Ha OKPYIKHO-

CTH, ONMCAHHOH BOKDPYT JAHHOTO A “' C
TpeyroAbHHKA
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BnucaHHas M ONMCaHHas OKPYIKHOCTH

Paduyc snucannoil B Tpeyroyib-
HUK OKPYICHOCMU ~— DACCTOSHYe
OT HEeHTPA JO CTOPOH TPEYTONLHUKA

r=-'—s——=4R"sin—é-~sin-§—-sin——g—=
p 2 /,2
A —a)(p-b)(p-c)
=(p-a)tg———=\/(p )(p=b)(p—c)
\ -T2 p

Touky KacaHUA BIHCAHHOHN OK-
PY’KHOCTH CTODOH TPeyroJbHHKA
OTCeKAaIOT TPH [aphl PaBHLIX MEXK-
Iy co00¥ OTpesKoB

Paduyc onucannoil oxpyoic-
HOCmUu .

R=— 8% __ b ¢ _abc
2sinA 2sinB  2sinC 48

B zaBucuMoOCTH OT BHAA TPeYroiabHMKA ILEHTP
OIHCAHHOI OKPYXHOCTH MOJKET HAaXOOUThCA:

BHYTpH BHE Ha cepejiHe

TpeyroJbHUKA TPeYToIbHNKA €ro CTOpPOHLI
B ' B . B"x
A C 4 A C
. OCTpOYTONLHBIHA Tynoyronénmf«i : HpﬂMOYPOHSHmﬁ
TPEYroJIbHHK TPeyTroJLHHK - TPeyroibHHK
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FIAOWAaAb TPCYIrOAbHMKA

Ilo cTopoHe M BHICOTE, OIYILEH-
. HoO#1 Ha BTY CTOPOHY,

'S::%-aha'

Ilo aByM cTrOopoHaM U YriIy Mex-
LY HAMH

‘1
S=-—gbsi
2a siny

ITIo Tpem croporam (popmyna
Tepona)

S=\{p(p-a)(p-b)(p-o),
a+b+c
2

rme p=

" ITo nonynepumetpy (p) ¥ paguy-
CY BIIMCAHHOMN OKPYKHOCTH
S=p-r

OIINCAHHON OKPYKHOCTH

g= abc
4R

ITo Tpem CTobOHaM 4 paguycy .

ITo Tpem yriam @ pajuycy olH-
CAHHON OKPY>KHOCTH

S=2R%sina-sinB-siny

149



‘PaBHOGCAPCHHDBIH TPEYTOABHMK

TpeyrolbHUK Ha3BIBAETCA Pas-
HobGedperHbLM, €CIIN ¥ HEro ABe
CTOPOHLI paBHEI. PaBHEIE CTOPOHEI
HasBIBAIOT GOKOBBEIMY CTOPOHAMHY,
a TPeThIo — OCHOBAHHEM pPaBHO-
6epeHHOI'0 TPeYroJbHUKA

* CBOMCTBA PaBHOGEAPEHHOTO TPEYTOAbHMKA

B paBnoGepeHHOM TPEYTONBHHA-
Ke YIJIbI IPH OCHOBAHMHA PABHEI
LA = /C

B paBrOGenpeHHOM TpeyranHH-
Ke MefiBaHa, IIPOBe/leHHAs K OCHO-
BaHMIO, ABJISETCH GUCCEKTPUCOH U
BEICOTOM. ‘

BD — meanana, GuccexTpuca,
BRICOTA

"t

~ Ocp
cummempuu

PaBroGeipeHHBIH TPEYTOJLHAK
rMeeT OJHY OCh CHMMEeTPHH

150



" OCHOBHbIE DOPMYAB! AN PABHOBE APEHHCTO TR YrOAbHMKE

b? = 2a% (1- cosP); a= —>
2cos o
2 .
S :i 40% - b? :i—sinB;
4 2 '

b
S = (P’a)\/P’(P——b), e p=a+—2—.

PaBHOCTOPOHHUH TPCYFrOAbHUMK

‘Tpeyronbnmc, y KOTOpOTro BCe . B
CTOPOHBI PABHBI, Ha3LIBACTCSA Pas- o .
| HOCMOPOHHUM UNY NPaBUILHBIM
TPEYroJIbHUKOM )
) ' A C

CBOMCTBA PABHOCTOROHHEO TREYTOALHMUKA

3 .
Bce yrnel paBHLI ’
LA = /B = /LC = 60°
oA c
B

Kaxkpgas Mezgmana coBrajaet
¢ GucceKkTPHCOil ¥ BEICOTOMH, IPOBeE- _
JEeHHBIMHY U3 TOH jKe BepIIIuHLI
- a™a a ¢ . A c
' B

IenTpsl BOUCAHHOM ¥ OMUCAH-
HOM OKPY>KHOCTeH COBIaLaloOT : ‘ . \
) A /¢
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PaBHOCTOPOHHMIT TPeyroJbHUK
UMeeT DOBOPOTHYIO CHMMETPHIO
(yrox nosopota — 120°)

PasHoCTOpOHHHN TPEYIroNbLHUK
HMeeT TPH OCH CHMMeTPHI

OGozHavyeHUA: :
a — CTOpoHa, h — BhIcoTa, P — mepumerp, p — HOJAYHepH-
MeTp, R — pajuyc oIHCcaHHON OKDPYIKHOCTH, I' — Pagudyc BUH-
CAHHOM OKPYKHOCTH, S~ IJIOI[aAb

OCHOBHbIE COOTHOLLIRHIS AAS| PABHOCTOROHHETO TP@YTOALHKA

2hy8 | P 2p 2
a ——;C | e | BB | aE | 5UsSB
| a3 Pf3 | pJ3 3R -
h ——e
| 2 5 | 3 > 3r SNE)
P| 3a 2n3 | 2p SRV3 | 643 | 243543
3 P | 3R3 : ‘
Pl ¢ | w3 | 5 ——5‘[_— 33 /353
R aﬁ 2h P3| 2pf3 o | 25T
3 3 | 9 9 3
|afs | n | RE | pE | R SV3
6 3 18 9 2 3
a®J3 | n2J3 | P23 | p?3 |3R%[3
ol vy 3 | 36 o |z | ¥
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TIPAMOYroAbHBIN TPRYTOABHMK

TpeyrolbHUK HA3BIBAGTCS NPA- B
MOY2ONBbHBLM, €COU Y HEro ecTh _ -
IPAMOIA yToJl. ‘ %

CTOPOHEI, IPIUIEraloIze K IIPSAMOMY § %}@
YTUTY, HASLIBAIOTCS Kamemamy. S N

Cropona, HPOTHBOIIONOMHAS IIPs- = e
MOMY YIUIy, HASHIBAETCH zunome-
HY 301

[PM3HaKY PABEHCTBA NPSMOYTOABHBIX TOEYTOABHMKOB
| A ABC = A AB.C,

B B,

AR

IIo zBYyM™M RaTeTaM
ITo KaTeTy ¥ rHIIOTEHY3e
Ilo raTeTy ¥ nmpujeskalleMy OCTPOMY YTIY
_ ITo kaTeTy ¥ MPOTHBOJIEXKAIEMY OCTPOMY YIIY
Ilo runoTenyse u oCTPOMY YIJIY

[MpuI3HaKM NOACOMS MPSIMOYTOABHBIX TORYTOALHIKOB

A ABC VA ABC,

B,
B
A __Nc Al
Tlo oxzomy ocTpomy yray

ITo nponopuoHalbHOCTH ABYX KAaTeTOB
Ilo nponopuoHaIbHOCTH KaTeTa M I'RIIOTEHY 35

C
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Teopema ﬂmd;aropa

B 1psAMOyTONLHOM TPeYTOILHIKe
CyMMa KBaJPaTOB KaTeTOB DaBHA
KBaZpaTy rUIIOTeH Y35

c? =a% + b?

Cixencreusa Teopemsi ITudaropa

B npsaMoyroibHOM TpeyrobHUKe 11000 3 KaTeToB MeHbIle
TUIOTEeHY3hl. )

Ecnu x nmpavoit us ofiHo# TOYKY IPOBeJeHbl NePIeHUKYIAD
¥ HaKJIOHHAA, TO HaAKJIOHHAaA GoJIbiile NepHeH IUKYAapa.

PaBuble HAKJIOHHBIE HMEIOT paBHbIe IPOEKITHNH.

W3 1ByX HaKJOHHLIX GOJIBIIE T, Y KOTOPOil IPoeKITHs OONbIIIe.

COOTHOLLIGHMS MEXAY SACMEHTaMM CTOPOH
MPAMOYTOABHOTO TREYTOABHMKE y

Kocunycom ocTporo yria nps-
MOYTOJBHOI'O TPeYIONbLHMKA Hasbl-
BaeTcd OTHOIIEHYE TIPUIEKAIIero
KareTa K TANOTeHy3e.

CuHycoM oCTpOTo yriia HasblBa-
eTcsA OTHOIIEeHYe TPOTHBOJIeKAaIIe-
To KaTeTa K THIOTeHy3e.

1]

"TaHreHCOM OCTPOT'O YIJIa Hasbl- b
BaeTCd OTHOIIEHYE IPOTHBOJIEXKA~
IIero KareTa K IpUIesKaleMy.

: cos oL =
Koranredcom ocTporo yriua

HashIBAeTCs OTHONIEHNE NIPUIIesKa-
1[ero KaTeTa K HPOTHBOJeXAa-
LieMy. .

sin o =
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DopmyAb, CBS3bIBAIOLLME TOUFOHOMETPMYECKME BYHKLIAM

sinfa +cosa=1;

sino cos
tgo= ——; ctg ot = ————j;
cos Q. sina
2 1 2
l+tg%a=——F5—; 1l+ectgo=——
cos “ o sin® o

CBOMCTBA KATETOB, MEAMAH 11 BBICOT MDAMOYTOALHOMO TDRYTOABHKS

KaTeT npAMOyrolbEEOro Tpey- A
TOJILHHKA eCTh CpefjHee IPOIOPIH-
OHaJbHOE MeMAy I'MIOTeHY30# I
mpoeKInell aToro KaTeTa Ha rANo-
TeHyay b,

a=4a,c; b=,bec.

BricoTa npaAMOYrolbHOTO Tpe- b
YTOJNBEUKA, IpOBeNeHHAA U3 Bep-
LIUHE IPSAMOTO yTJIa, ecTh cpeiHee E
TIPOIIOPLHOHAILHOE MeXAY IIPOeK- h.

IMAMHE KaTeToB Ha TUIIOTEHY3Y a.

h,=\Jab, . c P B

BricoTa MoKeT OBITH OIlpefielie- a
Ha Yepe3 KaTeThl M UX IIPOEKIUN b. = AE
Ha F'UIOTEHY3Y

ab a, + bc =
=
a. + b, »
Meamana, npoBefleHHAT. U3 Bep-
LA HEI IPAMOro yria, paBHa I10J10-

BYHE M'UNOTeHy 35l a ¢
m.=—z¢e '
¢ - . i
2 ‘ ' b
Bricora, HpoBeHeHHaAs U3 Bep- B
LIMHBI TPAMOro yIJla TPeyroIbHu- E

Ka, JeNuT ero Ha JBa TPeyrojib-
HPKA, TOAOOHBIX JaHHOMY
A ABE co A AEC v A ABC
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OKpY)KHOCTb, BIMCaHHAs B MPSMOYTOALHbIM TOEYTOABHMK

Paguyc BOucaHHOH OKPYKHOCTH
ab _a+tb-c
a+b+c 2

OKPY>KHOCTb, OMMCaHHas BOKDYT MPSMOYIOABHOMO
TRYrOAbHMKa : '

. o 5
IlenTp OIMCAHHOH OKPYIKHOCTH
coBmafaeT ¢ cepefRHON THNOTe- %\ m,
HY3H.
Pajuyc onucanHol OKPYKHOCTH R 0 ¢
e .
R= -E— =m, .

MAOLLIGA MOFMOYTOALHOO TPEYTOAbHMKA

IInomans MOXKHO OTIpeNeHTh:
— Yyepes KaTeTsl

S=¥}—ab;
2

— Yepes KaTeT U OCTPHIH yrosa

— Yepes3 I'UIoTeHY3Y B OCTPHIN
yronu '

1, 1 5 .
S=—c“sin2a=—=c¢“sin 2
4 ' 4 B
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PeuleHne TpeyroAbHWKOB

Teopema KOCHHYCOB

KBagpar 1106001 CTOpPOHE! Tpey-
roJIbHUKA PABeH CyMMe KBaJgpaToB
ABYX IPYITX CTOPOH 6e3 YABOSHHO-
TO IPOM3BeJleHHA STUX CTOPOH Ha
KOCHHYC yIJla MeKAY HUMH

c2=a2+b2—2abcosy

CaenmcrBud:

1. Ecnm ¢? > a? + b2, To yron y — Tymoii (cosy < 0).

2

2. Ecnn ¢? < g? + b2, TO yron y — octpsiii (cosy > 0).

3. Ecnu ¢? = a? + b2, T0 yroa y — mpAMoi.

4. B TpeyroibHuKe IPOTHB GOJLILIETO yma NeXKAT GonmbIIas
CTOPOHA,; HPOTHUB 60JNbIICH CTOPOHK JIeXNT 60BN yIroa

Teopema cHHYCOB

CTOpOHE! TPeyTOJIbHAKA IIPOIOP-
OMOHANLHE CHHYCAM IIPOTHBOJIe-
JKaIIUX YIJIOB.

Koadbdrument nponopuuorais-
HOCTH PaBeH [UaMeTPy OHUCaHHON
OKPY>KHOCTH

a b ¢
sino, sinf sin vy

= 2R
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| YeTbipexyroAbHMKH =

OCHOBHbBIC ONPEACACHHA M CBOWCTBA

YemuvipexyzonbHuKom HasbiBa- . B
eTca GuUrypa, KOTopas COCTOUT U3
UeTHIpeX TOUeK (BePUIMH) H Ue- 4
THIPeX IOCIEeA0BATEILHO COeIVH A
IOIMX X OTPE3KOB (CTOPOH).
Ilpu 5TOM HMKAKNe TPH M3 JaH-
HBIX TOUEK He JOJIKHBI JIeXKaTh Ha

OfHOH HpAMOIi, a coefNHAIOILE D . ¢
UX OTPe3KH He JOJIKHEI IIepece- A B, C, D — eepuiunsy;
KaThCs ' o " AB, BC,CD, DA — cmoponut
B
C

YeTrIpeXyToJALHUK Ha3bIBaercs
6bLNYKAbLM, €CJIN OH PACIIOJIOMEeH
B OJHOU NOJYIJIOCKOCTY OTHOCH-
TeXbHO IIPpAMOM, cojeprkamiei A ) D
n300yio eTo CTOPOHY ;

i ABCD — gbinyravlil uembipex-
Y2ONLbHUK

B C

OKpYKHOCTE, Kacawmasca Beex
CTOPOH YeTHIPeXYTOIbLHNAKA, Hashl-
BaeTCs BIMCAHHOM B TOT UeTHIpe-
xyroiabuuk. (HeThpeXyronbHuK
OIIMCAH OKOJIO OKPY KHOCTH)

OKpY:KHOCTS, cofeprkaliiasi. Bce
BepHIMHE] JeTHIPeXyTroabHNKA, Ha-
3LIBAETCS OIMCAHHON OKOJIO BTOro
yerhipexyroiasunxa. (Yersipex-
YrONBHVK BIVICAH B OKPYIKHOCTB)
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’ c
' CyMMa yrioB BBHIIIYKJIOTO de-
" THIpEXYTOJILHUKa paBHa 360° -
LA+ LB + LC + 4D = 360° D
. A '

IInomans IPOU3BONBLHOrO BHI-
NYKIIOTO YeTHIPeXyroJdbHUKA

d,d, sin ¢
—_— 2 ,
raed,, d, — nuaroHay yeThIpex-
YroJIbHUKA; ,

¢ ~— yroj Me»k1y ZMaroHansa-
MH

S =

OnucaHHbie YeTbIPEeXyrOAbHHKM e

Ecnu B 4eTHIpeXyToNbHUKE r N

CYMMEI AJIMH TIPOTHBOMOLO - b d
HBIX CTOPOHE pPaBHBI, TO B Hero
MOKHO BIIHICATH OKPY*KHOCTh

at+c=b+d

IleHTp BrIMiCAHHOM B YeTHIpeX-
YTOJIBbHUK OKPYKHOCTH SIBJISAET-
Cf TOUKOI MepeceYeH N BeexX ye-
TeIpeX OHCCeKTPHUC YIIIOB 3TOTO
YeTHIPeXyrolLHUKA. '

BO, CO, DO, AO — 6uccek-
TPHCHL YIJIOB
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Touky KacaHUa BHUCAHHON
OKPY>KHOCTY OTCEKAIOT paBHLIe
OTPE3KM OT YIJoB UeThlpex-
YTOJNBHUKA

"BK = BL; LC = CM;

MD = DN; KA = AN

Tinomans omHucaHHOIO YeTHI-
PeXyroJILHUKA
. S = pr,

I'ge r — Pajuyc BIIMCAHHON OK-
PYKHOCTIH;

.a+b+cec+d
2

Ecnu cyMMa TpPOTHBOJIEMXa-
KX YIJIOB YeTHIPeXYrobHUKA
paBHa 180°, To BOKpPYT Hero
MOJKHO OIIMCATEH OKPYIKHOCTE

LA+ £C = 4B + £D = 180°

IleHTp ONMCAHEOH BOKPYT de-
. THIPEXYTOJBHHUKA OKPYKHOCTH
ABNAETCA TOUKOM MepecevYeHMs
BCeX YeTHIpeX CepeMHHEIX Hep-
HeHXMKYISPOB CTOPOH HTOTO Ye-

. THIPEXYTOJILHHKA
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Teopema IlTonemen:

cymMMa IPOMW3BeReHUd MPoTH- b
BOJICKAIIINX CTOPOH BIMCAHHO- v
ro B OKDPYXXHOCTL UeThIpex-

YroNhbHUKA paBHa IpouzBefe- -
HUIO €r0 JHUaroHaiei ‘

ac.+ bd = ef
IInomans BIHCAHHOTO YeThHI- ‘ ‘
* pexXyTonbHHAKA A
S=Jp-a)(p-b)(p-c)(p~d),
, a+b+c+d
rme  p = —————— :
- Mapaaaerorpamm
. YeTHIpeXyToJbHHK, IPOTHUBO- B ‘ C

IIOJIOXKHEBIE CTOPOHBI KOTOPOTO .
IIOTIapHO mapaljiejIbHbI, HA3bI~
BaerTcA napannenozpammom

AB||CD; BC|| AD A )

* CBOVICTBA NAPAAEAOTOaMMA

CepenuHa fuaroHasy mapaj-
JleorpaMMa. ABJASETCA ero IeH-
TPOM CHMMETDPHH

B " C
IIpoTuBonesxkamiue cTOPOHEI #
paBHEL ‘ :
AB=CD; BC=AD
o A ” D

77
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" -IIpoTuBoJIeMXKAaliKe YLl PABHEI

LA = LC; 4B = /4D

CyMMa yrios, Ipuieraimouinx
K IPOU3BOJILHOM CTOpPOHE, paBHA
180°

/A + /B = /B +/C =
= LC+ £D = /D + LA = 180°

oI
9]

dunaronanu mapannenorpaMma
IepeceKaloTcs U TOUKON HIepece-
YeHUS JAeJISITCS IIOIOoIaM:
BO = OD; AO = OC

Kaxjgana puaroHans aenur mna-
paljiejorpaMM Ha JBa PaBHEIX
TPEYroJLHAKA

A ABD = A BDC

JBe qyaroHaiy Napaniesorpam-
Ma JeJsAT ero Ha 4eThIpe paBHOBe-
JNUKUX TPEYroJbHNKA

S, 480 =S.08c = Ssocp =Sasop 7

CyMmMma KBaJpaToB Auarouajieit
napajjiejiorpaMMa paBHa cyMMe
KBaJpaTOB BCeX ero CTOPOH

e+ f2 =2(a? + b?)
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[Mpu3Hak1 mapasseAorpamma

£

Ecau B YeThIPeXYToJIbHUKEe IIPOTHBOJIeXKalllye CTOPpOHBI II0-

IapHO PABHEI, TO 3TOT YeTHIPeXyTrOJbHUK — IapajjelorpaMM.

Ecnu B 4eThIpeXyrojbHUKe [Be IIPOTHROJIeK Al e CTOPOHE]
PABHEI M MapajijleIbHBL, TO DTOT YeThHIPeXyIrolbHUAK — IHa-

pajjejiorpaMM.

quLIpeXyFOJII:HI/IK, JAHUaroHaJI KOTOporo B TOUYKe Iiepece-
YeHHuA HeJIATCA IIoIoNaM,— apajyiejorpaMM

Bricora napameacrpamma

Verosmmcesa BricoTOH napasiieso-
TpaMMa HasbIBaTh NePIeHANKY AP,
MpoBeJieHHBIN K3 BEPIIHHEI BTOrO
mapaijenorpaMMa K HelpH-

Jeralmeil CTopoHe

h, =bsina

MAoLWwaab napaseAorpamva

IInomxags napajjexorpamMma MOMKHO ONpPeNeHTh:

Yepes CTOPOHY Napaljeso-
TpaMMa M TIPpOBeNeHHYIO K Heil
BEICOTY

S =ah

a

ha

Jepes3 ABe CTOPOHEBI IlapaJjlje-
JijorpaMMa ¥ yroj MexxXxy HuMu

S =absin a

Yepes QUArOHANH Iapalielio-
rpaMMma ¥ Yol Mexxay HuMHU

S = ef sin @
-2
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Pomb6

TlapanienorpaMm, y KOTOPOTo
" BCe CTOPOHEI PABHBI, HABHLIBAETCSH
pombom ‘
"~ AB=BC=CD=DA

A

CeomcTea pomba

Huaronanu pomba nepecekalor-
Cs1 TIOA IIPSIMBIM YIJIOM

AC1BD

Huaroxsain pomba ABASIOTCH
GHCCEKTPHCAMI ero YIJIOB

£CAB=/CAD = /BCA=LACD

0

el

B n0060i#1 poM6 MOMKHO BIOHCATH
OKPYXXHOCTD C I€HTPOM B TOUKE
HepeceueHNs ero fuaroxnastei

Paxy
N4
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MNaoLaab pomba

Ilaomans pom6a mMoxeT GBITH

— Yepes JHAT'OHAJH
g=%i%
2
— Yepes CTOPOHY H YToOJ
pomba

S=a’sina;

— Yepe3 CTOPOHY K BLICOTY
S=ah

— uYepes CTOPOHY M PAJMYC BIMCANHON OKPYRHOCTH § =2a7

d;

onpenexena:

ds

OKpPY>XHOCTb, BNWCaHHas B oMb

Papuyc okpyscHOCTH, BIMCAHHON B poM0, MOKHO BEIYMCJINTE:

—— yepes BEICOTY poMmba

re=—;

)
— yepes AmaroHaium pomba
¥ CTOPOHY

r= d,d, :
4a

— Yepes OTPesKH, Ha KOTOphIe JeTUT CTOPOHY poMba ToUKa Ka-

CaHuA

r=+vBE-EC

D
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NMPAMOYroOAbHMK

A
Hpamoyzonernux — napanie- -
JorpaMm, y KOTOpPOro BcCe yrI'Jbl
IpsiMble
D [
CBOMCTBA NOIAMOYFOALHMKA
A
,HI/IaI‘OHaJII/I NpAMOYTOIBHHUKA
PaBHBI 1 TOYKOH nepeceveHnud e~
JIATCH NNOHOJaM ’

IIpssMOYroJILHUK MMeeT ABe OCH
CHMMeTPHUH, KOTOPEIe COBIIAJAIOT

C CepeANHHLIMY IePIeHUKYIApa- ]
MH K er0 CTOPOHAM

Boxpyr a11060r0 IPAMOYTOJIbHHE-
Ka MOXKHO OIFCATEH OKPYIKHOCTb C’
LeHTPOM B TOUKe [IepeceyeH s Au-
aroHaJieil ¥ pagrycoM, PABHBIM I10-
JIOBWHE UArOHAIY D

AC=2R

[Miaomans OPSMOYTrOAbLHUKA

MOJMKHO OIIpeNeNuThb:

— Yepe3 ero CTOPOHBI

S=ab;
~— yepes JHATOHAJH U YIOJ MeXXAY HUMHA

S d®siny
2
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KbaApaT

Keéadpam — 510 IpAMOYTOJb-
HHUK, ¥ KOTOpPOro BCe CTOPOHEI
paBHBI

AB=BC=CD=AD

CBOMCTBA KBaApATa

¥ kBazpaTta Bce YIJIBL IPAMBIe

JuaroHany xBajgpaTa paBHBL
Y IepeceKaloTCcd NOX HPAMBIM
yriom

Ll

Kpajnpar mMeeT derTnipe ocH ¥ :
CHMMETPHM ~— IPAMEIe, IPOXOJI- S
mue: ‘ i

— Yepes ero JHATOHAJIM; AT -

— depes cepefUHbI IPOTHBOIO- L
JIOMHBIX CTOPOH . 4

KBagpar mMeeT DOBOpPOTHYIO
cumMeTprio. IleHTp cuMMeTpHUE —
TOUKa IlepecedeHMsd AUaroHaei,
yroJ nosopota 90°
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B kBagpaTe 1eHTPE BOHCAHHON
U OIMCaHHON OKpPYsKHOCTe# co-
BIIAJAIOT ¥ HAXOAATCA B TOUKe IIe-
pecevueHNs ero AUATOHAJEH.

HOCTH

av2.

R=
2

Pagmyc BnucaHHON OKpyx-
HOCTH

!

r=—
2

Pazuyc ONMMCAHHOM OKPYX-

ITnomazns xBaxpara

.S:a = e—

ITocnegoBaTeIbHO COeAHHEH-
HLIe OTPe3KaMU CePeIUHEL cocell-
HHX CTOPOH KBajpaTa o6pasyioT
KBagpaT

"

168




Tpaneuus

QOCHOBHbIE ONPEACACHMS o

Tpaneyus — 95TO YeTBIpeX-
YTOJNBHUK, Y KOTOPOTO ABe CTOPO-
HEI TapaselbHEL, 4 ABe ZpyrHe He
napajiebHbL.

TlapannensHble CTOPOHE HABEHI-
BAIOTCHA OCHOBAHMAMM TPallell .

HemnapannenbHble CTOPOHEI Ha-
3BIBAOTCS GOKOBHIMH CTOPOHAMH.

A

YenopuMes BrICOTOR Tpamenu - BC, AD — ocnoganus;
HashIBATDL IePIeHAUKYNApP, ony- AB, CD — 6oxoebie cmopotbL;
IleHHbIN U3 IPOU3BONbHOM Touky kb — évicoma '
OCHOBaHUA TpaneO¥H Ha Apyroe
OCHOBAHUE

Cpednas nunus mpaneyuu — B c
5TO OTPE3OK, COeIUHAIONTNI cepe- % %
IWHBI OOKOBBIX CTOPOH - K -

"AK=KB;CL=LD; ][

KL — cpegHsdga JIHUHUS Tpa-
nemun A

|+

o

" PasnoGoxas (pasnobedpennan)
mpaneyus ~ Tpalenusa, y KoTo-
poit 60KOBbIe CTOPOHEI PABHEI

AB = CD

IIpamoyzonvroi HasplBaeTCs
Tpaneus, y KOTopoit ogHa 6oko-
Bas CTOPOHA NepHeHIUKYJIAPHA
OCHOBAHUAM
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Ceowcrsa TpaneLym

OKpY>XHOCTH, MOXHO BINUCATh
B TpanenyIo, ecji cyMMma ee 6oxo-
BHIX CTOPOH paBHa CyMMe OCHOBa-
HUH

AB + CD = BC + AD

TleHTp BIHCAHHON B TPalleTNIO
OKPYKHOCTH ~— TOUKAa Ilepeceye-
BuA 6HcCCeKTpHUC BHYTpPeHHHX
YIJIOB

Pannyc BurcasHOl OKPYKHOCTH
PaBeH IOJIOBHHE BHICOTHI

r=—

2

IIpn npojomxkeHHH G6OKOBLIX / \
CTOPOH Tpanenuu o6pasyioTcs ABa B/ N C
MOJOGHEIX TPeyroJbHIKA

A BEC co A AED

Tpeyroiabuuku, o6pasoBaHHbBIe B c
OCHOBAHUAMH H OTPE3KAMHU TAATO~
Haseit,— nogo6ukl. KosbdunuenTt
nofo6uA paBeH OTHOIIEHHIO OCHO-
BaHUN E

A BEC co A DEA;

k__ﬂ \A D
AD
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Cpem—ma JHUHHA Tpaneyunuy iia-
paJIJIeJ'ILHa OCHOBB.HI/IHIXI " paBHa
KX OJycyMMe .

KL || BC; KL || AD;
BC + AD
2

KL =

B péBHo60R017I Tpanenun:

— Yrabl OpY OCHOBAHWM PaBHbI,
LA =/D; /B=/ZC;

— HHMAaroHaJH PaBHBI
BD = CA

Ilnoniazghk Tpanemuu MOXKHO OII-
penenuThb:

— Yepe3s NONYCYMMY OCHOBaHUN
(cpemHIo0 TUHUIO TPalleyy) U BEI-
cory

S = a+b B
2

— Yepes JUATOHAJH U yTOJ MeX-
Iy HAMHA ’

S = % d1d2 sin 0]

Boxpyr m1060it paBHOGOKOiI Tpa-
MeqTuyu MOXKHO OIMHCATL OKPYIK-
HOCTH

Ecam Tpanenusi BIlMcaHa B OK-
PYXHOCTB, TO OHa paBHOOOKAsA
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MHOFOYTOABHMKM

OCHOBHbIC ONPCACACHMA

MuozoyzonoHuk — 3aMKHyTad
JoMaHad JUHULA, KOTopas Iojyya-
eTCH, €CJIH B3ATH 7l JIIOOLIX TOUeK
A, A, ..., A ¥ COeIUHUTD IPAMO-
JNHEHHBIM OTPE3KOM KaXKAYIO U3
HHUX C HocjeAymouiell, a mocie-
JHIOI — C IepBOi.

Touku An A,, ..., A HazbIBalOT-
¢Sl BepPIIMHAMU MHOTOVTOJIBHUKA,

raorpesku A A, AA, ..., AA —
ero CTOpOHaMH

IInocKEM MHOTOYTOJIbLHUKOM
AIH MEOT'OYTOJIBHOMH 06J1aCThI0 Ha-
3BIBAETCH KOHEUHAS YACTD IVIOCKO-
CTH, OIPaHUYEHHAS MHOTOYTOMIb-
HUKOM '

OKpPY>KHOCTD, Kacarolnasacs Bcex
CTOPOH MHOTOYTOJLHIKA, HashIBa~
€TCA BIIVICAHHOMH B 5TOT MHOI'OYTOJIb-
HUK -

OxpyskHOCTS, co,uepmau;aa BCE ) / \

BEPIINHBI MHOI'OYTOJILHUKS, HA3bI-
BaeTcH ONMCAHHOH OKOJIO 3TOrO
MHOTOYTOJLHUKA
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BbinyKAbIC MHOTOYTOABHMKM

MuoroyroibEHK HashiBaeTcd
8BLNYKABLM, eCIH OH MeXHUT
B OJHO¥ HOJYIIJIOCKOCTH OTHOCH-
TeJIbHO 1000 npamoil, cogepixa- ~
weil ero cTOPoHY

YrnoM BLINYKJIOrO MHOIOYTOJih- c
HUKA IPY JaHHOM BepIINHEe Haskl-
BaeTcs yroi, o0pasoBaHHBIN ero
CTOPOHAMM, CXOJANIMMHCA B 3TOU D
- BepUINHE. F
CyMMa yTJ108 BEIIYKJIOTO 7i—yTOJb" E
- o
HuKa paBHa 180 (n»—2) JA+ZB+/C+ 2D+

+£ZE+£F=4-180°

BHeIUIHUM yrJoM BBIIIYKJIOIO \\{31
MHOTOYTONbHMKA NPH KaHHOM Bep- B\
IIYHe HA3hIBALTCA YI0Jl, CMEMKHBIH 5y
BHYTPeHHEMY yIJIY MHOTO-YIOJb-
HUKAa IIPH JaHHO BepllINHe.

CyMMa BHELIHHX YIJIOB JHOGOTO

BBRIYKJIOTO n~yrolbHUKA PoBHA
360°

B2

By + By + ...+ B, = 360°

Konuuectso guaroHamneil BEITYK-
JIOTO n—YyroJbHHKa PaBHO
n{n-3)
2
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MpaBMALHBIC MHOFOYFOABHMKH

BuInykapl#i MEOTOYTOJIBHAK Ha-
3BIBAaeTCs MPABMIILHBIM, €CIIH BCE
€T0 CTOPOHLI PABHEI M BCE €I'0 BHYT-
PeHHHe YTALI PAaBHEI.

¥ OKPY’KHOCTH, OITMCAHHOM OKOJIO
Her'o, COBIANAIOT.
Pagnychl onncadroii M BOHCaH-
HOM OKPY>XHOCTeH:
a
R=—m ———; ¢

2sin 4897

" n
IleHTpEl BOMCAEHOM B IPAaBUIIb-

BryTpenHuil yrojy npaBAIbLHOI'O
n—yroJbHEUKA pPaBeH ‘
o = =2 180°
N~~—

HEIA MHOTOYTOJbHUAK OKPY>KHOCTH
IInomans NpaBUIBHOTO N—YTONBHUKA MOMKHO OIIPEeNUTh:
. L
na? ' 180° .

ct ;
4 gn

~ — uepe3 CTOPOHY MHOTOYTOJNBHHKaA S =

——yepe3 paiUyCc ONUCAHHOA OKPYKHOCTH:

2 o
S = nR sin 360 :
2 n

180°

— yepes pajiyc BIMCAHHOM OKpyKHOCTH S = nr? tg
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OCHOBHbIC ONPeACACHHUSA

IIJIOCKOCTH, YTO ¥ KPHABAaf.

0TpesKa), HasblBaeTcs paduycom

OxpyscHocmelo Ha3blBaeTcs
3aMKHYTas IIJIIOCKasA KpHBad, Bce
TOYKHM KOTOPOH OAMHAKOBO YHa-
JIeHBI OT JAHHOM TOUKHM (LEeHTpa
OKPY KHOCTH), Iexkaltell B TOH xe

QTpesok R, coeZuMHSIOWHANR
LEHTP OKPYKHOCTH ¢ KaKoU—anb0
ee TOUKO#H (a TaxkxKe HIHMHA DTOrO

AnaMeTpOM.

Xopx

OTpesokK, CoefUH OO Be TOY-
K¥ OKPYSKHOCTH, Ha3hBAETCA XOP-
-doti. Xopjia, Npoxojdamas depes
LIeHTP OKPYIXHOCTH, Ha3hIBaeTCH

Huamemp — Hanbonbpmad U3

TOYKaMH.

JaMH1, IMeIoIINME o0Iui KoHen.

pazuycamMy

Hdyza — 49acTh OKPYKHOCTH,
pacIonoXeHHad MeXAY ABYMA ee

Brnucannsim yznom HasbIBaeTCs
yroiy, o6pasoBaHHBI¥ ABYMA XOp-

Lexmpanvrvim yenom Ha3piBa-
eTcd yroj, o6pa3soBaHHBIA ABYMSI

PDE
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CBOHCTBA XOPA, KACATEABLHBIX M CEKYLUHX

PaBHBle X0opJbl CTArMBAIOT PaB-
HEIE JyTHU

AB = CD = U AB = U CD

HduaMeTp, KOTOPBIH NPOXOLUT
yepes cepefNIHY XOP/bI, TepueHgu-
KyJApeH K Heit '

TlapannentHBle XOpALI OTCEKAIOT
Ha OKPY>KHOCTH PABHEIE JYTU

AB |lep = U ac = U BD

XopAkw, paBHOYIaJeHHEIE OT
IEHTPa OKPYXKHOCTH, PaBHBI.

Boasmasa u3 ABYX XOpJ Haxo-
ZuTCA GJIMIKe K ILeHTPY OKPYHK-
HOCTH :

KacareAbHasi K OKPYXHOCTH

Ilpamasa, nexamas B ogHoOH
TOCKOCTH ¢ OKPYKHOCTLIO U IMe-

(0]
ouaa ¢ Hell TOIbBKO OJHY O6LIYIO
TOYKY, HASLIBACTCA KacamenvHol
K 9TOH OKPY’KHOCTH a
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CBOWMCTBA KACATEALHOM K-OKDYXHOCTH

IIpsamas, nepoeHAMKYIAPHAA J1-
aMeTpy OKPY’KHOCTH H TPOXOAAINAs
Yepes er'o KOHell, SBIAETCH Kaca-
TeJILHOH K 3TOM OKPYIRHOCTH

b

O

so]

KacaTelbuasa K ORPYKHOCTY IIep-
IeLTUKYIApHA JUaMeTpy, IpoXo-
JAIIeMY Yepes TOUKY Kacauus

Vriel, o6pasoBaHHbIe KacaTelb
HBEIMHY, TIPOBEJeHHBIMY U3 OJHOU
TOYKH, U IPAMOIl, Ipoxozsue
Yyepes LEHTP OKPYXHOCTH U 3Ty
TOUKY, paBubl: ZBAO = ZOAC

SO

Orpesku KacaTelbHLIX, IPOBeE-
IeHHBIX 13 OJHOH TOYKH, PABHEL:
AB = AC

A

)

Cekyias OKpPYKHOCTM M €e CBOHCTBA

Ilpamasa, nepeceramolasd ok-
PY>KHOCTD B ABYX Pa3INYHBIX TOY-
Kax, Ha3klBaeTcd CeKylleh

Ecnwu us rouxu M BHe OKPYIKHO-
CTH IpOBeJeHa CeKylas K Heil, To
npousBefedue paccrosHuUH
oT Touku M [0 TOYeK IepecedeHUs
C OKPY’KHOCTBIO PaBHO KBajparty
OJINHBI OTpEe3Ka KacaTeJIbHOH H3
ToYyKH M K OKPY’KHOCTH.

MB - BC = MA?

e
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KacaHne ABYX OKpYXHOCTEeH

Byemrnee BryrpeHHee -
O
7
0,0,=r+ R 0,0, =

Yrabi B OKPYKHOCTH

YraOBast BEAUUMHA AYTU.

Yznosoil éenununoil dyzu Ha3kIBaeTCA BeIMINHA COOTBETCTBY-
IOIIIero el IeHTPAaNEHOTO yIJa

YrnoBas BeMUMHA IyI'E 061aaeT CIIeNYIOMUMY CBOMCTBAMH.
1. ¥riopas BeMuMHA JYIY HEOTPHUIIATENbHA.
2. PaBHbIe AyT¥ UMeEIOT OAUHAKOBYIO YIJIOBYIO BeJIHYUHY.
3. Ecnu n8e [yrH OTHON OKPYKHOCTH (FIIN JBYX PABHEIX OKPYIK-
HOCTell) UMeIoT ozmnaxosyio YTAOBYIO BEJIUUYHHY, TO OHHU
PpaBHBI

Kpyrosoe (jpaaraHHOE) M3MepeHe YTAOB

Paduan — yrou, coo'rBeTc'rBylomnn ayre, ONAKHa ROTOpOPI
paBHA ee PAIUYCY; CONEPIKUT NpUbAUsnTeNLHO 57 °17'44 8”.

Pajuan npuHHMaeTcs 3a eAUHULY U3MepPeHHA YIJIoB MPH TaK
HasSLIBAEMOM KPYI'OBOM, HJIK PAJUAHHOM, M3MEPEHHUH YTIOB.

Ecau kpyrosas Mepa yria paBHa 0O, TO yroJ COAEpKHT

. nn
180 0. ’Pa/TyCOB; 0GPATHO: YTOJI B n° UMeeT KPyrOBYIOMEDY g 180 "

Hanpumep, yriam B 30°, 45°, 60°, 90°, 180° cooTBeTCTRYIOT

' ' T L T T T pajuas
s e —, =7, ™7y T »
YIJIEL, COfepikalue 6 4 3 5 p
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BnucaHHbie YTAbl

BuncaHHSBIH yron uaMepaeTcs
HOJIOBHHON AYTH, HA KOTOPYIO OH A
ommpaeTcH, ¥ paBeH NOJOBUHE
LeHTPANBHOTO YIia, 3aKII0ualn-

Iero Ty ke AyTy:

AABC=—;~UAC

o
J
e J
e

BrhxcanHble yIb!, ONApatoniyecs
Ha OoHY AYI'Y, PABHLI B

Zo= LB

>

L5

BroucapHuil yroj, ONHpao-
muiica Ha InaMerp (ILOTYoKRpYyX-
. HOCTB), — IIpAMoM A

ZABC = 90°

Yron, 06pa30BaHHbI ABYMS CEKYLLIMMM

‘7

Vron, o6pasoBanHkIi IBYMs ce-
KYIAMY, U3MepSAeTcs o1y pasHo-
CTBHIO AYT, 3aKIIOUEHHBIX MeXAY
IBYMS €70 CTOPOHAMH

"

ZBAE = %(UCD—UBE) |

‘m
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AAMHA OKPYMHOCTH M AYTH

Anunoii oxpysxmrocmu HasbIBa-
ercda obIUY Npejesi IepuMeTpPOB
BIXCAHHBIX M ONHCAHHBIX Ipa-
BHJIBHBIX MHOI'OYI'OJIBHUKOB IIPHA
HeorpaHMYeHHOM YABOSHUH YHCIa
HUX CTOPOH.

OTHollleHNe JJINHBI OKPYKHOCTH
K ee JUaMeTpy OJHMHAKOBO AN
BCEX OKDPYsKHoCTell u o6oanauaer-

cAT.
T=3,14159... ~ I=2nR
Hnuna okpyxHOCTH paguyca R
paBsHa 2R '

HAnuna dyzu OKPYHKHOCTH paBHA.
pPajuycy OKpY>KHOCTH, YMHOMeH-
HOMY Ha pafHaHEYIO Mepy AyTH

l=a-R

MAomwaab Kpyra 1 ero yacrem

" ILnomane xpyra s:mz:{z

1
Ilnomans cexTopa S =—2—0tR2 :

(oo — yrox B pagmaHax)

Ilnomane cermenra

S =l(on,—sinon)‘R2 N/
2 N
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TpAMbIC M NAOCKOCTH B NPOCTPAHCTBE

Crnocobbl 3aAaHMs NAOCKOCTH

nockoers B MpoCTPaHCcTBEe ONHO3HAUYHO oNlpeneligercia:

TpeMsl TOYKAMH, He JiesKally- TIpsSMoit 1 TOYKOM,
M Ha of{HOM IpaMot He Jexcaliedl Ha IpsaMoH
B o : A a
IBYMSI HepeceKaroUIIMUIC ABYMSA NapaJUiebHEIMA
TIPAMBIMI IPAMBIMHI

(] =

NapaAACALHOCTb NPAMBIX M NAOCKOCTRH

Bzanmuoe paciiosioxKeHne NNPALIBIX B IPOCTPAHCTBE

JIne npsAMEle B IPOCTPAHCTEE e~ Pad E
peceKaloTcd, ecJAM OHH UMEIOT .
JIMINE OJHY OBIIYIO TOYKY

pNg=C

se npaMbIe B IPOCTPAHCTRE Ha- /
3BIBAIOTCA NAPANLLELLHbLMU, €CTII q_
OHHY JIEKAT B OAHOH HIOCKOCTH

¥ He UMEIOT OOIIIMX TOUEK .
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JBe mpsMEele B IPOCTpaHCTRE Ha-
3BLIBAIOTCH CKPEWUEAIOWUMUCK,
eClIi He CYILleCTBYeT ILJIOCKOCTH, CO-
Jepskamniell 8TH IpAMEIe

B3alMHOE [DACTIOAOKEHME MPSIMOM U TAOCKOCTH B MDOCTEHCTBE

IIpAMas u IIOCKOCTS TlepeceKa-

A\ P :
IOTCSI, €CJIM. OHH. MMeIOT OfHY 06- \ o
mymo Touxky: p[lo=A a4\
\\‘
\

(A HasbIBaeTCA CNEAOM IPAMON
P Ha ILJIOCKOCTHU O)

IIpamas HasbIBaeTCA MapaLIeNhb-
HOM IIJIOCKOCTH, €CJIH OHA JIeKIT
B 5TOM IIJIOCKOCTH WM He HMeeT C
Hell 06IIEX TOUEK

B3amMMHOE PaCTIOAOXKEHME MAOCKOCTEM B MPOCTRaHCTBE
JBe NMIOCKOCTH B MPOCTPAHCTEE MOTYT:

IepeceKaTnCcsda COBII&JATH He MMeTh OﬁIIII/IX TOYeK

HBe IUIOCKOCTH Ha3bIBaIOTCA NapajljieJIbHBIMHY, €CJIM OHHX He IMe-
0T OﬁllII/IX TOYEK HJIHU COBOAaAaT
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HpHBHaKM NAPAMEABHOCTU MOSMbIX 14 I'I/\OCKOCTele
B MPOCTOAHCTBE

Js Toro uTobGEI IpaAMad p 6b1IIa

napajjielbHa HNOCKOCTH O, JOCTA-

TOYHO, YTOGHI 5Ta NpAMad Ghlaa p.
napaijieabHa X0Ts ObI OJHOM NIPA- - q
Mo g, JIeXKalllei B IIIOCKOCTH Of <O

___________

Ecan nmpamas p mapanlleasHa
IJIOCKOCTH ¢, TO OHA HapaJlilellbHa
JIMHUH IepeceyeHNd O ¢ N1060H

IIOCKOCTEIO B3, IpoxoZiaimeii yepes p

Iipawmad p, napajinenbHas Kax-
IO¥ W3 IBYX Nepecexapliuxcs

mwirockocTeldl o m B, mapannensHa
VX JVMHAY HepecedeHms ¢ : A

[pr3HaK NAPAAEALHOCTY ABYX MAOCKOCTEN

Ecnu nBe nepeceraroninecs Tps-
MbIe, JIeKalljye B IIOCKOCTH O, CO-
OTBETCTBEHHO IapaJlIelbHLI JBYM
TIepeceKaIoNUMCs IPSAMBIM, Jeka-
MM B IJIOCKOCTH [, TO 9TM II0C-
KOCTH IlapanjeNbHEl

CBOMCTBA NAPaAEAbHBIX MOSIMbIX B NPOCTPAHCTBE

IIpamsle, IoXydueHHBIe IPH Te- 5 ! g
peceueHHH ABYX HapajielbHEIX g /
IJIOCKOCTeH TpeTheii, apasiesbHbL
MexAy coGoit A /

all Bsgllp -
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JlBe psaMule, NOPO3HEL mapai- ’

P

NenbHbIe TpeThelt, napaslesbHE '

Mex Iy coboit :

L9/
rlig ¥ A —
g

MapaAreAbHOE NPOoeKTHPOBaKHKue

Ilpu napannenvnom npoexmuposanuuy 3aJar0TCA:
' ~— IJIOCKOCTb [IPOEKTHPOBAHHKA C,
— HallpaBJieHue NpoeKTUpoBauua (npsMas [).

IlapainensHoit Mpoexkmueit TOY-
KU A Ha TIIOCKOCTH O Ha3hIBaeTcs A l
TOUYKA IlepecedyeHUs npsamoil p,
‘mpoxopglei yepes TOUKY A 1 ma- p

paJLIeIbHO HAIlPaBIeHHIO TPOeK- / o
THPOBAHMS, C ILIIOCKOCTHIO IIPOeK- -
TUPOBAHUS O Ay »

A; = nop, A /

Hapannensnas npoexyus
Ha IJIOCKOCTH Ol BCeX ToueK pUry-
pbi @ obpasyer durypy &@,, koTo-
pas HasklBaeTCA mapaijieNnbHOHN
npoekuue GUryps ¢ Ha niuoc-
KOCTSE O

@D, = 0p, P
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CBOVCTBA MAPAMEABHBIX MPOSKLAM

1. TlapansenbHas IpoeKUNs OpAMO ecTh Inbo TodKa, 60
npaMas.

2. TlapanienbHile HPOEKINHM MapajlleJbHBIX HPAMEIX P
‘¥ ¢, He MapaJIelbHEIX HallpaBleHUIO NPOeKTUPOBAHUSA
l, mapannenbHEL.

3. OTHomIeRHe BAWH OTPE3KOB NIPAMON PaBHO OTHOIIEHHIO
JUINH MIX TIpoexmui

NepneHAMKYASPHOCTL NPAMBIX M NAOCKOCTEH

MepneHAMKYAID 1 HABKAOHHAS K MAOCKOCTH

A

Hepnenduxynapom, onyiieH-
HBIM M3 JaHHON TOUKM HA JaH-
HYIO IIJIOCKOCTh, Ha3hLIBAETCH OT-
pe3oK, COeIUHAIINAN aHHYIO
TOYKY C TOYKOA NJIOCKOCTH U B
neKanmil Ha NpAMoi, lleplleH-
IHUKYNAPHON K IIJIOCKOCTH. ‘ o

c

AB - nepnenduryaap K naocko-
cmu o )
AC — HaKIOHHAA K NAOCKOCMU O,

Haxnonnot, nposefeHHOMN N3 TaHHOM TOUKH K JaHHOH ILJIoC-
KOCTH, Ha3hbIBaETCsI J11000H 0Tpe3oK, COeZUHAIOIHH JAHHYIO TOY-
KV C TOUKOH NJIOCKOCTH M He ABNAIOIIUACA IePIeH UKy ISIPOM K
BTOM TIIIOCKOCTH ’
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[Mpu3HaK NepneHAMKYASPHOCTH MDSMOM W NAOCKOCTM

Jnsa Toro 4rolnl npaMasd 6nina

NepleHJUKYIAPHA ILJIOCKOCTH, OC- a
TaTOYHO, YTOOBI OHA ObiJIa IepIieH-
JYIKYJNsApHaA IBYM JIOOLIM Ilepece- a p
KaoIUMCA OPAMBIM, JeXaIuMm

- B 3TOH HJIOCKOCTH g

- Teopema O Tpex NeprieHAVKYAIDax

IIpamasa Treopema
IIpaMas, mpoBeieHEA HA IJIOC-

KOCTH IepHeHAMUKYIAPHO IPOeK-
MY HEKOTOpPOH HaKJIOHHOH, Iep-

NeHIUKYNAPHA 1 caMOi HAKJIOHHOM

O6paTHan Teopema

IIpamasn, npoBeieHHasd B IJIOC-
KOCTH TepIeHAHKYASAPHO Ha- B c
KJOHHOH, NepUeHINKYIApHA U »

OPTOTOHANHLHOYN IPOEKIHHU DTOH
‘HaKJIOHHOMN

PacCTosiHME OT TOYKM AO NAOCKOCTH

Ecnm u3 Touky A, nexxalleil BHe A
MJIOCKOCTH Of, HPOBECTH K Heli Itep- |
NEHAVKYIAD A HaKJOHHYIO, TO:

1) mepuenAnKyIsAp KOpOUYE BCA-

KO¥M HAKJIOHHOM;
. 2) paBHBIe HaKJIOHHEIE HMEIOT
PaBHEIE IIPOEKIINN ¥ PaBHLIM IPO- B
C

eKOWuAM COOTBeTCTBYIOT paBHBIE o

HaKJIOHHEIE;
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3) U3 IBYX HAKJIOHHEIX, HMEIOIX HePaBHbIe TPOK MY, JIIAH-
Hee Ta, MPOEKIUs KOTOPOH MITHUHHee

Paccrognme 0T TOUKH /IO MJIOCKOCTH, He coflepikalnell Ty
TOYKY, PABHO JJIMHE MePIeHUKYIApa, ONYIeHHOro U3 JaHHOK
TOYKY Ha JaHHYIO IIOCKOCTH

' CBOMCTBA NEPrIEHANKYASIDOB K AOCKOCTM

npsamMoi

: i p q .
TLnockocTh, epHeHAUKYIIPHAA , l I o '
OJHOM U3 [BYX NApasIeILHbIX IPS- :l\>41/
MBIX, IepIeHIVKYIApHA K Jpyroi g . b/
. ! 1 )

A

gfr -
Ilpsameie, NepHeHAUKYIAPHEIE Ip
OJHOH NJOCKOCTH, MapajiiebHE] l |\ o
MeKIy cobol b n

1 [ ¥

] [

PaCCTOﬂHMC MEXAY CKPELLMBAIOLLIMMNCA NOAMbIMA

Paccrosinue Mexay cKpelImBa-

IOIMMUCS [IPAMEIMY DaBHO JATH-

" He IlepleHANKYIAPA, OyII[eHHOI'0

13 M0G0 TOIKH Of(HOH IpsMOil Ha

| IIOCKOCTH, IPOXOAALIYIO Yepes

APYTYIO IIPAMYIO TapaJiiellEHO IIep- v %
BOH
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| 'YrAbl B NPOCTPAHCTBE ,

YroA MeXAYy NPAMO# M NAOCKOCTBIO

A

Yriom mexay Haxnoauoir AC
¥ INIOCKOCTRIO O HASLIBAGTCSH BeJIH-
YMHa yIia MeX Ay HaKJIOHHOH U ee
opTorosEanbLHo# npoexnuei (BC)
Ha 3Ty NJIOCKOCTh

Yrox Mesxly HAKJIOHEHOM M ee 0p-
TOrOHaJLHOM IpoeKiimeil MeHEbIIe
yIJia MeXIy HaKJIOHHOH M Jiobo
Ipyroi#l npsaMo#, IpoBeJeHHOI B
BTOM IIOCKOCTH Hepes OCHOBaHMe
HaKJIOHHOH

Ilpamas, mepHeHAUKYAADHAT
OfHOHA M3 ABYX HapaJeJbHLIX
niockocTell, NepHneH AKYIAPHA
U Apyro#

IInockocru o 1 B, mepHeHANKY-
JNApHBIe OJHOM U TOW >Ke NpAMOR
P, TApaIensHbl MeXIY cobolk

HaxnoHHasd K ABYM Iapajieib-
HEIM ILJIOCKOCTAM 06pasyeT ¢ HUMY
PABHEIE YIJIbI
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Aayfpa_miue YTAbI

Heyzpannovim yznom HaseIBAET- M
cs purypa, obpasoBaHHas JByMd-
HOJYIJIOCKOCTAMY ¢ B 3 ¢ obieil
orpaguyMBaomieit ux npamoit MN.

TonynnockocTy ¢ n B HaskIBa-
IOTCA I'paHAME, a npsaMas MN —
peGpoM IBYTPaHHOIO yria

N
M (+]
Ilepeceuenne AByrpadHOro yria
€ IIJIOCKOCTHIO, NepIeHAUKYIAD- B C
HOH ero pe6Gpy, HashIBaeTCA LUHel- / Bl Y /
HblMm yzaom JBYTDaHHOTO yIia i

N-\

Bce nuneiinble YIIE JBYTPAHHOTO YIJIa PABHbI

3a BeJINUMHY ABYTPAHHOIO YIJa IPHHEMAIOT BeIMYNHY ero JIu-
HellHOTO yrila

JlungeiHsIe YT, COOTBETCTBYIO-
H¥e paBHEIM JBYTDaHHLIM yIJjIaM,
PaBHLI, 1 06paTHO: pABHBIM JIH-
He¥HBIM YIJaM COOTBETCTBYIOT
paBHBIe JByrpaHHELIe YTkl

Ay
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YroA MexAy NAOCKOCTAMM,
NMepneHAMKYASPHbIe NAOCKOCTH

Y2nom mescdy Geyma nepecexarouyu MUC NAOCKOCMAMU Ha-
3BIBaeTCA HaMMEeHbIIAs W3 BeJIMUYMH NBYIPAaHHBIX YIJIOB, OIpe-
JeNsAeMbIX STHMH IIOCKOCTAMM.

IInockocry o 1 B, yronm MeX Ay kKOTOpuMHu paBen 90°,
Has3bIBaloTcd NepneHZUukyaapHeMu (o L B). Ecam xgre
TIJIOCKOCTH NAapaljelbHEl, TO YTOJl MeXIy HIMH CUHTaeTCsH
paBHEIM 0°

N
0° < (a, B) < 90°

[TnockocTs O, TPOXORAIIAA Ye-
pe3 MepHeHANKYIASAP p K APyro#

ILNOCKOCTH [3, MeprneduKyIApHa o
MJIOCKOCTH 3 A
Pl M
Ecau nBe miockoctu o u  Bza- e B ¢ B
MMHO NepUeHAUKYIIAPHEI, TO IIPs- —~
MadA p, NpoBeJleHHAA B OOHON U3
S5THX IJIOCKOCTeH IepHeHAuKY- N

JIAPHO HMX JAHUM lepecedeHns,
MepHeHJUKYASAPHA W APYroid
MJIOCKOCTH

Ecau o u B — ase B3anMHoO mmep-
NeHIUKYIAPHble IJOCKOCTH U M3
TOYKY A IJIOCKOCTH O ONYIIeH

mepHeHAUKYIAD p Ha HI0CKOCTh
B, TO OH MEKUT B IIOCKOCTH O
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- MHororpaHHMKu

OCHOBHbIC ONpPeACACHUS

Mrnozozparrnukxom HasklBaeTCH
reoMeTpHYecKoOe TeJo, II0OBepX-
HOCTBb KOTOPOIro COCTOUT N3 KOHEeY-~
HOI'O YHUCJA IUIOCKUX MHOI'GYI'0JIb-
HHUKOB )

MuororpasHK Ha3kIBa€TCA BBI-
IIYKJIBIM, eCJIH OH PacIloNIosKeH TI0
OIHY CTOPOHY IIJIOCKOCTH KaKI0-
ro IJIOCKOI'0 MHOTOYTOJbHHUKA Ha
€ro MOBEPXHOCTH

MHOroyronbHUKH, U3 KOTOPBIX
cocTaBleHa MHOrOrpaHHAf IoO-
BePXHOCTH, Ha3bIBAIOTCA ee rpaHd-
MY; CTOPOHBI MHOTOYTOJIBHIKOB —
pefpamm, a BepIIMHEL — BepIINHA- ;
MU MHOTOFDaHHHKA

OTpe3ok, coeMHAIOMNHA ABe
BePUIXHBE! MHOTOTrDaHHUKA, He
Jexamue Ha odHo# rpaHu, Ha-
3pIBaeTCA AHMATOHANLIO MHOIO- -

'

FpaHHUKA Tuazonanrs

Mpu3ma U napasresenmnes

IIpusmoil HazbIBaeTCA MHOTOIPAHHKK, IOBEPXHOCTh KOTOPO-
ro ecTh 06be[HHEHNeE JBYX PABHEIX MHOTOYTOJIEHAKOB, PACIIOJNO-
SKeHHBIX B TapallyleJbHBIX IJIOCKOCTAX (OCHOBaHMII IPU3ME]), B
napajnexorpaMMoB (6OKOBLIX I'paHell), YHCIO KOTOPHIX PaBHO
YHCJIY CTOPOH OCHOBAaHUSA
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O6nenuHenMe rpaHeli, He ABIA- A
OLWIMXCS OCHOBAHMSAMY NPU3ME],
HaspIBaeTcs ee GOKOBOMH TOBEPXHO-

CThIO

IIpusma HasbiBaeTcs npamoti,
ecJyiy ee 6oKOBBIE pebpa epes -
KyJAApHBEl [JOCKOCTAM, OCHOBA- E,
guii. BoxoBrle rpanu npamoi Hpamas npusma
IPUBMEL ~ MPAMOYTrONbHUKH

A, C,

A B

Henpamas npusma HasbiBaeTcd
HAKLOHHOU

BrIcoToi n1060# MpU3MbI HA3h!-
BaeTcA NepHeHfUKYAAD, ONyIieH-
HbI¥ M3 Kako¥—uHnOYyIE TOYKH
BepX-Hero OCHOBAHUA Ha NJIOC-

KOCTh HHKHEIr'o OCHOBaHMIA Haxnonnas npusma
BE — svicoma npuamoi

ﬂapa/\AeAenwneA

‘TlpusMa, B OCHOBAHMM KOTOpPOM
JIeKUT NapasjeorpaMM, Ha3slBa-
eTcA napannenenunedom

Cepennna 060 1HaroHaniy Ha-
paJliesenuiesa apisgeTcs [eHTPOM
ero CHMMETPHI

TIpoTuBOAEKallle I'PAHN [Iapajl-
JleJieninileia PABHEL ¥ HapaslIeTbHbI

Bce quarosanu napaseiensne- O — yenmp cummempuu
Ia mepeceKaloTca B OfHOH Touke U
ZeJIATCA eI IOII0JJaM
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TTOSIMOYTOABHBIN FlAPAMEASTIMIEA

. IIpsamoil mapannenennmnen, B.oc-
HOBAHWH KOTOPOT'O JIESKUT IPAMO-
YrOJLHUK, Ha3blBaeTcsd MPSIMO- -
YPOABLHBIM

Tzl Tpex pebep IpsiMOYTONb-
HOTO Tlapajyiesenullefa, BEIXOLs-
X 13 OJJHOK BepIIMHLI, HA3kIBa-
0TCA ero U3MepPeHUsIMH

TIpsamoyroapupIil napanienenn-
Ief, y KOTOporo Bce TpH M3Mepe-
HUA paBHBI, Ha3bIBaeTCI Ky6oM

B npamoyroasnoM mapaiiene-
nunefe KBaJpaT LIMHLI AHATOHA- d% =q?% + b2 +¢?
JI¥ paBeH CyMMée KBafpaToB Tpex
ero u3MepeHH

MAOLLIAL NMOBEPXHOCTU 1 OObEM MOMU3MB

Bokosas nopepxHOCTE S = Pl

rjle p — NMepPAMEeTp NepHeHINKY-

JIAPHOro cedyeHUdA (Hia npamoit

IPH3MB — IIePHMeTP OCHOBAHKA);
I — aauEa 60KOBOTO pebpa.

Tlonpas moBepXHOCTL
S, =85,+28,,
rAe S — MIOUIA[b OCHOBAHUA

O6bemMV=S-1,
rae S — mIomaE HepleH KKy Nap-
Horo ceyedus (Ans HpAMoOR upu-
8MBI — ILJIOI{&/[b OCHOBaHMA); KLMN — nepnenduryraproe

ceyerue,
I~ nnusa 60KOBOTO pebpa. BP — eucoma
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napameAenneaa

MAoLLBAb MOBEPXHOCTU 1 OGbEM NPSIMOYTOABHOTO

Boxosas HOOBEPXHOCTH

Ss = 2¢c (a + b)

ITonnasa moBepXHOCTE

S, = 2 (ac + bc + ab)

FJ
O6wem V = abe

MNMpaBuAbHBIC MHOTOIPAHHMKH

- HEKaMH

Brinykable MEOTOTPaHHMKHY, BCe I'PAHM KOTOPBIX NPAaBUIL-
HEble MHOTOYIOJNBHAKH, HA3BIBAIOTCA IPAaBUILHEIMM MHOTOIPAH-

Terpasup Kyb Orcmsp;p " Homerasap Wxocasnp
OCHOBHbIE GOPMY AL
Npasunsasie Pagnye onm- Pannyce snu- :
I s . . Oonem
MHOTOTPaHHENKN canaou cdepst caHHOK cepn!
T a./6 ' a,/ﬁ a2
erpa’z
[ oTRadAD 4 12 12
a,/3 a
— 3.
Ky6 9 2 -a
o a2 ' a\/-én a®J2
T
Kerasnp 2 6 3

"a — gyuHa pebpa MHOTOTpaHEHNKA
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Mupamuaa

IMupamudoi flaaunae'rca MHOTO", -~ Bep-
I'DaHHUK, OfHOH M3 rpaHeil KOTOPO-
Fo CIYKHAT MHOIOYTOABRHUK (OCHO-
BaHWe THPaMHUJILI), a ocTalbHble
rpanu (bOXOBLIe TPaHM) — Tpe- \
YTOJNBHUKHM ¢ 00Illell BepIIMHOMU || V4" Borosas
(BepinuHA NHPAMUALI) . - 2pans

IepneHauKyNAp, ONYUIeHHBIH
K3 BepIIWHEI NHPpaMULb!l Ha IJIOC-
KOCTH €6 OCHOBAHMSA,; HA3LIBAETCS
BBICOTOM IHPAMU/E] -

O6seM IMpaMHUALI A4
e % s, h,

’ Ag As
e S, — maolajb OCHOBAHNN; :
e 90 max ’ AAAAAAs — ocnosanue,
h — BBICOTA ’
- SO — gvicoma

ITonnas NoOBepXHOCTEL NHPAMUAALI
S,=8Ss+8,,

rie S, — maomaas 60KOBBIX rpaHeis,
S, — naomagk OCHOBAHHA |

YcedeHHas nipammaa

IInockocrs, nepeceralomias TUpaMuAy M NapajijeilbHasg ee
OCHOBaHHUIO, IeJIUT ee Ha [(Be YacTH: MUPAMUAY, OXOGHYIO KaH-
uo# (SA,B,C,D,) u, Tak Ha3HBAEMYIO, YCeYeHHYIO IHPAMHUAY
(A,B,C,DABCD).

OcHOBaHUA yceqe}moﬁ nupamMmugbl — IIO/IOﬁHI:Ie MHOI'OYIrojhb-
HWKH, a 60KOBEIE I'DAHY — TpalleluH. ’
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. *BrICOTA YCeUeHHOM NUPAMEILI —
3TO PACCTOSHYE MK Y ILIOCKOCTA~
MU ee OCHOBaHMM.

O6eM yceueHHOM THPaMUEL

V = "—;—h (Sl + WA'SISZ + S2),k

tfe S, 1S, — IUIOIIA/IM OCHOBAHTH,
h— Bmco'ra

HOJIHaH nonepxnoc'rb yceueHHOH
_ IUpaMHAbI
Sy=8,+8;+ Sﬁ,
me S, u Sz — TIJIOUIa ¥ OCHOBaHHM, 00, — evicoma
S — nnomans GOKOBEIX TpaHel

MpaBmAbHas MMPamraa

IIupaMuga HassIBaeTcsd npa-
8UNbHOL, eci B ee OCHOBAHUHK
JIeXKUT IIPABHJIBHBIY MHOI'OYTOJIb-
HUK ¥ BBICOTa IMPaMHULBI IPOXO-
IUT Yepes IeHTP OCHOBAHUA

Boxopgsle rpany npaBuILHOR IH-
PaMHJALI — paBHBIE MesKIy coGoii
paBHOOeApeHHEIe TPEYTOJLHUKH,
BHICOTA KasKJOT0O M3 3TUX Tpey-
TOJNLHUKOB HA3HIBALTCH anopeMoi

BoKoBas IIOBEPXHOCT IPABHIE-
HOH ITMpaMULI PaBHA IPOU3BeIe-
HMIO TIOJIyHepUMeTpa OCHOBAHMS
Ha aodemy '

Yceuennas nupamuna; KoTopas
IonyJyaeTcA U3 IPABUILHOM THpa-
MHJBI, TaKsKe HasbIBaeTcA Hpa-
BUIBHON
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UMAMHAD

Hunundpuvweckana noeepx-
HOCInN® — TO MHOMKECTBO IPAMEIX
(06pasyonux) NIPOCTPAHCTBA, Ha-
paLIebHLIX 38 aHHOMY Hallpagie-
HHIO ¥ IPOXONAINIX Uepe3 HeKOTO-.
PYIo MUHIO (HATPaBISOIIYIO).

Hunundp — »TO TEyo, OTpalu-
MeHHOe 3aMKHYTOH IUINHIpIYec-
KOU NOBEPXHOCTHIO M IBYMS CEKY- -
UMY ee IIapaLIeTbEEIMH ILI0CKO-

AB — ofpasyowas,
CTSIMU — OCHOBaHUAMM NUINHIDE

F,uF,— ocnosanus,
AKNLA ~— Hanpasasiouas

Ounnuap, y KoToporo ocHoBa-
HHA TePIeHJUKYIIPHEI 00pasyio-
el ¥ IpeACTaBAAIOT cobOM Kpy-
T, HABLIBAETCA IPAMBIM KpPYro- ,
BBIM MAIUHAPOM (YacTO HA3LIBAIOT L o

IIPOCTO IUIUHEPOM). N —/ L
- O6bem TaKoro NUJIKHADA . ]
: . S ‘ !
V = nr h; . ; h
GOKOBaH IOBEPXHOCTE ' s e .
S = 2nrk, 01 N
bl

The r — PJIEYC OCHOBAHMA, \_/

h — BBICOTA HUIUHAPA
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Konyc

Konuueckasn nosepxwocmos — -
3TO MHOXKECTBO HpPsAMBIX (06pasy-
IOLMX) IIPOCTPAHCTBA, COSMHAIO
WX BCe TOYKU HEeKOTOPOU JHHKY
(HaupaBiadloleit) ¢ JTaHHOH TOY-
KO¥ (BepIINHOI) IIpOCTpaHCcTRa, He
Nesxarieit B ILIIOCKOCTH HAIIPABJIA-
IonIe.

Kownyc — 370 Tesio, orpaHuyeH-
HOE 3aMKHYTOM KOHHJYECKOH I10-
BEPXHOCTLIO ¥ IIJIOCKOCTBRIO, COflep-
JKanlell HaupaBadmomyo (mjoc-
KOCTL OCHOBAHMA). »

IlepneHAMKYIAP, ONYIMEHHBIA S — gepuuna,
N3 BEPIUUHBI KOHYCa HAIIJIOCKOCTE  F — ocHosaHue, .
OCHOBaHNSA, HasblBaeTcs BLICOTON  ABCDA — Hanpasasiowad, )
KOHyca. ’ SA, 8B, 8C, SD — o6pasyrowsue,

SO — gvicoma

YacThs KOHMYECKOH IOBEPXHOCTH, 3aKII0USHHAS MeXK Iy BepIIu-
HOU W IJIOCKOCTHIO OCHOBAHMSA, HasbIBaeTcsl GOKOBOI NoBepX-
. HOCTBIO KOHYyCa

HpﬂMoH KYrOBOM KOHYC

Konyc HaznlBaeTca npamoim
KPYTOBBLIM, €CJIV ero HalpaBisio-
ufasg — OKPYYKHOCTH, a BeplLiuHAa
OpPTOroHAJBLHO IIPOELIPYETCH B ee
uedTp. (B Kypce snemenTapuoi
reoMeTpPHM ero HasblBalOT IIPOCTO
KOHYC)
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OcHoBHEIe cBOlicTBa H POPMYJIEI

TIpsMofl KPYTOBOM KOHYC MOXMeT GBITh IMOAYJYeH BpallleHHeM
HIPAMOYTroILHOTO TPeyrolbHUKA BOKPYT OLHOTO 3 €70 KaTeTOB.
IIpu s3TOM BpalleHUy APYTOM KaTeT ONUIET OCHOBaHUe KOHYCAa,
a TMIOTeHY3a — G0KOBYIO IOBEPXHOCTE KOHYCA

Onuna obpasymomei | = 1/ B+

dGq,eM V= -T];— 7!:7‘2 h.

Boxosas moBepxHocTs Sz = rl.

TosHasn mOBEPXHOCTE S, = nr(l + r),

Tfe 1 — PafNyC OKPYXHOCTM OCHOBRHUS,
: h — BBHICOTA KOHYCA

YceyeHHbIn KOHYC

IIpn nepeceyeHNY KOHYCA IIIIOC-
KOCTBIO, apaJlIeJILHOH ero ocHO-
BaHMio, o6pasyerca ¢urypa, ro-
MOTeTHUYHAasA OCHOBAHUIO, IpHIeM
HEeHTPOM TOMOTETHH CHYIKKT Bep-
IIpHA KoHyca. '

YacTh KOHyCca, 3aKJIIOUYeHHAsd
MesKIy eroc OCHOBaHMeM M CeKy-
e MJIOCKOCTHIO, TapallelbHol
OCHOBAHUIO, Ha3hIBAGTCA YCeueH-
HbLM KORYCOM.

BricoTo# yceldeHHOTro KOoHycCa
HAa3LIBAETCA OTPE3OK IIepPIeH.N-
KyJfApa, ONYLIeHHOro U3 J6o:i
TOUKY BepXHero OCHOBAHWMSA Ha
HUDKHEe )
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OcnopHEIe cBoiicTBa U hoPMYIBI

Tlnoumiazu napaiielbHbIX CeUeHNH KOHYCa OTHOCATCH K II0-
LIafiF ero OCHOBAHUA, KaK KBaJpaThl UX PAaCCTOAHUI J0 BepILin-

HEI KOHYCA. .
Dianna obpasyiome#t | =\((R—r) + h® ;

N

‘ 1
O6nem V = ry nh (R*+r% + Rr);
BoxoBas nopepxuocts Sg=n (R +7r)l,
rje r — pajgnyc OKPYKHOCTH BePXHero OCHOBAaHMA,

R — papuyc oKpY>XHOCTH HMKHET'o OCHOBaHHA,
h — BEICOTA YCEUEeHHOr0 KOHyca |

Cédepa v wmap

Cepa — aT0 32aMKHYTas IOBEPX-
HOCTB, COCTOSINAA U3 BCeX TOUYEK
MpOCTpPaHCTBa, KOTODEIE ofWHA-
KOBO YAAJIeHbl OT OHOH TOUKH
(ueHTpa chepsr)

"OTpesok, COeLUHSIONINN ITedTD
chepsr ¢ xako—aub0 ee TOUKOH,
HasplBaeTcda paduycom cpepot

IInoimans, MNOBEpPXHOCTH cdephl
S = 4nR? '

JacTh IPOCTPAHCTBA, OIPAHH-
yeHHas cepoil ¥ cojeprralrasg. ee
[EHTD, HAa3bIBAGTC ULAPOM

4
O6weM mapa V = ry nR? .
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II10CKOCTD, IMEIOmAd ¢ IapoOM -

(cepoir) TONBKO OLHY OOITYIO TOY-

Ky, HagelBaeTcHd KacaTelbHOH .

K mapy (&), a mMelomias Goyree ofi-
HO! o6Ied TOUKHM — ceKyIlelf
IJIOCKOCTHIO

HIapoeoti cez menm — 370 HacThb
napa, oTcexaeMas cexyuiei mioc-
KOCTBIO.

O6-eM IIapOBOTro ce'MeHTa

V=—§nh2 (8R~1);

foKoBasd MOBEPXHOCTH

S = 2nRh,
rie R — paguyc mapa,
h — BBICOTA IIApPOBOIoc cer-

MeHTa

Hlapoeoti cnoi — 3TO YacTh
iapa, saKjoYeHHas MeXAy ABY-
M IIépeceKaolUMy Map Iapa-
JIeNBHBIMY ITIOCKOCTAMH.

O61eM IIapoBOro CIoA

V= % nh (3a® + 3b2 + h?);

0oKOBAasd IIOBEPXHOCTH
S = 2nRh,
rae R — paguyc mapa,
h — paccTosHMe MeXXAY ILIOCKO-
CTSIMM OCHOBaHHUH,
aub— pagmycbl OCHOBAHIH
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- Illapoeoii cexmop — 310 TEOMET- e
PHUECKOE TeJIo, BOSHUKAIOIIee IIPH
Bpall[eHUM KPYTrOBOTO CEKTOpa BOK- - ]
PYT OAHOTO U3 OrPaHWYMBAIOLINX ‘
KDPYTOBOH CEKTOP PajiycoB.

O6peM IIAPOBOT0 CEKTOpa

V=-g~nR2h;
3

‘0,

TIOBEPXHOCTHL HIaPOBbPO ce‘rc'ropa
S=nR(2h +a),

rne R — panmyc cexTopa,

h — npoexknMs XOPAEL, CTATHUBA-
Ioledt ATy ceKTopa Ha 0ch Bpallle-
HHUS;

@ — paccTogHMe OT KOHIIOB XOp-
IIBI XO OCH :

B3aMMHOE PaCTIOAOXKEHME ABYX Chep

~IlycTs pausl iBe cdepbl ¢ HeHTpaMu cooTBeTcTBeHHO O,
u O, m paguycamut Ry u R,. Torzga: .

; A .
1) ecim 0,0, > R, + R, wim 0,0; <|R; — R;|, To 311 cheprl He
HUMeIOT OGIIHX TOUeK;

2) ecrt 0,0, = By + R, wmn 0,0, = | Ry — R, ], To oHHM KacaioTcs;

3)ecnu | Ry — Ry|<0,0; < R, + R;, T0 oHH HepecexaioTcs 10
- OKPY’KHOCTH :
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-~ AeKapToBa CHCTEeMa KOOPAMHAT

Ocv — npsaMas JTHHUSA ¢ YKazaH-
HBIM Ha Hell HanipaBieHueM

4

Ocs Koopdunam — och, HakoTo- O A(2) x

o N 1 e H 1 -
poi#l 3aziaHo HavaJlo OTcUeTa, enu- 1‘ 5 :3’ . ; —
HUOa MacuiTaba ¥ KamxaoMy geu- \ v

CTBUTENBHOMY YHCIY COOTBETCTBY'
eT onpepeJieHHAA TOUKA -

Hauano omcuema

AeKapTOoBbl KOOPAMHATbI Ha MAOCKOCTH
M B NPOCTPaHCTBE

K

Ha mrockocru B unpocrpancree

JIBe B3amMHO NepHeHIUKY- Tpx B3a¥MHO HepIeHIHKY-
NSpHLIe ocK KOOPAMHAT (och  JIAPHEIE OCH KOopAUHAT (0Ch ab-
abenuce Ox, ock opamuaT Oy) enpce Ox, och opgunar Oy, och

¢ O0IIMM Ha4yajoM OTCYeTa. anmiaukar Oz) ¢ obIuM Hava-
- Kakgo# Toyke IJIOCKOCTH  JIOM OTCUeTa.
CTABHTCA B COOTBETCTBHE Kacsxkpoit Touke mpocTpascTsa
napa umcen (x,, y, ) — Koop-  CTaBHTCS B COOTBETCTBHE TPOH-
IWHATHE IPOeKIUN TOUKN Ha Ka guces (X, Ya, 24) — KOODAU-
COOTBETCTBYIOLIVE OCH KOOp-  HATHI IPOEKIIUH TOUKH Ha COOT-
gnHaT L BeTCTBYIOIIYE OCH KOOPAMHAT
Y
y 2
A(3:5).
5t * . s
: : ¢ 155
4 T i - E 3 1 h )
37T ' :
2T ' : - Y
1 : : 5
1 e 2
X
Ol 1 2 3 4%

203



OCHOBHbIC KcopAuHamble $OopMyAbI

PacCTOsHME MEXAY TOHKaMM

~Ha IIOCKOCTH B mpocrpaHcTe

B (%3:Y2) B (x5, Y3, 22)
A(x; Y1) A (XY 21)
O l x x ¥

AB= [(e ~ P + -0 AB=(r, —0) + - f +z =)

KoopAmHaTEl TOUKM AGACHMS OTPE3Ka B AGHHOM OTHOLLIEHMA

Ha nnockoctu
B mpocrpancTe

2 B (x2 y2; 23)
yhA AK _0my . AK
KB - m2 B (xZ; yZ) . KB ‘

, A(x1,Y121)
A(x; Y1) - >
o y
- X .
o x
’ _ Xy Xy
e e S
. 7 , my + my
L MaXy + Mgy
=TT T : ' Mol + My
my + my y=—2 12,
, my + my
_ Mgy +myy, : N
- 2 nmq2
my + my PR e o S o
my + mgy
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KoopauHaTsl cebeAMHbl oTpeska

Ha mockocrn B npocrpancrse
Y ‘ o z A(x; Yy 2)
B (x5 y2)
C(x y 2)
C(x;y)
p .
A X1s yl) B X25 Yoy 22)
- Yy :
O - X x '
X+ Xy e Bk B+ Y
= "———E—— ’ 2 2 2 ?
Y1 + Ya = %1 + Z2
Yym—o— 2
2
YpasHeHue Npsmort
y
O0mtee ypaBHeHUe nngoﬁ
ax + by + ¢ = 0,
rieaz0unmum b0 >
OI x

YpasHenre npaMoil ¢ YIVIOBLIM

kos3bduOreHTOM )
y=khkx +b,
raek=tg o

" YpaBHenue nIpaMo# B OTPe3Kax

ES
a b

{a#0,b0)

=1

RY

Ypapaenpe npaMmoit, TPoXoasi-
el yepes gBe 3aflaHEble TOUKH
L .
Ya —~ ¥

x_xl

x2 —xl

M, (x5 ys)

M, (x;;9:) )

x
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YacTHble CAyYan YPaBHEHMS MpsIMOM

b Bun npamoit Bux ypaBneHns npamod
: ax + by + ¢ =0 y=kx+b
T'paduk npsimoit |
IIPOIOPIHOHAIL- ax + by = 0;
. HOCTH
y=- -2 x y = kx;
p b (k # 0)
(a #0;b #0)
“lo X
IIpamast, mapan-
JeJIbHAA OCH X .
by + ¢ = 0; o
YA c y=15
y=- e H b #0)
_ (b # 0; ¢ # 0)
o) x
Ipamas, napan-
TenLHAS 0CH Y ax + ¢ = 0; x=m,
y ¢ rne m — 000
X == o’  BeficTBHTENBHOE |
) ; HHICJI®, OTJINYHOE
\ . (@a#0;¢c#0) ot myns
| ol = ‘
YpaBHeHHE OCH X
: by = 0;
b y = 0; y=0
b # 0)
[0 =
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YCAOBME MARAMEABHOCTH MOSIMbIX

m:ax +by+c =0 Y,
. = 0- 3
m,: a,x + by +c,= 0; /
LI I
a, by Ca m, my
m:kx + b 7 »
‘my kx + b, 3/ » x
k, = ky; (b, # b,)
YCAoBME NepneHAMKYASPHOCTM MOSIMbIX
m:ax+by+c =0 Y,
my:ax+by+c =0;
1, 2° %y 2 2 ”k ms
a __ b
by a;
m:y==Fkx + b; -
myy=Fkx + by /o' x
bk, = -1
Nepeceyerie Npambix
ml': a,x +4b1y+c1=0 miy =kx+b,
myiax+bytc,=0 m;iy=~hkx+b,
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Venoene , a, . b
HepeceYeHU s a, # b, k, # k,
HpAMBIX
5 ety T N
Koopaunarn *a = aby — ashy 4 By —ky
. ToukH mepe-
CeueHns ¥ = A5C; — A41Cy Yy = Fyby —~ ﬁzbl
Yron Mexay
Iepecerar- tg o = ayby — azby tg o = By -k
IAMUCSA Ips- a,ay + byb, 1+ kik,
MBIMHA
YpaBHeHMe OKRYKHOCTU
AY
C neHTpOM B Havasle KOOPAUHAT R
2 + 2 Rz .O -
x y = I
yh
C nentpom B TouKe (X,; yo) s
Yo |~---mmmmse
2 . 2 2 1 e
(x —x) + (U -y) =R
0 .'Ixo X >
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YpaBHeHue ccbepbi

C menTpoM B Havalle KOOp-
AMHAT '

2 v .
x -i—yzv-l-zz=1‘£2

C meHTPOM B TOUKe (X, Y, 2,)

(x=xo) + (¥—¥o) +

+(z-2) = F

YjpasHeH1e NAOCKOCTU

O6111ee ypaBHEenHe MMIOCKOCTH
ax + by +cz+d =0, X
rge xos3ddUIHEeHTH a, b, ¢
PaBHEI KOODAMHATAM BeKTopa

n (a; b; ¢), nNepHeHIUKYIAPHOIO

ITaHHOM II0cKoCcTH (a, b, ¢ He pas-
HEBI HYJIIO OJJHOBPEMEHHO)

YpaBHeHHe ILJIOCKOCTH, IIPOX O~
meft wepes Toury M, (¥, Yo5 2,)
¥ ONepHesUKYIAIpHOH BeKTODY

7 (a; by c)
a(x—x)tb(y—~yo)+ec(z—2z)=0
iy )
ax + by + cz +d =0,
rae d =— (ax, + by, + cz;)
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VpaBHeHKe TIJIOCKOCTH B OTpe3Kax

X Y2y
a b c
rge a, b, c — oTpeskH, OoTCeKae-
MEle IJIOCKOCTBIO Ha KOoOpAuHAT-
HEIX OCSAX

(az0;b=0;c=#0) Cx

YacTtHble CAyYar NOAOXKEHNSA NAOCKOCTU OTHOCHUTEABHO
CUCTEMbI KOO AWHAT ’ '

IlnockocTs IpoxoauT Yepes Ha-
qaJIo KOOPANHAT
ax + by +cz =20

IInockocTs mapainienbHa KOOp-
JUHATHOMI ocn
Oz ax + by +d =20
Oy ax + cz + d -
Ox by +cz+d-=

|l
o o

z4 Oyca
TInockocTh IPOXOJHT Yepes Ko- '

OPAMHATHYIO OCh - T
Ox by +cz=0 ‘ / ;
Oy ax +cz=0 ‘
; 0 ‘

Oz ax + by

i

i

i

~ TInockocTs napanienbHa KOOp-
JHHATHOHN IIJIOCKOCTH

xy cz+d=20

xz by +d=20

yz ax +d =0
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B3anmHOe pacnoAoxkeHmne ABYX MAOCKOCTEN

o
Q,:

ax + by +cz+ d =0
ax +by+cz+d =

|
X

" VciroBye napanieasHOCTH 1JI0C-
KOCTen: '

a _ b
ay by €y
a - b 21 d

R S

IIJIOCKOCTH COBHALAaI0T

Vcnosue nepneEANKYIAPHOCTH
IJIOCKOCTel: :
a,a: + b]bz + 0 = 0

e / Oy
S~ ul

Yron MesxXAy HIOCKOCTIMU:
(MeHBIIMH M3 [BYX CMEMKHBIX)

I ayy +byby + €16, |
cosp =

\[af+bf+cf -\/a§+b§+c§

el
RN
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BekTopbi

OcHoBHbIC ONpPEACACHHS

Cransp (CKansapHas BelWyH- s
Ha) —BeNWUMHA, KaXA0e 3Haue- AUKE;
o - CKaJlﬂpr — naowads;
HEe KOTOPOil MOXKeT GhITh BEIPa- — obsen
HeHO HeHCTBUTENLHEIM YHCIOM

Bexmop — HanpaBJeHHBIH OT-
Pe30K IpAMOH, ¥ KOTOPOTO OLHUH
KoHell (Touka A) Ha3bIBAETCHA HA-
wanom éexmopa, Ipyroy KoHery
(Toura B) — xoHyom BekTODA.

O6oapavyeHns BeKTOpA:

ABABa , a

.- al

Modyav éekmopa — cransp-
Hafd BeAWYHHa, paBHad paccrod- A B
HHIO MeXXJy HadajioM M KOHI[OM
BekTopa (ANHBe BeKTOpA).

-
ObosradeEHna MOAYIA BeKTOpa: |AB| =4
ZER
Hyneeoli sexmop — BeKTOD, Ha- A N
YaJIo ¥ KOHeIl KOTOPOI'o COBIIaLAIoT . |AB[=0

4

. /IBa BeKTOpa HA3BIBAIOTCS PAGH bL-
MU, €CTIM OHU UMEIOT PABHEBIE MOAY-
_JI¥ ¥ OAWHAKOBO HATIPABJIEHE]

IIBa BeKTOpa HA3LIBAIOTCH KO-
NUHeapHBLMU, eCIIA OHU JIeXKAT Ha
OHOM WJI¥ Ha NAPAJIIeIbHEIX TIPA-
MBIX
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" [IBa 0NMHAKOBO HATIPABJIEHHEIX

KOJIJINHEeapHbIX BEKTOpa Ha3bIBa-
I0TCA COHANPpA6eHHbLMU '

|

IIBa HeoaAMHAKOBO HallpaBJieH-

HBIX KOJUIMHEeapHEHIX BeKTopa Ha-
3BIBAIOTCA RPOMUGONONOINCHO Ha-

npaeénenHvimu -

KoopauHatbl BEKTOpa

Koopdunamamu eéexmopa Ha-
3HIBAIOTCA KOOPAUHATH KOHIA
PaBHOTO eMy BeKTOpa, OTJIOMKeHHO-
r'o OT HaUajia KOOPAHUHAT

iy

. i=0A
66'7

A(6; 2)

-

1.2 3456 x

BbluMCACHKE KOODAMHAT U MOAYAS BEKTOPA

Ha nnockoctn

B mpocrpascTee

y ) ‘ . .
Ys : B (x5; yz) B(x5;ys28)
ala,;a,) /.
Y a(a.ay,;a,)
|77 — A(:XA; Ya) A(?CA.-' Yas 24)
O x4 Xg X : x Yy
A, = Xp — Xa Qx = Xp— X4,
a == " -
ay = Yp — Ya, ) ay=g;_.gj’
var o [z 3 B
la]= a2+ a {ﬂ;W
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AmHelHbIe onepauMu Haa BEKTOPaMu

CyMMa BEKTOPOB |

~ IIpaeuno mpeyzonvnura
CyMMoOH g + b BeKTopoB @ u b
HasbIBaeTcs BeKTOP, IPOBeleHHBIA

Y3 Hauasma @ K KOHOY b , ecom ko- - .
: a

a(a.;a,)+ b(b,b,)

=c(a, +b,3a, + b))

Herm @ ¥ HAYaNo b coBMeleHEI.

Hpasunonapannenozpamma

Ec/vi BexTopH & ¥ b IpriosKe-
HBI K 0611eMy HaYaJly, TO X CyMMa
ecTh BEKTOP, COBNAJAIONMIMIL ¢ A1a-
['OHANBIO TapasliellorpaMMa, IOoCT-

POEHHOTO Ha BeKTopax @ M b

IIpasuno muozoyzonvHuxa

Eclin K KOHIY KaKIOro clarae-
MOI'0 IIPUJICKUTE HAYasIo CIeIyIo-
Iero, TO BEKTOD, UAYIOUH U3
Hayaja MepBOro B KoHell Hociex-
HEro cjiaraeMoro, 1 ABJISAeTCA CyM-
MO BCceX 9THX cJiaraeMbIX

Ipasuno napannenenuneda
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CeolicTra o‘nepamm CHOKeHH BeKTOPOR

KU
0'1-

+

W o=

=b+a (nepemec'rwrejmnbm 3aKOH).

4+ 0=a (Hanmume HyJIeBOro sJIeMeHTa).

(a + 5) +¢=a + (b + ¢)(coueTaTensHLIH 3aKOH).

a + (- a) = 0 (nanuuue IPOTHBOMOJIOMKHOTO SIEMEHTA)

PasHOCTL BEKTOROB

PasHocTbIo @ — b BeKTOpoB 4 U

b naspiBaeTcs BeKTOD € Ta}con,
UTO € + b =a
Ha miockocTi:
a(a,;a,)—b(b,;6,) =cla, —bya,

B npocTpancTee:

d(a,; a,; a,) - b(b,:b,;b,) =2,

-b,)

~-b.;a

Y

- b,

a; _'bz)

YMHOXeHWe BEKTOPa Ha YMCAO

Hpouseedenuem Aa BexTopa 4

 Ha umMcJIO A B cxydae A#0,d %0
Ha3LIBaeTCA BEKTOD, KOJLIHHeap-

HuIil @, MOZYJNbL KOTODOTO paBeH
l A I I a | ¥ KOTODBI HAIIPaBJIeH B TY

3Ke CTOPOHY, UTO ¥ BeKTOp & , ecly
A>0, H B IPOTHBOIOJJOXKHYIO,
ecim A< 0.

Ecau A = 0 wn &¥6,m}ﬁ=6

Ha nockoctr: A -(a,; a,) = (Aa,; My) .

B npocTpalcTBe: A-(a,; a

a,) = (ha,; hay; Aa,)
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CroilicTBa onlepanMy YMHOMKEHIA BEKTOPA HA YHCIO
1. A(@+b)=Xa+Ab (pacnpegenn'reixbnbn‘gi 3aKOH OTHOCH-
TeJIHHO CIOMXKEHNA BeKTOPOB).

2. (A + pa =2Aa + ua (pacupexenuTeNbHEI 3aKOH OTHOCH-
TeJBHO CHOMKEHNA YUCE). B

3. Aua)=(wa (corze'ra'l‘enbnmﬁ 3aKOH).

4. 1-@ = @ (YMHOKeHMe HA eLHHALNY)

YroA MeXAY BeKTOopamu

VriioM MesxJy BEeKTOpaM# Hashl- ,
BAeTCS YIoJl MeXIY BeKTOPaMH,. B
PABHBIMHI JAHHBIM H IMEIOIIMIE c J/
oblee HAYAIIO /\ Ae—2 B
o= Z(d b)= (G b) 0

CKaANPHOE NPOH3BEACHHE BEKTOPOB

Cranapuvim npouseedenuem

HeHy7IeBLIX BeKTOpOB @ 1 b Hashl-
BaeTcs UMCJIO, PaBHOe IIPOM3Bee-
HUIO JJITH 3THX BEKTOPOB Ha KOCH-
HYC Yria MexIy HEMU

. -
&'-’b={'&'[-lb}cos@,b)

Ha mnockocru: a-b =a, b, +a,-b,.

B mpocrpauctse a-b=a, b, +a,b, +a,-b,
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.. CpolieTBa CKANAPHOTO HPOUIBEACHHUA

1. a-a

b-a 4. @+6)b=ab+cb

b

SH

oy
n

YCAOBUE KOAMMHEAPHOCTU BEKTOPOB

BexTophl @ ¥ b KONJIIHEADHB, | allv
. eCJIH WX COOTBETCTBYIOIIHE KOOp- b= ki
. IHATHI IPONOPIIAOHATBHEL
S b b
Ha rurockocTm: —= =¥~ =},
; a, aq
Yy
: b b
B mpocrpancree; —2- = — =2~ =k
v x ay ]

KOOpAHHaTHbIE BEKTOpDbI

BexTop HastiBaeTCs eQUHULHBLM,, €CIY €70 a0CONIOTHA ST BeJId-
uKHa paBHa efuHule. EUHNUHbIe BeKTOPEI, HMeloI{ye HaIpaBiie-
Hie IOJIO/KUTENBHBIX KOOPAMHATHBIX HOIyocei, HA3hIBAIOTCS KO-
opdunamuvlMu eKIMOpaAmMy Ui opmdmu. KoopIiuHEaTHbIE BeK-
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